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PROPERTIES OF
FLUIDS

» 1.1 INTRODUCTION

Fluid mechanics is that branch of science which deals with the behaviour of the fluids (liquids or
gases) at rest as well as in motion. Thus this branch of science deals with the static, kinematics and
dynamic aspects of fluids. The study of fluids at rest is called fluid statics. The study of fluids in
motion, where pressure forces are not considered, is called fluid kinematics and if the pressure forces
are also considered for the fluids in motion, that branch of science is called fluid dynamics.

» 1.2 PROPERTIES OF FLUIDS

1.2.1 Density or Mass Density. Density or mass density of a fluid is defined as the ratio of the
mass of a fluid to its volume. Thus mass per unit volume of a fluid is called density. It is denoted by the
symbol p (rho). The unit of mass density in S1 unit is kg per cubic metre, i.e., kgfm?'. The density of
liquids may be considered as constant while that of gases changes with the variation of pressure and
temperature.

Mathematically, mass density is written as

Mass of fluid
Volume of fluid :

The value of density of water is 1 gm/cm® or 1000 kg/m”.

1.2.2 Specific Weight or Weight Density. Specific weight or weight density of a fluid is the
ratio between the weight of a fluid to its volume. Thus weight per unit volume of a fluid 1s called
weight density and it is denoted by the symbol w.

o Weight of fluid _ (Mass of fluid) X Acceleration due to gravity
Volume of fluid Volume of fluid

Thus mathematically,

_ Mass of fluid X g
"~ Volume of fluid

Mass of fluid
= _i} - 3‘ {'ll p}

Volume of fluid -

w=pg ol b 1)
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The value of specific weight or weight density (w) for water is 9.81 x 1000 Newton/m® in SI units.
1.2.3 Specific Volume. Specific volume of a fluid is defined as the volume of a fluid occupied
by a unit mass or volume per unit mass of a fluid is called specific volume. Mathematically, it is
expressed as

Volume of fluid _ 1 1

Mass of fluid ~ Massof fluid — o
Volume of fluid
Thus specific volume is the reciprocal of mass density. It is expressed as m*/kg. It is commonly
applied to gases.

Specific volume

1.2.4 Specific Gravity. Specific gravity is defined as the ratio of the weight density (or density)
of a fluid to the weight density (or density) of a standard fluid. For liquids, the standard fluid is taken
water and for gases, the standard fluid is taken air. Specific gravity is also called relative density. It is
dimensionless quantity and is denoted by the symbol 8.

Weight density (density) of liquid

Weight density (density) of water

Mathematically, S(for liquids) =

Weight density (density) of gas
Weight density (density) of air
Thus weight density of a liquid = § x Weight density of water
=§x 1000 x 9.81 N/m*
The density of a liquid = § % Density of water
= 5% 1000 kg/m*. (1.14)
If the specific gravity of a fluid is known, then the density of the fluid will be equal to specific
gravity of fluid multiplied by the density of water. For example, the specific gravity of mercury is 13.6,
hence density of mercury = 13.6 x 1000 = 13600 kg/m®.

S(for gases) =

Problem 1.1 Calculate the specific weight, density and specific gravity of one litre of a liguid

which weighs 7 N.

Solution. Given :

1
Volume = | litre = ——m° ( 1 litre = m? or | litre = 1000 cm-‘)
1000 1000

Weight =7 N
(i) Specific weight (w) = Helont = /N = 7000 N/m*. Ans.
Volume ( 1 ) 5
——|m
1000
(if) Densily (p) = .@. ke/m® = 713.5 kg/m™. Ans.
e 9.81

Density of liquid _ 7135
Density of water 1000

0.7135. Ans.

[~ Density of water = 1000 kg/m”}

(iif) Specific gravity =

L
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Problem 1.2 Calculate the density, specific weight and weight of one litre of petrol of specific

gravity = 0.7
; : . 5 1000 4 3
Solution. Given :  Volume = 1 litre = 1 x 1000 cm” = ToF m” = 0,001 m
Sp. gravity S=10.7
() Density (p)
Using equation (1.1A),
Density (p) = § % 1000 kg/m* = 0.7 x 1000 = 700 kg/m®. Ans.
(i) Specific weight (w)
Using equation (1.1), w=pxg=700x981 N/m* = 6867 N/m>. Ans.
(iii) Weight (W)
We know that specific weight = M
Volume
or w= s or 6867 = _W
0.001 0.001

W= 6867 x 0.001 = 6.867 N. Ans.

» 1.3 VISCOSITY

Viscosity is defined as the property of a fluid which offers resistance to the movement of one layer
of fluid over another adjacent layer of the fluid. When twao layers of a fluid, a distance “dy’ apart, move
one over the other at different velocities, say u and 1 + du as shown in Fig. 1.1, the viscosity together
with relative velocity causes a shear stress acting between the fluid layers.

The top layer causes a shear stress on the
adjacent lower layer while the lower layer causes
a shear stress on the adjacent top layer. This shear
stress is proportional to the rate of change of ve-
locity with respect to y. It is denoted by symbol
T (Tau).

d
Mathematically, T o< d'i
5
: i Fig. 1.1 Velocity variation near a solid boundary.
or t=p—u akL2)
dy

where |t (called mu) is the constant of proportionality and is known as the co-efficient of dynamic viscosity
. . du : ; . .
or only viscosity. d—- represents the rate of shear strain or rate of shear deformation or velocity gradient.
¥

T

Thus viscosity is also defined as the shear stress required to produce unit rate of shear strain.

1.3.1 Units of Viscosity. The units of viscosily is obtained by putting the dimensions of the
quantities in equation (1.3)

From equation (1.2), we have [ = R 1 .
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Shear stress Force/ Area
s Change of velocity = Length 1
Change of distance ( Time ) Length
B Forcef(hength)zw Force x Time
- I  (Length)
Time

In MKS system, force is represented by kgf and length by metre (m), in CGS system, force is
represented by dyne and length by cm and in SI system force is represented by Newton (N) and length
by metre (m).

; ; kef-sec
MKS unit of viscosity = Lr.
m>
g ; ; ; dyne-sec
CGS unit of viscosity = —
N cm”
In the above expression N/m” is also known as Pascal which is represented by Pa. Hence N/m? = Pa
= Pascal
ST unit of viscosity = Ns/m’ = Pa s.
i ; Newton-sec _ Ns
S1 unit of viscosity = —=—
m- m-
: ; g o . : Lia dyne-sec
@ The unit of viscosity in CGS is also called Poise which is equal to -~y—1-
cm-

The numerical conversion of the unit of viscosity from MKS unit to CGS unit is given below :

gackgt-sec _ 281 N‘-sec (- 1kgf=9.81 Newton}

N (—

m m

m
But one Newton = one kg (mass) x one [ - ] {acceleration)

sec”
: {IUUOgm)xj(lOﬂcm) — 1000 x 100 m—cjm
sec” sec”
= 1000 = 100 dyne { dyne = gm x Emﬁ }
sec”
one kgt -sec dyne-sec dyne-sec
———— =9.81 x 100000 ——— =9.81 x 100000 —————
m- cm 100 % 100 x cm
= 98.1 M5 _ 5.1 poise i 25— poie
cm” cm”

Thus for solving numerical problems, if viscosity is given in poise, it must be divided by 98.1 to get
its equivalent numerical value in MKS.

one kgf-sec 981 Ns

=
m- l'l'l2

giele _ 941 oise = 1) poise or One pois 1
_ = 8¢ = 5 ne &= — =
m’ 981" E g 10 m?

But = 98.1 poise

L
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Alternate Method. One poise =

3 2

dyne x s [lgmxlcm) s
TR Xc

cm 5" m”
But dyne =1gmx lclm
1
Lem _ 1000 8
. One poise s
sem o 1
100
1 Kk 1 k k;
=—— x100 2=—=8 o 1-2= 10 poise.
1000 sm 10 sm sm

Naote. (i) In SI units second is represented by ‘s’ and not by ‘sec’.
@ (i) If viscosity is given in poise, it must be divided by 10 to get its equivalent numerical value in SI units.
Sometimes a unit of viscosily as centipoise is used where
g I ; 1 s ;
1 centipoise = —— poise or 1 c¢cP=——P [¢P = Centipoise, P = Poise]
100 100

The viscosity of water at 20°C is 0.01 poise or 1.0 centipoise.

1.3.2 Kinematic Viscosity. It is defined as the ratio between the dynamic viscosity and density
of fluid. It is denoted by the Greek symbol (v) called ‘nu’. Thus, mathematically,

Viscosit
v 1scosity |

- (1.4
Density p
The units of kinematic viscosity is obtained as
Units of p Force x Time Force x Time
V= = —
Units of p (Lengtli)? X Mass Mass
(Length)’ Length
Length .
Mass X —=— x Time - Force = Mass % Acc.
- (Time) Lensth
- Mass = Mass x “g[j
Time*
Length
_ (Length)®
© Time

In MKS and SI, the unit of kinematic viscosity is metre’/sec or m-/sec while in CGS units it is
written as em?/s. In CGS units, kinematic viscosity is also known as stoke.

2
Thus, one stoke =cm?s = [ﬁ] m¥s = 104 m¥s

Centistoke means = —I stoke.
100

1.3.3 Newton’s Law of Viscosity. [t states that the shear stress (T) on a fluid element layer is
directly proportional to the rate of shear strain. The constant of proportionality is called the co-
efficient of viscosity. Mathematically, it is expressed as given by equation (1.2) or as

du

L=,
udy
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Sticky Note
remarkable



6 Fluid Mechanics

Fluids which obey the above relation are known as Newtonian fluids and the fluids which do not
obey the above relation are called Non-Newtonian fluids.

1.3.4 Variation of Viscosity with Temperature. Temperature affects the viscosity. The
viscosity of liquids decreases with the increase of temperature while the viscosity of gases increases
with the increase of temperature. This 1s due to reason that the viscous forces in a fluid are due to
cohesive forces and molecular momentum transfer. In liquids, the cohesive forces predominates
the molecular momentum transfer, due to closely packed molecules and with the increase in
temperature, the cohesive forces decreases with the result of decreasing viscosity. But in case of
gases the cohesive forces are small and molecular momentum transfer predominates. With the
increase in temperature, molecular momentum transfer increases and hence viscosity increases. The
relation between viscosity and temperature for liquids and gases are:

~(1.4A)

1
1+m+|3:1]

where W = Viscosity of liquid at (°C, in poise

(i) For liquids, 1 = u, [

L, = Viscosity of liquid at 0°C, in poise
o, = Constants for the liquid

For water, Wy = 1.79 % 10" poise, o = 0.03368 and B = 0.000221.

Equation (1.4A) shows that with the increase of temperature, the viscosity decreases.

(i7) For a gas, B=Hg+ ot — B L (1.4B)
where for air 1, = 0.000017, o = 0.000000056, p = 0.1189 x 1077,

Equation (1.45) shows that with the increase of temperature, the viscosity increases.

1.3.5 Types of Fluids. The fluids may be classified into the following five types :

1. Ideal fluid, 2. Real fluid,

3. Newtonian fluid, 4, Non-Newtonian fluid, and

5. Ideal plastic fluid.

1.  Ideal Fluid. A fluid, which is incompressible and is
having no viscosity, is known as an ideal fluid. Tdeal fluid is
only an imaginary fluid as all the fluids, which exist, have
some viscosity.

2. Real Fluid. A fluid, which possesses viscosity, is
known as real fluid. All the fluids, in actual practice, are real
fluids.

3. Newtonian Fluid. A real fluid, in which the shear
stress is directly proportional to the rate of shear strain (or
velocity gradient), is known as a Newtonian fluid.

4. Non-Newtonian Fluid. A real fluid, in which the
shear stress is not proportional to the rate of shear strain (or
velocity gradient), known as a Non-Newtonian fluid.

5. Ideal Plastic Fluid. A fluid, in which shear stress is more than the yield value and shear
stress is proportional to the rate of shear strain (or velocity gradient), is known as ideal plastic fluid.

& ;;-LU'\Q

—= SHEAR STRESS

/IDEAL FLUID

—» VELOCITY GRADIENT ﬂ)

dy
Fig. 1.2 Types of fluids.

Problem 1.3 [ the velocity distribution over a plate is given by u = TR v in which u is the

velocity in metre per second at a distance y metre above the plate, determine the shear stress at
y=0andy =015 m. Take dynamic viscosity of fluid as 8.63 poises.
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d
Solution. Given : 1 =g}' st i 2 =2y
3 dy 3
[ﬂ] or (EJ =2 _20)= 2 = 0667
d? at y=10 dy =10 3 3
Also {ﬂ) or (EJ =2 9% .15= 667 30=0.367
-ﬂ.V at y=1{.15 d}‘ y=0.15

.63
Value of u = 8.63 poise = % SI units = 0.863 N s/m’

d
Now shear stress is given by equation (1.2) asT=L1 d_"

(i) Shear stress at y = 0 is given by
du 5
Ty =} T = (.863 x 0.667 = 0.5756 N/m~. Ans.
y
Sl y=0
(ii) Shear stress at y = (.15 m is given by

(1), —o1s=H (d_u) = 0.863 x 0.367 = 0.3167 N/m?. Ans.
dy y=0.15
Problem 1.4 A plate 0.025 mm distant from a fixed plate, moves at 60 cm/s and requires a force of
2 N per unit area i.e., 2 N/m® to maintain this speed. Determine the fluid viscosity between the plates.

Solution. Given : _L g
Distance between plates, dy = .025 mm T=r=r=c-==:= _%
* 3 dY=|025mm::::;u=BUCmFS
=025 10" m S Nt S
Velocity of upper plate, =60 cm/s = 0.6 m/s 1 :
N FIXED PLATE
Force on upper plate, F=20 —. J
m- F]gv 1.3
This is the value of shear stress i.e., T
Let the fluid viscosity between the plates is L.
. , du
Using the equation (1.2), we have T=[u d—-
¥
where  du = Change of velocity = 4 — 0 = u = 0.60 m/s
dy = Change of distance = .025 x 10* m
T = Force per unit area = 2.0 —
m”
=
] 0x. x 107
30— e ZIXOBXI0 =g.33xm-‘N—f
025% 10 0.60 m

=833 x 107 x 10 poise = 8.33 x 107 poise. Ans.
Problem 1.5 A flat plate of area 1.5 x 10° mm® is pulled with a speed of 0.4 m/s relative to
another plate located at a distance of 0.15 mm from ir. Find the force and power required to mainiain
this speed, if the fluid separating them is having viscosity as 1 poise.

=
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Solution. Given :

Area of the plate, A=15x10mm’ = 1.5 m*
Speed of plate relative to another plate, du = (.4 m/s
Distance between the plates, dy = 0.15 mm = 0.15 x 10~ m

Viscosity W= 1 poise = iN—f
10 m~
. : du 1 0.4 N
Using equation (1.2) we haveT=|l — = — X ———— = 266.66 —
£ by ™ 10 15mi0 e
(i} . Shear force, F =1 x area = 266.66 x 1.5 = 400 N. Ans.

(ii) Power* required to move the plate at the speed 0.4 m/sec

=Fxu=400x04 = 160 W. Ans.
Problem 1.6 Determine the intensity of shear of an oil having viscosity = 1 poise. The oil is used
for lubricating the clearance between a shafi of diameter 10 cm and its journal bearing. The clearance
is 1.5 mm and the shaft rotates at 150 r.p.m.

; I N
Solution. Given : i = 1 poise = — —
10 m-

Dia. of shaft, D=10cm=0.1m

Distance between shaft and journal bearing,
dy=1.5mm=15x10"m

Speed of shaft, N =150 r.p.m.

Tangential speed of shaft is given by

nDN _ wx0.1x150

u= =0.785 m/fs
60 60
s ; du
Using equation (1.2), T=pd—,
dy
where diu = change of velocity between shaft and bearing = — 0 = &
1 0.785

= — X ———— =52.33 N/m? Ans.

10 15%107°
Problem 1.7 Calculate the dynamic viscosity of an oil, which is used for lubrication between a
square plate of size (.8 m x 0.8 m and an inclined plane with angle of inclination 30° as shown in
Fig. 1.4. The weight of the square plate is 300 N and it slides down the inclined plane with a uniform
velocity of 0.3 m/s. The thickness of oil film is 1.5 mm.

Solution. Given :

Area of plate, A=0.8x0.8=0.64 m
Angle of plane, 8= 30"

Weight of plate, W=300N

Velocity of plate, w=103ms

= Power=FxuNmfs=FxuW{(. Nmf=Wall)
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Thickness of oil film, t=dy=15mm=15x 10 m

Let the viscosity of fluid between plate and inclined plane is .

Component of weight W, along the plane = W cos 607 = 300 cos 607 = 150 N
Thus the shear force, F', on the bottom surface of the plate = 150 N

I 150

and shear stress, T= = — N/m’
Area 0.64
Now using equation (1.2), we have
T=Uu -ﬂl
dy

where du = change of velocity = v — 0 = u = 0.3 m/s
dy=t=15x10"m
150 0.3

062 ! 15x107
150%1.5%107° 5
p= =X _ 117 N s/m? = 1.17 x 10 = 11.7 peise. Ans.
0.64 % 03

Problem 1.8 Two horizontal plates are placed 1.25 em apart, the space between them being filled
with oil ef viscosity 14 poises. Calculate the shear stress in oil if upper plate is moved with a velocity
of 2.5 m/s.

Solution. Given :
Distance between plates, dy=125cm=0.0125m

Viscosity, U= 14 poise = % N s/m?
Velocity of upper plate, 1= 2.5 m/sec.
d

Shear stress is given by equation (1.2) as, 1= J—M

¥

where di = Change of velocity between plates = u — (0 = u = 2.5 m/sec.
dy=0.0125 m.
b

25
W 2 g
10 0125 280 N/m~. Ans

Problem 1.9 The space between two square flat parallel plates is filled with oil. Each side of the
plate is 60 cm. The thickness of the oil film is 12.5 mm. The upper plate, which moves at 2.5 metre per
sec requires a force of 98.1 N to maintain the speed. Determine :

(i) the dynamic viscosity of the oil in poise, and

{ii) the kinematic viscosity of the oil in stokes if the specific gravity of the oil is 0.95.

T=

Solution. Given :

Each side of a square plate =60 cm = (.60 m

- Area, A=0.6x06=036m
Thickness of oil film, dy=125 mm= 12.5 x 10 m
Velocity of upper plate, u= 2.5 mfsec

L
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Change of velocity between plates, du = 2.5 m/sec
Force required on upper plate, F'= 98.1 N
Force F 981N
Area A 036m’
(i) Let )L = Dynamic viscosity of oil

Shear stress, T=

) , du 98.1 25
Using equation (1.2), TSR~ 0F === SRR ————
dy 0.36 125x 10
4 : - 1 Ns
= oo e ORI e, N6 [ il lﬂpnisc]
0.36 2.5 m- m-
= 1.3635 x 10 = 13.635 poise. Ans.
(ii) Sp. gr. of oil, § = 0.95
Let v = kinematic viscosity of oil
Using equation (1.14),
Mass density of oil, p=25x1000=0.95x 1000 = 950 kgfm"
1‘3635[ Ni]
Using the relation, v = . , we get v = Tﬂm = 001435 m¥sec = .001435 x 10* ecm¥/s
P
= 14.35 stokes. Ans. (v em’ls = stoke)

Problem 1.10 Find the kinematic viscosity of an oil having density 981 kg/m’. The shear stress at
a point in oil is 0.2452 N/m~ and velocity gradient at that point is 0.2 per second.

Solution. Given :

Mass density, p = 981 kgfm"
Shear stress, T=0.2452 N/m*
d
Velocity gradient, I—” =02s
dy

{
Using the equation (1.2),  T= p;—“ or 0.2452 = i x 0.2

¥
= DRADE s N
0.200
Kinematic viscosity v is given by
vl o B8 e 0% e
p 981
=0.125 x 1072 x 10* em¥/s = 0.125 x 10* em?/s
=12.5 em?/s = 12.5 stoke. Ans. ( em’/s = stoke)

Problem 1.11 Determine the specific gravity of a fluid having viscosity 0.05 poise and kinematic
viscosity 0.035 stokes.

Solution. Given :

Viscosity, i = 0.05 poise = % N s/m’

L
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Kinematic viscosity, v = (0.035 stokes
= 0.035 em?/s [ Stoke = cm®/s}
= 0.035 x 10" m?s
Using the relation v = B we get 0.035 x 107" = L
p 10 p
! |
g 2 = 14285 kg/m®

10 0.035x10

Density of liquid _ 14285

= = 1.4285 = 1.43. Ans.
Density of water 1000

Sp. gr. of liquid

Problem 1.12 Determine the viscosity of a liguid having kinematic viscosity 6 stokes and specific
gravity 1.9,

Solution. Given :

Kinematic viscosity v =6 stokes = 6 cm /s = 6 x 10 m%/s
Sp. gr. of liquid =19
Let the viscosity of liquid =U

_ Density of the liquid

Now sp. gr. of a liquid
Rl 1 Density of water

_ Density of liquid

or 1.9
1000
; S kg
- Density of liquid = 1000 x 1.9 = 1900 —
i
.~ Using the relation V= 4 . we get
p
6x10%=E
1900
or =6x10"*x 1900 = 1.14 Ns/m?
= 1.14 % 10 = 11.40 poise. Ans.
Problem 1.13  The velocity distribution for flow over a flat plate is given by u = < y —v7 in which

1 is the velocity in metre per second at a distance vy metre above the plaie. Determine the shear stress
at v = 0.15 m. Take dynamic viscosity of fluid as 8.6 poise.

Solution. Given : = % - _\,'2
du 3,
dy 4

At y=0.15, a3 2%0.15=0.75-030=0.45
dy 4

Viscosity, It = 8.5 poise = % N8 [ 10 poise =1 NEJ
2

~

L
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du 85 N
Using equation (1.2), t=p 5 = 22 5045 — = 0.3825 —;. Ans.

= dy 10 m’ m
Problem 1.14 The dynamic viscosity of an oil, used for lubrication between a shaft and sleeve is
6 poise. The shaft is of diameter 0.4 m and rotates at 190 r.p.m. Caleulate the power lost in the bearing
Jor a sleeve length of 90 mm. The thickness of the oil film is 1.5 mm.

Solution. Given :

1.5 mm

Viscosity Ll = 6 poise
s B
10 m~ m”

Dia. of shaft, D=04m E 1
. —j FT
Spccd of shaft, N=190 r.p.m 90 mm SHA

. SLEEVE
Sleeve length, L=90mm=90x10"m
Thickness of oil film, f=15mm=15%x10"m Fig. 1.5
. . nDN mx04x190
Tangential velocity of shaft, u = = =398 m/s
& Y 60 60

'l
Using the relation T=U b

dy

where du = Change of velocity = u -0 = 1= 3.98 m/s
dy = Change of distance = 1= 1.5% 10 *m
398

T=10x ——— = 1592 N/m’
15% 10

This is shear stress on shaft

Shear force on the shaft, F' = Shear stress X Area
=1592xwDxL=1592xmx.4x9 % 10>=180.05 N

D 4
Torgue on the shaft, T = Force x E = 180.05 x U? =36.01 Nm
_2rNT _ 2mx190 x 36.01
60 60
Problem 1.15  If the velocity profile of a fluid over a plate is parabolic with the vertex 20 cm from
the plate, where the velocity is 120 em/sec. Calculate the velocity gradients and shear stresses at a
distance of 0, 10 and 20 em from the plate, if the viscosity of the fluid is 8.5 poise.

=716.48 W. Ans.

*Power lost

Solution. Given : ¥
Distance of vertex from plate = 20 cm
Velocity at vertex, 1= 120 cm/sec 1= 120 cm/sec

Viscosity, 1 = 8.5 poise = %:3 E,E = (.85,
i
u
2nN 2xNT Fig. 1.6

* PowerinSIL umit=T*w=Tx Watt = = Wartt
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The velocity profile is given parabolic and equation of velocity profile is

u=ay +by+c

where a, b and ¢ are constants. Their values are determined from boundary conditions as :
() aty=0,u=0
(b) aty=20cm, u = 120 cm/sec
() aty=20cm, L =:1:
dy

Substituting boundary condition {a) in equation (1), we get

c=0.
Boundary condition (&) on substitution in (i) gives

120 = a(20) + b(20) = 400a + 20b

Boundary condition (¢) on substitution in equation (i) gives

L =2ay+ b
dy
or 0=2xax20+b=40a + b
Solving equations (ii) and (iif) for @ and b
From equation (iif), b =-40a

Substituting this value in equation (ii), we get
120 = 400a + 20 x (- 40a) = 400a — 800a = — 400a

120 _ 3 _ 43
—400 10

i b=-40x(-0.3)=12.0
Substituting the values of a, b and ¢ in equation (i),

u=-03y" + 12y.

{a=

Velocity Gradient

an =-03x2y+12=-06y+ 12
dy
: - du
at v =0, Velocity gmdlcm.(d—J ==06x0+ 12 = 12/s. Ans.
¥ v=10
du
at v =10 cm, —_— =—0.6x10+ 12 =-6+ 12 = 6/s. Ans.
y=10
du
at y = 20 cm, — =-06x20+12==-12+12=10. Ans.
dy y=20
Shear Stresses
2ol du
Shear stress is given by, =i

dy

(D)

(i)

- (FiT)

L
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(i) Shear stress at y = 0, =i [ﬂ] =0.85 % 12.0 = 10.2 N/m>.
dy -
(if) Shear stress at y = 10, 1= H[?] =0.85 x 6.0 = 5.1 N/m>.
*¥ y=10
(iii) Shear stress at y = 20, T=U [:—u] =0.85x0=10. Ans.
y y=20

Problem 1.16 A Newtonian fluid is filled in the clearance between a shaft and a concentric sleeve.
The sleeve attains a speed of 50 em/s, when a force of 40 N is applied 1o the sleeve parallel to the shaft.
Determine the speed if a force of 200 N is applied.

Solution. Given : Speed of sleeve, u; = 50 cm/s

when force, F, =40 N.
Let speed of sleeve is u, when force, I, = 200 N.
d
Using relation T=U i
dy
where T = Shear stress = aice = E
Area A

du = Change of velocity =u -0 =u
dy = Clearance = y

Foooou
A =F y
A
F= i L] {+ A, and y are constant}
5 |
L
u, U,
% i 40 200
Substituting values, we get —=
50
Iy = %‘E = 50 x 5 = 250 em/s. Ans.

Problem 1.17 A 15 em diameter vertical cylinder rotates concentrically inside another cylinder of
diameter 15.10 cm. Both cylinders are 25 em high. The space between the cylinders is filled with a
liguid whose viscosity is unknown. If a torgue of 12.0 Nm is required to rotate the inner cylinder at
100 r.p.m., determine the viscosity of the fluid.

Solution. Given :

Diameter of cylinder =15cm=0.15m
Dia. of outer cylinder = 15.10 em = 0.151 m
Length of cylinders, L=25cm=025m
Torque, =120 Nm
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Speed, N =100 r.p.m.
Let the viscosity =L
DN  wx015x100

Tangential velocity of cylinder, u = = 0.7854 m/s
60 60
Surface area of cylinder, A=mDxL=nx0.15%025=.1178 m*
y . du
Now using relation T=p—
dy
where du=u—0=u=.7854 m/s
ﬁl'}.- = M m = .0005 m
o= BX 7854
0005
7854
Shear force, F = Shear stress x Area = 522" » 1178
005
D
Torque, T=Fx ?
e BEABIE ooy A3
0005 2
12.0 x.0005 % 2 - 0.864 N s/m?

= 2854 x 1178 % 15
= 0.864 x 10 = 8.64 poise. Ans.

Problem 1.18 Two large plane surfaces are 2.4 cm apart. The space between the surfaces is filled
with glyeerine. What force is required to drag a very thin plate of surface area 0.5 square meitre
between the two large plane surfaces at a speed of 0.6 m/s, if :
(i) the thin plate is in the middle of the two plane surfaces, and
{ii) the thin plate is at a distance of 0.8 cm from one of the plane surfaces ? Take the dynamic
viscosity of glvcerine = 8.10 x 107" N s/,

Solution. Given :

Distance between two large surfaces = 2.4 cm T

Area of thin plate, A=0.5m’  t2em

Velocity of thin plate, u=0.6 m/s 2_4'cm —_F
Viscosity of glycerine, p=8.10x 10" N s/m* -

Case I. When the thin plate is in the middle of the two plane
surfaces [Refer to Fig. 1.7 (a)]
Let I, = Shear force on the upper side of the thin plate Fig. 1.7 (a)

L L

» = Shear force on the lower side of the thin plate
F = Total force required to drag the plate
Then F=F +F,
The shear stress (T,) on the upper side of the thin plate is given by equation,

L
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du
w=hlgy
4 A

where du = Relative velocity between thin plate and upper large plane surface
= (.6 m/sec

dy = Distance between thin plate and upper large plane surface
= 1.2 cm = 0.012 m (plate is a thin one and hence thickness of plate is neglected)

1, =810% 107" x 06 ) _ 405 N/m?
012
Now shear force, I, = Shear stress % Area

=T, XxA=405x05=2025N
Similarly shear stress (1,) on the lower side of the thin plate is given by

T,=H (?] =810x 107" x [n%?z] = 40.5 N/m?

;\.‘

Shear force, Fyo=1,xA=405%x05=20.25N
Total force, F=F +F,=2025+20.25=40.5 N. Ans.

Case I1. When the thin plate is at a distance of 0.8 cm from one of
the plane surfaces [Refer o Fig. 1.7 (b)].

Let the thin plate is at a distance 0.8 cm from the lower plane i i
surface. 1.6 cm
Then distance of the plate from the upper plane surface 2A4cm I
=24-08=16cm=.016m Py ;s
(Neglecting thickness of the plate) & POPmeSTR !

The shear force on the upper side of the thin plate,
F, = Shear stress X Area =T, X A

Fig. 1.7 (b)
=u ﬂ ){A:S_l(:l)(lolx 06 ]X(]S:lSlSN
I 0.016

dy
The shear force on the lower side of the thin plate,

d
F3=1'2><A=|¢[—u] x A
2

dy

0.6
0.8/100
Total force required = F, + I, = 15.18 + 30.36 = 45.54 N. Ans.

:s.mxm'x[ ]xu.5=3ﬂ.3ew

Problem 1.19 A vertical gap 2.2 cm wide of infinite extent contains a fluid of viscosity 2.0 N s/m”
and specific gravity 0.9. A metallic plate 1.2 m x 1.2 m x0.2 em is to be lifted up with a constant
velocity of 0.15 m/sec, through the gap. If the plate is in the middle of the gap, [ind the force required.
The weight of the plate is 40 N.

Solution. Given :

Width of gap = 2.2 ¢m, viscosity, it = 2.0 N s/m’
Sq. gr. of fluid =09
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Weight density of fluid A
= 0.9 x 1000 = 900 kgf/m* = 900 x 9.81 N/m* '
(v 1 kef = 9.81 N)
Volume of plate =12mx1.2mx02cm ‘
=1.2 x 1.2 %.002 m* = .00288 m* 1.0 1.0

cmlcm

Thickness of plate = 0.2 em e
Velocity of plate = (0.15 mfsec : 0.2 cm
Weight of plate =40 N. ;
When plate is in the middle of the gap, the distance of the plate
from vertical surface of the gap Fig. 1.8

B [Width of gap—Thickness of plate]

- 2

(22-0:2)

=1lcm=.01 m.
2

Now the shear force on the left side of the metallic plate,
I7, = Shear stress X Area

d 38
=i | 9] sArea=20% |23 | x12%12N
dy 1 .01

(s Area= 12 x 1.2m?
=43.2 N.
Similarly, the shear force on the right side of the metallic plate,

F, = Shear stress x Area = 2.0 x [%J Xx1.2x12=432N
Total shear force =F, +1,=432 +43.2 = 864 N.

In this case the weight of plate (which is acting vertically downward) and upward thrust is also to be
taken into account.
The upward thrust = Weight of fluid displaced

= (Weight density of fluid) x Volume of fluid displaced
=9.81 x 900 x .00288 N
(" Volume of fluid displaced = Volume of plate = .00288)

=2543 N.

The net force acting in the downward direction due to weight of the plate and upward thrust
= Weight of plate — Upward thrust = 40 — 2543 = 14.57 N

Total force required to lift the plate up

= Total shear force + 14.57 = 86.4 + 14.57 = 100.97 N. Ans.

» 1.4 THERMODYNAMIC PROPERTIES

Fluids consist of liquids or gases. But gases are compressible fluids and hence thermodynamic
properties play an important role. With the change of pressure and temperature, the gases undergo

L
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large wvariation in density. The relationship between pressure (absolute), specific volume and
temperature (absolute) of a gas is given by the equation of state as

p V= RTOI‘§:RT «i1..5)
where p = Absolute pressure of a gas in N/m?

1
¥ = Specific volume = —
P
R = Gas constant
T = Absolute temperature in “K
p = Density of a gas.
1.4.1 Dimension of R. The gas constant, R, depends upon the particular gas. The dimension of R
is obtained from equation (1.5) as
o
pT

kef/m®  kef-m

- o
m°
(i) In ST units, p is expressed in Newton/m* or N/m”.

N/m* _ Nm _ Joule

(i) In MKS units R=

R= K = = [Joule = Nm]
_33 «Kk ke-K  kg-K
m
]
ke-K
For air, Rin MKS = 29.3 kgf-m
ke °K
RinSI=293x98 —™_ _og7 I
kg K kg-K

1.4.2 Isothermal Process. If the change in density occurs at constant temperature, then the
process is called isothermal and relationship between pressure (p) and density (p) is given by

2 o Constant .-{1.6)

p

1.4.3 Adiabatic Process. If the change in density occurs with no heat exchange to and from the
gas, the process is called adiabatic. And if no heat is generated within the gas due to friction, the
relationship between pressure and density is given by

P

- = Constant W [

P
where k = Ratio of specific heat of a gas at constant pressure and constant volume.
= 1.4 for air.
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1.4.4 Universal Gas Constant

Let m = Mass of a gas in kg
¥ = Volume of gas of mass m
p = Absolute pressure
T = Absolute temperature

Then, we have p%¥ = mRT «(1.8)
where K = Gas constant.
Equation (1.8) can be made universal, i.e., applicable to all gases if it is expressed in mole-basis.
Let n = Number of moles in volume of a gas
¥ = Volume of the gas

Mass of the gas molecules

Mass of a hydrogen atom
m = Mass of a gas in kg

Then, we have nxM=m.
Substituting the value of m in equation (1.8), we get
pY¥=nxMxRT .(1.9)
; ; A kgf-m | :
The product M x R is called universal gas constant and is equal to 848 in MKS units
kg-mole °K

and 8314 J/kg-mole K in SI units.
One kilogram mole is defined as the product of one kilogram mass of the gas and its molecular weight.

Problem 1.20 A gas weighs 16 N/m® ar 25°C and at an absolute pressure of 0.25 N/mm’. Deter-
mine the gas constant and density of the gas.
Solution. Given :
Weight density, w = 16 N/m*
Temperature, t=25C
T=273+1=273+25=288°K
p = 0.25 N/mm? (abs.) = 0.25 x 10° N/m* = 25 x 10* N/m*
(i) Using relation w = pg, density is obtained as

p="=1% _163kgm’. Ans.
g 981
(i1} Using equation (1.5), P _grr
p
4
R B o B enyge NI

pT 163x288  kgK

Problem 1.21 A cylinder of 0.6 m” in volume contains air ar 50°C and 0.3 N/mm® absolute
pressure. The air is compressed to 0.3 m’. Find (i) pressure inside the cylinder assuming isothermal
process and (i) pressure and temperature assuming adiabatic process. Take k = 1.4,

Solution. Given :

Initial volume, ¥, =06m’
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Temperature 1, =50°C
Ty =273 + 50 = 323°K
Pressure p, = 0.3 N/mm? = 0.3 x 10° N/m? = 30 x 10* N/m?
Final volume ¥,=03 m’
k=14

(i) Isothermal process :

Using equation (1.6), P _ Constant or p% = Constant.
P
P\, =p,Ys
4
iy = PVE L IONITHOB oy Wi ' 006 N, Al
v, 0.3
(ii) Adiabatic process :
Using equation (1.7), % = Constant or p w* = Constant
P
Py vllr = szg‘

k 1.4
Pr=p :‘ =30x104x[g'—6] =30x10*x 2'*

k

-

=0.791 x 10° N/m? = 0.791 N/mm>. Ans.
For temperature, using equation (1.5), we get
p¥ = RT and also p v = Constant
RT RT

F_ i
p= ~ and N » V" = Constant
or RTY*! = Constant
or T ¥*! = Constant {~ R is also constant}
v =1,

k=l L4~-1.0
T,=T, [:' ] =323 [%) =323%2" =4262°K

t = 426.2 — 273 = 153.2°C. Ans.
Problem 1.22 Calculate the pressure exerted by 5 kg of nitrogen gas at a temperature of 10°C if
the volume is 0.4 m’. Molecular weight of nitrogen is 28. Assume, ideal gas laws are applicable.

Solution. Given :

Mass of nitrogen =5kg
Temperature, t=10°C
T=273+10=283°K
Volume of nitrogen. vV =04m’

Molecular weight =28

Using equation (1.9), we have p%V =n x M x RT

L
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Nm
ke-mole °K
and one kg-mole = (kg-mass) x Molecular weight = (kg-mass) x 28
38314 — 296.9 Nm

where M x R = Universal gas constant = 8314

R for nitrogen = —— = 296.
28 keg°K
The gas laws for nitrogen ispV = mRT, where R = Characteristic gas constant
or px04=5x2969 x 283

_ 5X2969 x 283
04

= 1050283.7 N/m? = 1.05 N/mm>. Ans.

> 1.5 COMPRESSIBILITY AND BULK MODULUS

Compressibility is the reciprocal of the bulk modulus of -
elasticity, K which is defined as the ratio of compressive stress ;
to volumetric strain.

"~ PISTON
"3

|
I 1
Consider a cylinder fitted with a piston as shown in Fig. 1.9. it P
Let ¥ = Volume of a gas enclosed in the cylinder I
p = Pressure of gas when volume is v o e
Let the pressure is increased to p + dp, the volume of gas CYLINDER
decreases from ¥V to ¥ - dV. Fig. 1.9
Then increase in pressure =dp kgﬂ'm2
Decrease in volume =dV
; dVv
Volumetric strain Sy
— ve sign means the volume decreases with increase of pressure.
Increase of pressure
Bulk modulus K = 2 il
Volumetric strain
d -d,
= BF AP . (1.10)
-dV gy
v
ooy |
Compressibility = E ad L1

Relationship between Bulk Modulus (K) and Pressure (p) for a Gas

The relationship between bulk modulus of elasticity (K) and pressure for a gas for two different
processes of compression are as :

(i) For Isothermal Process. Equation (1.6) gives the relationship between pressure (p) and density
(p) of a gas as

2 Constant
p

=
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or p¥ = Constant { V= l}
p
Differentiating this equation, we get (p and ¥ both are variables)
pd¥ + Vdp=0 or pdV=-Vdp or p= j—‘u’@

Substituting this value in equation (1.10), we get
K=p ~(1.12)
(ii) For Adiabatic Process. Using equation (1.7) for adiabatic process

p% = Constant or p v* = Constant
Differentiating, we get pd(V") + ¥ (dp) = 0
or pxkx ¥V dv + Vdp=0
or pkd¥ + Vdp =10 [Cancelling ¥*' to both sides|
Y dp
or pkd¥W =—Ydp or pk=- v
Hence from equation (1.10), we have
K = pk w1 F)
where K = Bulk modulus and k = Ratio of specific heats.
Problem 1.23  Determine the bulk modulus of elasticiry of a liquid, if the pressure of the liquid is
increased from 70 N/em® 10 130 Nfem®. The volume of the liquid decreases by 0.15 per cent.

Solution. Given :

Initial pressure = 70 N/em®
Final pressure = 130 N/em?
dp = Increase in pressure = 130 — 70 = 60 N/cm’
Decrease in volume =0.15%
avy _ 015
v 100

Bulk modulus, K is given by equation (1.10) as
dp _60N/em® 60 x100
dvy 15 15
v 100

Problem 1.24 Whar is the bulk modulus of elasticity of a liqguid which is compressed in a cylinder
from a volume of 0.0125 m” at 80 N/em® pressure to a volume of 0.0124 m” at 150 Nfem” pressure ?

K= =4 % 10* N/em>. Ans.

Solution. Given :
Initial volume, v =0.0125m?
Final volume =0.0124 m*
Decrease in volume, % = .0125 - .0124 = .0001 m?

=



Properties of Fluids 23

d¥ _ 0001
v 0125
Initial pressure = 80 N/cm®
Final pressure = 150 N/em®

Increase in pressure, dp = (150 - 80) = 70 N/cm?
Bulk modulus is given by equation (1.10) as

_dp 70
© T dv " 0001
voo0125

= 8.75 x 10° N/em®. Ans.

b 1.6 SURFACE TENSION AND CAPILLARITY

= 70 x 125 Nfem®

Surface tension is defined as the tensile force acting on the surface of a liquid in contact with a gas
or on the surface between two immiscible liquids such that the contact surface behaves like a
membrane under tension. The magnitude of this force per unit length of the free surface will have the
same value as the surface energy per unit area. [t is denoted by Greek letter o (called sigma). In MKS

units, it is expressed as kgf/m while in ST units as N/m.

The phenomenon of surface tension is explained by
Fig. 1.10). Consider three molecules A, B, C of a liquid in a
mass of liquid. The molecule A is attracted in all directions
equally by the surrounding molecules of the liquid. Thus the
resultant force acting on the molecule A is zero. But the
molecule B. which is situated near the free surface, is acted
upon by upward and downward forces which are unbalanced.
Thus a net resultant force on molecule B is acting in the
downward direction. The molecule C, situated on the free
surface of liquid, does experience a resultant downward force.
All the molecules on the free surface experience a downward

FREE SURFACE

Fig. 1.10 Surface tension.

force. Thus the free surface of the liquid acts like a very thin film under tension of the surface of the

liquid act as though it is an elastic membrane under tension.

.6.1 Surface Tension on Liquid Droplet. Consider a small spherical droplet of a liquid of
adius *r’. On the entire surface of the droplet, the tensile force due to surface tension will be acting.

Let o= Surface tension of the liguid

p = Pressure intensity inside the droplet (in excess of the outside pressure intensity)

d = Dia. of droplet.

Let the droplet is cut into two halves. The forces acting on one half (say left half) will be
(i) tensile force due to surface tension acting around the circumference of the cut portion as shown

in Fig. 1.11 (&) and this is equal to
= @ ¥ Circumference

=gxmnd
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" n n .
(if) pressure force on the area Idz =p X o d”* as shown in

Fig. 1.11 (¢). These two forces will be equal and opposite
under equilibrium conditions, i.e.,

MITTTTA

(a) DROPLET  (b) SURFACE TENSION
P % d =0 xnd

d 4
or o il =70 L(1.14)

T d?
4

{c) PRESSURE FORCES
Equation (1.14) shows that with the decrease of diameter  Fig. 1.11 Forces on droplet.
of the droplet, pressure intensity inside the droplet increases.

@E .6.2 Surface Tension on a Hollow Bubble. A hollow bubble like a soap bubble in air has two
urfaces in contact with air, one inside and other outside. Thus two surfaces are subjected to surface
tension. In such case, we have

pxg-dz=2><(cxna")

p= 2:”:% (1.15)
bl k-
4

1.6.3 Surface Tension on a Liquid Jet. Consider a liquid jet of diameter ‘d” and length ‘L’ as
shown in Fig. 1.12.
Let p = Pressure intensity inside the liquid jet above the outside pressure

@ = Surface tension of the liquid. L] :?

ik e

Consider the equilibrium of the semi jet, we have | &
Force due to pressure = p » area of semi jet E o
=pxXLxd L o g E

Force due to surface tension = o x 2L. -+ *
Equating the forces, we have < o
pxLxd=0x2L i pi |

-
GxX2L _ d &*
P = Lxd ---[I.]ﬁ) (3} (b}

Fig. 112 Forces on liquid jet.
Problem 1.25 The surface tension of water in contact with air ar 20°C is 0.0725 Nfm. The pressure
inside a droplet of water is to be 0.02 Nem?® ereater than the outside pressure. Calculate the diammeter
of the droplet of water.
Solution. Given :
Surface tension, o= 0.0725 N/'m
Pressure intensity, p in excess of outside pressure is

p=0.02 N/em® = 0.02 x 10* i
e

Let d = dia. of the droplet
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Using equation (1.14), we getp = % or 0.02 x 10 = &;3?25
a
d= Lﬂ?l‘i = .00145 m = .00145 x 1000 = 1.45 mm. Ans.
0.02 x(10)

Problem 1.26 Find the surface tension in a soap bubble of 40 mm diameter when the inside
pressure is 2.5 N/m® above atmospheric pressure.

Solution. Given :

Dia. of bubble, d=40mm=40x 10" m

Pressure in excess of outside,p = 2.5 N/m?

For a soap bubble, using equation (1.15), we get

p= 8_0. or 2.5= Lﬁ‘
40 % 10
—3
o= M N/m = 0.0125 N/m. Ans.

Problem 1.27 The pressure outside the droplet of water of diameter 0.04 mm is 10.32 N/em® (at-
mospheric pressure). Caleulate the pressure within the droplet if surface tension is given as
0.0725 N/m of water.

Solution. Given :

Dia. of droplet, d=0.04 mm=.04x107m
Pressure outside the droplet = 10.32 N/em? = 10.32 x 10* N/m?
Surface tension, g = 0.0725 N/m
The pressure inside the droplet, in excess of outside pressure is given by equation (1.14)
or p= 20 3X0TB _ 2550 Nim2 = 720N _ 0725 Njenr?
d  04x10 107 cm

. Pressure inside the droplet = p + Pressure outside the droplet

=0.725 + 10.32 = 11.045 N/em’. Ans.

1.6.4 Capillarity. Capillarity is defined as a phenomenon of rise or fall of a liquid surface in a

small tube relative to the adjacent general level of liquid when the tube is held vertically in the liquid.

The rise of liquid surface is known as capillary rise while the fall of the liquid surface is known as

capillary depression. It is expressed in terms of em or mm of liquid. Its Ty | dos®

value depends upon the specific weight of the liquid, diameter of the =

tube and surface tension of the liquid.

Expression for Capillary Rise. Consider a glass tube of small
diameter “d” opened at both ends and is inserted in a liquid, say water.
The liquid will rise in the tube above the level of the liquid.

Let i = height of the liquid in the tube. Under a state of equilibrium,
the weight of liquid of height /i is balanced by the force at the surface of
the liquid in the tube. But the force at the surface of the liquid in the
tube is due to surface tension.

Fig. 1.13 Capillary rise.

Let ¢ = Surface tension of liquid
0 = Angle of contact between liguid and glass tube.
The weight of liquid of height &t in the tube = (Area of tube x i) x p x g
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=Ed3xhxpxg ..{1.17)

where p = Density of liquid
Vertical component of the surface tensile force
= (g x Circumference) x cos 0
=g Xmdxcos B «+{1.18)
For equilibrium, equating (1.17) and (1.18), we get

gaﬁxhxpx;g::sxndx-::osﬁ

o xndxcos® 4cGcosh
pxgxd

or h= i 1.19)

T4 xpx
1 pxg

The value of 8 between water and clean glass tube is approximately equal to zero and hence cos 8 is

equal to unity. Then rise of water is given by
fpmne PO

pxgxd
Expression for Capillary Fall. If the glass tube is dipped in mercury, the level of mercury in the tube
will be lower than the general level of the outside liquid as shown in Fig. 1.14.

Let /i = Height of depression in tube.

Then in equilibrium, two forces are acting on the mercury inside the tube. First one is due to surface
tension acting in the downward direction and is equal to ¢ > nd x cos 6.

Second force is due to hydrostatic force acting upward and is equal to intensity of pressure at a
depth *h" x Area

- (1.20)

=p><%d1=pg><h><;d‘){'.'p:pgh}

Equating the two, we get -

(:i)(mf)(cosﬂ:pghx-l—rf 8 -h,‘eh
dgcos p o
Y (1.2 ° X
Pad MERCURY
Value of © for mercury and glass tube is 128°. Fig. 1.14

Problem 1.28 Calculate the capillary rise in a glass tube of 2.5 mm diameter when immersed
vertically in (a) water and (b) mercury. Take surface tensions ¢ = 0.0725 N/m for water and o= 0.52 N/m
Sfor mercury in contact with air. The specific gravity for mercury is given as 13.6 and angle of contact
= J30°.

Solution. Given :

Dia. of tube, d=25mm=25x%x10"m
Surface tension, ¢ for water = 0.0725 N/m
@ for mercury =0.52 N/m

Sp. gr. of mercury =13.6
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Density = 13.6 x 1000 kg/m">.
(a) Capillary rise for water (0 = 0%)
46 4 x 00725
pxgxd 1000x981x25x10°
=.0118 m = 1.18 em. Ans.

Using equation (1.20), we pet h =

(&) For mercury

Angle of contact between mercury and glass tube, 6 = 1307

40 cosB 4 %0.52 x cos 130°

pxexd T 136 %1000 x9.81x2.5x10°°
=-004 m = - 0.4 em. Ans.

The negative sign indicates the capillary depression.

Using equation (1.21), we get i =

Problem 1.29  Calculate the capillary effect in millimetres in a glass tube of 4 mm diameter, when
immersed in (i) water, and (ii) mercury. The temperature of the liquid is 20°C and the values of the
surface tension of water and mercury at 20°C in contact with air are 0.073575 N/fm and 0.51 N/m
respectively. The angle of contact for water is zero and that for mercury is 130°, Take density of water
at 20°C as equal to 998 kg/'m'"’,

Solution. Given :

Dia. of tube, d=4mm=4x10"m

The capillary effect (i.e., capillary rise or depression) is given by equation (1.20) as
_ 4o cosb
- pxgxd

where o = surface tension in N/m
0 = angle of contact, and p = density
(1) Capillary effect for water
o = 0.073575 N/m, 6 =0°
p =998 kg/m* at 20°C
= 4 % 0.073575 % cos 0°
998 x 9.81 x4 x 107
(if) Capillary effect for mercury
g =0.51 N/m, & = 130° and
p = sp. gr. x 1000 = 13.6 x 1000 = 13600 kg/m”

n.%o
o AROOINOORIN® o s Fiie - sus i AR

13600 x 981 x4 % 10"
The negative sign indicates the capillary depression.

Problem 1.30 The capillary rise in the glass tube is not to exceed (1.2 mm of water. Determine its
minimum size, given that surface tension for water in contact with air = 0.0725 N/m.

=7.51 x 10* m = 7.51 mm. Ans.

Solution. Given :
Capillary rise, hi=0.2mm=0.2x10*m
Surface tension, o = 0.0725 N/m
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Let dia. of tube =d
The angle 6 for water =0
1000 kg/m?

Density (p) for water
Using equation (1.20), we get

4 4% 00725

h = 76 or [}2 w IU_" = X—D‘
pxgxd 1000 % 981 x d

d= gitas HE = 0.148 m = 14.8 cm. Ans.

1000 x9.81x.2x10°
Thus minimum diameter of the tube should be 14.8 cm.

Problem 1.31  Find out the minimum size of glass tube that can be used to measure water level if

the capillary rise in the tube is to be restricted to 2 mm. Consider surface tension of water in contact
with air as 0.073575 N/m.

Solution. Given :

Capillary rise, h=20mm=20x10"m
Surface tension, o = 0.073575 N/m
Let dia. of tube =
The angle O for water =0"
The density for water, p = 1000 kg/m*
Using equation (1.20), we get
4 4 % 0073575
h= —2 — or20% 1073 2 o 20
pxgxd 1000 x 981 % d
X (M 7
d= —3X00515 __ _ 615 m = 1.5 cm. Ans.

1000 %981 %2x 10
Thus minimum diameter of the tube should be 1.5 cm.

Problem 1.32 An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The
diamerer of the shaft is 0.5 m and it rotates at 200 r.p.m. Calculate the power lost in oil for a sleeve
length of 100 mm. The thickness of oil film is 1.0 mm.

Solution. Given :

Viscosity, I = 3 poise

=2 =05N s/m’

10
Dia. of shaft, D=05m
Speed of shaft, N =200 r.p.m.
Sleeve length, L=100mm=100x10"m=0.1m
Thickness of oil film, i=1.0mm=1x10"m
Tangential velocity of shaft, u = nDN L L =5.235 mfs
60 60

Using the relation, T= |.l.ﬂ

dy
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where, du = Change of velocity = u — 0 = u = 5.235 m/s
dv = Change of distance = =1 x 10~ m

05x5235

T== ——

1x10°

This is the shear stress on the shaft

. Shear force on the shaft, F = Shear stress X Area= 260175 x D x L (v Area=nDx L)

=26175xmx0.5x0.1=41095N

= 2617.5 N/m*

Torque on the shaft, T = Force x % = 410.95 x % = 102.74 Nm
Power® lost= T x m Watts = T x Z;ION W
= 102.74 x 2“:70200 = 2150 W = 2.15 kKW. Ans.

» 1.7 VAPOUR PRESSURE AND CAVITATION

A change from the liquid state to the gaseous state is known as vaporization. The vaporization
(which depends upon the prevailing pressure and temperature condition) occurs because of continuous
escaping of the molecules through the free liquid surface.

Consider a liquid (say water) which is confined in a closed vessel. Let the temperature of liquid is
207C and pressure is atmospheric. This liquid will vaporise at 100°C. When vaporization takes place,
the molecules escapes from the free surface of the liquid. These vapour molecules get accumulated in
the space between the free liquid surface and top of the vessel. These accumulated vapours exert a
pressure on the liquid surface. This pressure is known as vapour pressure of the liquid or this is the
pressure at which the liquid is converted into vapours.

Again consider the same liquid at 20°C at atmospheric pressure in the closed vessel. If the pressure
above the liquid surface is reduced by some means, the boiling temperature will also reduce. If the
pressure is reduced to such an extent that it becomes equal to or less than the vapour pressure, the
boiling of the liquid will start, though the temperature of the liquid is 20°C. Thus a liquid may boil
even at ordinary temperature, if the pressure above the liquid surface is reduced so as to be equal or
less than the vapour pressure of the liquid at that temperature.

Now consider a flowing liquid in a system. If the pressure at any point in this flowing liquid becomes
equal to or less than the vapour pressure, the vaporization of the liquid starts. The bubbles of these
vapours are carried by the flowing liquid into the region of high pressure where they collapse, giving
rise to high impact pressure. The pressure developed by the collapsing bubbles is so high that the
material from the adjoining boundaries gets eroded and cavities are formed on them. This phenomenon
is known as cavitation.

Hence the cavitation is the phenomenon of formation of vapour bubbles of a flowing ligquid in a
region where the pressure of the liquid falls below the vapour pressure and sudden collapsing of these
vapour bubbles in a region of higher pressure. When the vapour bubbles collapse, a very high pressure
is created. The metallic surfaces, above which the liquid is flowing, is subjected to these high pressures,
which cause pitting action on the surface. Thus cavities are formed on the metallic surface and hence
the name is cavitation.

60,000

Watts or

2nN
# Power incase of S.1. Unit=Tx wor kW. The angular velocity = H
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11.

12,

. Bulk modulus of elasticity is given as K =

HIGHLIGHTS

The weight density or specific weight of a fluid is equal to weight per unit volume. It is also equal to,

w=pXxg
Specific volume is the reciprocal of mass density.

d
. The shear stress is proportional to the velocity gradient ﬂ Mathematically, T=u =

dy dy
I

. Kinematic viscosity v is given by v= —.

. Poise and stokes are the units of viscosity and kinematic viscosity respectively.
. To convert the unit of viscosity from poise to MKS units, poise should be divided by 98.1 and to convert

poise into SI units, the poise should be divided by 10. 81 unit of viscosity is Ns/m* or Pa s, where N/m®
= Pa = Pascal.

2

. For a perfect gas, the equation of state is — = RT

where R = gas constant and for air = 29.3 {gig =287 kg °K.
go

. For isothermal process, £ _ Constant wheteas for adiabatic process, £ . constant.

pk
(%)

b
Compressibility is the reciprocal of bulk modulus of elasticity or = —-1—

Surface tension is expressed in N/m or dyne/cm. The relation between surface tension (@) and difference

of pressure (p) between the inside and outside of a ligquid drop is given as p = 4?6
For a soap bubble, p= 8?6 ;

For a liquid jet. = ETG

Capillary rise or fall of a liquid is given by h = W.

The value of 8 for water is taken equal to zero and for mercury equal to 128°,

EXERCISE

(A) THEORETICAL PROBLEMS

. Define the following fluid properties :

Density, weight density, specific volume and specific gravity of a fluid.

. Differentiate between : (i) Liquids and gases, (i) Real fluids and ideal fluids, (iif) Specific weight and

specific volume of a fluid.

. What is the difference between dynamic viscosity and kinematic viscosity ? State their units of

measurements.
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13.
14.
15

17.

. Explain the terms : (1) Dynﬂmic viscosity, and (if) Kinematic viscosity. Give their dimensions.
. State the Newton’s law of viscosity and give examples of its application.
. Enunciate Newton's law of viscosity. Explain the importance of viscosity in fluid motion. What is the

effect of temperature on viscosity of water and that of air?

. Define Newtonian and Non-Newtonian fluids.
. What do you understand by terms : (i) Isothermal process, (if) Adiabatic process, and (fif) Universal-gas

constant.

. Define compressibility. Prove that compressibility for a perfect gas undergoing isothermal compression is

1 G ; 1 ; -
— while for a perfect gas undergoing isentropic compression is —.

P L

. Define surface tension. Prove that the relationship between surface tension and pressure inside a droplet of
B i T i & 4a
liquid in excess of outside pressure is given by p = =z

Explain the phenomenon of capillarity. Obtain an expression for capillary rise of a liquid.
{a) Distinguish between ideal fluids and real fluids. Explain the importance of compressibility in fluid

flow.
{b) Define the terms : density, specific volume, specific gravity, vacuum pressure, compressible and
incompressible fluids. (R.Gr.P. Vishwavidvalava, Bhopal § 2002)

Define and explain Newton's law of viscosity.

Convert 1 kg/s-m dynamic viscosity in poise.

Why does the viscosity of a gas increases with the increase in temperature while that of a liquid decreases
with increase in temperature 7

. {a) How does viscosity of a fluid vary with temperature ?

(#) Cite examples where surface tension effects play a prominent role. (JN.T.U., Hvderabad 5 2002)
(i) Develop the expression for the relation between gauge pressure P inside a droplet of liquid and the
surface tension,
{(ir) Explain the following :
Newtonian and Non-Newtonian fluids, vapour pressure, and compressibility.
(R.G.P.V.,, Bhopal § 2001)

(B) NUMERICAL PROBLEMS

One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity.
[Ans. 9600 N/m*, 978.6 kg/m®, 0.978]

. L N 3
The velocity distribution for flow over a flat plate is given by u = E V- 2

, where u is the point

velocity in metre per second at a distance y meire above the plate. Determine the shear stress at y =9 cm.
Assume dynamic viscosity as 8 poise. (Nagpur University) [Ans. 0.839 N/m?]

. A plate 0.025 mm distant from a fixed plate, moves at 50 cm/s and requires a force of 1.471 N/m® to

maintain this speed. Determine the fluid viscosity between the plates in the poise. [Ans. 7.357 x 1074

. Determine the intensity of shear of an oil having viscosity = 1.2 poise and is used for lubrication in the

clearance between a 10 em diameter shaft and its journal bearing, The clearance is 1.0 mum and shaft
rotates at 200 r.p.m. [Ans. 125.56 N/m?)

. Two plates are placed at a distance of (0.15 mm apart. The lower plate is fixed while the upper plate having

surface area 1.0 m” is pulled at 0.3 m/fs. Find the force and power required to maintain this speed, if the
fluid separating them is having viscosity 1.5 poise. [Ans. 300 N, 80.8 W]

. An oil film of thickness 1.5 mm is used for lubrication between a square plate of size .9 m x 0.9 m and an

inclined plane having an angle of inclination 20°. The weight of the square is 392.4 N and it slides down
the plane with a uniform velocity of 0.2 m/s. Find the dynamic viscosity of the oil. [Ans. 12.42 poise]
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In a stream of glycerine in motion, at a certain point the velocity gradient is 0.25 metre per sec per meire.
The mass density of fluid is 1268.4 kg per cubic metre and kinematic viscosity is 6.30 x 10 # square metre
per second, Calculate the shear stress al the point. [Ans. 0.2 N/m?]

. Find the kinematic viscosity of an oil having density 980 kgfmz when at a certain point in the oil, the shear

stress is 0.25 N/m® and velocity gradient is 0.3/s.

2
|iAns. 0.000849 2 or 849 slukes]
s2C

. Determine the specific gravity of a fluid having viscosity .07 poise and Kinematic viscosity 0.042 stokes.

[Ans. 1.667]
Determine the viscosity of a liquid having Kinematic viscosity 6 stokes and specific gravity 2.0,
[Ans. 11.99 poise]

. If the velocity distribution of a fluid over a plate is given by u =(3/4) y —_vl, where u is the velocity in metre

per second at a distance of y metres above the plate, determine the shear stress at v = 0.15 metre. Take
dynamic viscosity of the fluid as 8.5 x 107 kg-sec/m”. [Ans. 3.825 x 107 kgf/m’]

. An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The diameter of shaft is

0.5 m and it rotates at 200 r.p.m. Calculate the power lost in the oil for a sleeve length of 100 mm. The

thickness of the oil film is 1.0 mm. [Ans. 2.15 kW]
2
The velocity distribution over a plate is given by u = 5 ¥ - _v1 in which u is the velocily in m/sec at a

distance of ¥y m above the plate. Determine the shear stress at y = 0, 0.1 and 0.2 m. Take | = 6 poise.
[Ans. 0.4, 0.028 and 0.159 N/m?|

. In question 13, find the distance in metres above the plate. at which the shear siress is zero.

|Ans. 0.333 m]
The velocity profile of a viscous fluid over a plate is parabolic with vertex 20 cm from the plate, where the
velocity is 120 cm/s. Calculate the velocity gradient and shear stress at distances of 0, 5 and 15 cm from the
plate, given the viscosity of the fluid = 6 poise. [Amns. 12/5, 7.18 N."ml; Ufs, 5,385 N/m* ; 375, 1.7795 N:‘m:]

. The weight of a gas is given as 17.658 N/m® at 30°C and at an absolute pressure of 29.43 N/em?®. Deter-

[Ans‘ 1.8 I;g (539.55N rn:|
m kg K

A cylinder of 0.9 m’ in volume contains air at 0°C and 39.24 N/em® absolute pressure. The air is

compressed to 0.45 m?, Find (i) the pressure inside the cylinder assuming isothermal process,

(if) pressure and temperature assuming adiabatic process. Take & = 1.4 for air.

[Ans. (i) 78.48 N/em”, (i) 103.5 N/m”, 140°C]

mine the gas constant and also the density of the gas.

. Calculate the pressure exerted by 4 kg mass of nitrogen gas at a temperature of 15°C if the volume is (.35 m’,

Molecular weight of nitrogen is 28. [Ans. 97.8 N/em?]

. The pressure of a liquid is increased from 60 N/em” to 100 N/fem” and volume decreases by 0.2 per cent.

Determine the bulk modulus of elasticity. [Ans. 2 x 10* N/fem?]

. Determine the bulk modulus of elasticity of a fluid which is compressed in a cylinder from a volume of

0.009 m? at 70 N/em? pressure to a volume of 0.0085 m® at 270 Niem?® pressure. [Ans. 3.6 x 10! Nh:mz]
The surface tension of water in contact with air at 20°C is given as 0.0716 N/m. The pressure inside a
droplet of water is to be 0.0147 N/em? greater than the outside pressure, calculate the diameter of the

droplet of water, [Ans. 1.94 mm]
Find the surface tension in a soap bubble of 30 mm diameter when the inside pressure is 1.962 N/m? above
atmosphere. [Ans. 0.00735 Nfm]

The surface tension of water in contact with air is given as 0.0725 N/m. The pressure outside the droplet of

N
water of diameter 0.02 mm is atmospheric [10,32 ,] . Calculate the pressure within the droplet of
cm”

water. |Ans. 11.77 Na’cmz]
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Calculate the capillary rise in a glass tube of 3.0 mm diameter when immersed vertically in () water, and
by mercury, Take surface tensions for mercury and water as 0.0725 N/m and 0.52 N/m respectively in
contact with air. Specific gravity for mercury is given as 13.6. [Ans. 0.966 ¢cm, 0.3275 cm]
The capillary rise in the glass tube used for measuring water level is not to exceed 0.5 mm. Determine its
minimum size, given that surface tension for water in contact with air = 0.07112 N/m. [Ans. 5.8 cm]
(81 Units). One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity.

[Ans. 9600 N/m™; 979.6 kg/m” ; 0.9786]
(81 Units). A piston 796 mm diameter and 200 mm long works in a cylinder of 800 mm diameter. If the
annular space is filled with a lubricating oil of viscosily 5 cp (centi-poise), calculate the speed of descent

of the piston in vertical position. The weight of the piston and axial load are 9.81 N. [Ans. 7.84 m/s]
(ST Units). Find the capillary rise of water in a tube 0.03 em diameter. The surface tension of water is
(LOT735 N/m. [Ans. 9.99 cm]

Calculate the specific weight, density and specific gravity of two litres of a liquid which weight 15 N.
[Ans. 7500 N/m*, 764.5 kgfmj. 0.764]
A 150 mm diameter vertical cylinder rotates concentrically inside another cylinder of diameter 151 mm.
Both the cvlinders are of 250 mm height. The space between the cylinders is filled with a liquid of viscos-
ity 10 poise. Determine the torque required to rotate the inner cylinder at 100 r.p.m. [Ans. 13.87 Nm]

. A shaft of diameter 120 mm is rotating inside a journal bearing of diameter 122 mm at a speed of 360 r.p.m.

The space between the shaft and the bearing is filled with a lubricating oil of viscosity 6 poise. Find the
power absorbed in oil if the length of bearing is 100 mm. [Ans. 115.73 W]

2. A shaft of diameter 100 mm is rotating inside a journal bearing of diameter 102 mm at a space of 360

r.p.m. The space between the shaft and bearing is filled with a lubricating oil of viscosity 5 poise. The
length of the bearing is 200 mm. Find the power absorbed in the lubricating oil. [Ans. 111.58 W]
Assuming that the bulk modulus of elasticity of water is 2.07 x 10° kN/m* at standard atmospheric
conditions, determine the increase of pressure necessary to produce 1% reduction in volume at the same
temperature,

5 —d¥ 1
Hint. K = 2.07 x 10° kN/m® ;: —— = — =0.01.
[Hin m v 100

—-dV

Increase in pressure (dp) = K x [ ] =207 x 10° % 0.01 = 2.07 x 10" kN/m>.

A square plate of size 1 m » 1 m and weighing 350 N slides down an inclined plane with a uniform velocity
of 1.5 m/s. The inclined plane is laid on a slope of 5 vertical to 12 horizontal and has an oil film of 1 mm
thickness, Calculate the dynamic viscosity of oil. [L.N.T.U., Hyderabad, S 2002]

BC

nt. A=1x1=1m", = = l.amis, tan 9= e
[Hint. A=1x1=1m> W=350N 1.5 m/ 0 o

"_'_Jl‘..n

Component of weight along the plane = W x sin

BC 5 = AC=4AB? + BC?
where sin B = —=— —g
AC 13 =412°+5 =13

F=W5in9=350xl—i= 134.615

Now rzu%,whereduzu—i]:u:I.SmJSandd_\':lrnm:lxlU"‘m
o g o Fodb 14615 1%1067 Lo T e i)
I T | o m? o Fe






PRESSURE AND ITS ~_ |
MBASUREMENT

» 2.1 FLUID PRESSURE AT A POINT

Consider a small arca dA in large mass of fluid. If the fluid is stationary, then the force exerted by
the surrounding fluid on the area dA will always be perpendicular to the surface dA. Let dF is the force

, , o ; dF . : ,
acting on the area dA in the normal direction. Then the ratio of — is known as the intensity of

pressure or simply pressure and this ratio is represented by p. Hence mathematically the pressure at a
point in a fluid at rest is

_ dF
P g
If the force (F) i1s uniformly distributed over the area (A), then pressure at any point is given by
F Force
Pemrs :
A Area

Force or pressure force, F = p x A.

The units of pressure are : (i) kgffm~ and kgf/em * in MKS units, (i) Newton/m * or N/m ~ and
N/mm? in SI units. N/m” is known as Pascal and is represented by Pa. Other commonly used units of
pressure are .

kPa = kilo pascal = 1000 N/m”
bar = 100 kPa = 10° N/m~.

=

» 2.2 PASCAL'S LAW
It states that the pressure or intensity of pressure at a point
in a static fluid is equal in all directions. This is proved as :
The fluid element is of very small dimensions i.e., dx, dy

and ds.

Consider an arbitrary fluid element of wedge shape in a
fluid mass at rest as shown in Fig. 2.1. Let the width of the py *Ax 1

element perpendicular to the plane of paper is unity and p . Fig. 2.1 Forces on a fluid element.
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36 Fluid Mechanics

p, and p. are the pressures or intensity of pressure acting on the face AB, AC and BC respectively. Let
ZABC = 8. Then the forces acting on the element are :

I. Pressure forces normal to the surfaces, and
2. Weight of element in the vertical direction.
The forces on the faces are :

Force on the face AB = p, X Area of face AB
=pyxdy x|l
Similarly force on the face AC = p, X dx x |
Force on the face BC =p xdsx |
Weight of element = (Mass of element) x g
=(Volume xp)x g= [LBZACXIJ Xpxeg,
where p = density of fluid.
Resolving the forces in x-direction, we have
poxdyx 1 —p(dsx1)sin(90°-0) =0
or poxdyx1—p. dsx1cos® =0.
But from Fig. 2.1, dscos © = AB = dy
poxdyx1l-p.xdyxl =0
or Py =P wl2.1)
Similarly, resolving the forces in y-direction, we get
XX
pyXdxx1—p xdsx]cos {91}“—{3])—M xlxpxg=0
or pj,xd.r—p‘..dssine—% xpxg=0.

But ds sin 0 = dx and also the element is very small and hence weight is negligible.
pydx —p, X dx=0

or Py =P, ol BZ)
From equations (2.1) and (2.2), we have
Pr=Py =0, ~(2.3)

The above equation shows that the pressure at any point in x, y and z directions is equal.
Since the choice of fluid element was completely arbitrary, which means the pressure at any point is
the same in all directions.

> 2.3 PRESSURE VARIATION IN A FLUID AT REST

The pressure at any point in a fluid at rest is obtained by the Hydro-
static Law which states that the rate of increase of pressure in a verti-
cally downward direction must be equal to the specific weight of the
fluid at that point. This is proved as :

Consider a small fluid element as shown in Fig. 2.2

\EREE SURFACE OF FLUID

Let AA= Cross-sectional area of element
AZ = Height of fluid element
p = Pressure on face AR
Z = Distance of fluid element from free surface.
The forces acting on the fluid element are :

Fig. 2.2 Forces on a fluid element.
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1. Pressure force on AB = p x AA and acting perpendicular to face AB in the downward direction.

..
2. Pressure force on CD =(p i ﬁﬁu’ ® AA, acting perpendicular to face CD, vertically upward
direction.
3. Weight of fluid element = Density % g x Volume = p % g x (Ad x AZ).
4. Pressure forces on surfaces BC and AD are equal and opposite. For equilibrium of fluid
element, we have

pM—[p+§;-aZ)M+pxgx{MxAZ}=0

d

or pM—pM—éﬂM+ngXMXZ=D
dp

or - ——AZA + pxgx AMAZ =0
az

dp . . dp ; g .
or E&l&ft:px{gxﬁmaz or E=p><g[cancellmg AAAY on both sides]
2—2=ng=1¢' (- pxg=w) -(2.4)

where w = Weight density of fluid.

Equation (2.4) states that rate of increase of pressure in a vertical direction is equal to weight
density of the fluid at that point. This is Hydrostatic Law.

By integrating the above equation (2.4) for liguids, we get

[dp = [pgdz
or p=pgt «(2.5)
where p is the pressure above atmospheric pressure and 7 is the height of the point from free
surfaces.
P
Pxg

From equation (2.5), we have Z= wo(2.6)
Here Z is called pressure head.
Problem 2.1 A hydraulic press has a ram of 30 cm diameter and a plunger of 4.5 em diameter. Find
the weight lifted by the hyvdraulic press when the force applied at the plunger is 500 N.
Solution. Given :

Dia. of ram, D=30cm=0.3m

Dia. of plunger, d=45cm=0.045m

Force on plunger, F=500N

Find weight lifted =W

Area of ram, A= -} D= E- (U.3)2 = 0.07068 m*
na. =« 2 2

Area of plunger, a = 1— = :I- (0.045)" = .00159 m

L
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Pressure intensity due to plunger F
_ Forceon plunger  F 500 N/m? T i
Area of plunger a 00159 e - RAM _PLUNGER

Due to Pascal’s law, the intensity of pressure will be
equally transmitted in all directions. Hence the pressure
intensity at the ram

= o) = 314465.4 N/m?
00159

; . Weight w w
But pressure intensity at ram =—2-_ =

Area of ram A = 07068

N/m?

w
07068

3144654

Weight 314465.4 x.07068 = 22222 N = 22.222 kN. Ans.
Problem 2.2 A hydraulic press has a ram of 20 em diameter and a plunger of 3 cm diameter. It is
used for lifting a weight of 30 kN. Find the force required at the plunger.

Solution. Given :

Dia. of ram, D=20cm=0.2m
Area of ram, A= g D’ = g(.Z}g =0.0314 m?
Dia. of plunger d=3cm=0.03m
Area of plunger, a= -E—(.{B)2 =7.068 x 107 m*
Weight lifted, W =30 kN = 30 x 1000 N = 30000 N.
See Fig. 2.3.
. . Force F
Pressure intensity developed due to plunger = =—,
Area a

By Pascal’s Law, this pressure is transmitted equally in all directions

, F
Hence pressure transmitted at the ram = —
a

Force acting on ram = Pressure intensity % Area of ram
F Fx.0314
XA=

a  7068x107"
But force acting on ram = Weight lifted = 30000 N
30000 = Fx.0314
7.068 %107
4
F= 30000 x 7.068 % 10 = 675.2 N. Ans.
0314

Problem 2.3 Calculate the pressure due to a column of 0.3 of (a) water, (b) an oil of sp. gr. 0.8, and
(c) mercury of sp. gr. 13.6. Take density of water, p = 1000 kg.r"m'?.

Solution. Given :

Height of liquid column, Z=03m.

L
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The pressure at any point in a liguid is given by equation (2.5) as

p=pgs
() For water, p = 1000 kg/m®
. p=peZ = 1000 x 9.81 x 0.3 = 2943 N/m*
= % N/cm? = 0.2943 N/em®. Ans.

(b) For oil of sp. gr. (.8,
From equation (1.1A), we know that the density of a fluid is equal to specific gravity of fluid
multiplied by density of water.

Density of oil, Py = Sp. gr. of oil x Density of water (py = Density of oil)
=0.8 x p=0.8 x 1000 = 800 kg/m’
Now pressure, pEppXgxst
= 800 x9.81 x 0.3 =23544 —N,— = Eiill
m" 107 cm

=0.2354 . Ans.
om

(¢) For mercury, sp. gr. =13.6

From equation (1.14) we know that the density of a fluid is equal to specific gravity of fluid
multiplied by density of water

. Density of mercury, p, = Specific gravity of mercury x Density of water
= 13.6 x 1000 = 13600 kg/m*
p=p,xgx’Z
= 13600 x 9.81 % 0.3 = 40025 Nq
me
= 400425 = 4.002 N, . Ans,
10 cm”

Problem 2.4 The pressure intensity at a point in a fluid is given 3.924 N/em”. Find the correspond-
ing height of fluid when the fluid is : (a) water, and (b) oil of sp. gr. 0.9.
Solution. Given :

Pressure intensity, p= 3924 N1 =3.924 x 10* N1 .
cm” m-
The corresponding height, Z, of the fluid is given by equation (2.6) as
z=-E£
pxg
(a) For water, p = 1000 kg/m*

P _ 3.924 x 10*

&= = =4 m of water. Ans.
pxg 1000 x9.381
(L) For oil, sp. gr. =0.9
. Density of oil po= 0.9 x 1000 = 900 kg/m’
3924 x10* 2
7= P = 2y = 4.44 m of oil. Ans.

Py xg  900x9.81

L
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Problem 2.5 An oil of sp. gr. 0.9 is contained in a vessel. At a point the height of oil is 40t m. Find
the corresponding height of water at the point,

Solution. Given :

Sp. er. of oil, 5,=109
Height of oil, Zy=40m
Density of oil, Py = Sp. gr. of oil x Density of water = 0.9 x 1000 = 900 kg/m?
Intensity of pressure, P=pyXgxZy=900x 981 x40 iz
m
Corresponding height of water = - £
Density of water x g
9.81x4
= FRRIR A = 0.9 x 40 = 36 m of water. Ans.
1000 x 9.81

Problem 2.6 An open tank contains water upto a depth of 2 m and above it an oil of sp. gr. 0.9 for
a depth of 1 m. Find the pressure intensity (i) at the interface of the rwo liguids, and (ii) at the bottom

of the tank.
Solution. Given :

Height of water, Z,=2m
Height of oil, Zy=1m
Sp. gr. of oil, S5 =0.9

p, = 1000 kg/m*
P, = Sp. gr. of oil x Density of water
= 0.9 x 1000 = 900 kg/m’

Density of water,
Density of oil,

Pressure intensity at any point is given by

P =pxgxZ
(i) Atinterface, i.e., at A
p=pyxgx10
=900 x9.81 x 1.0
= 8829 i fe @ = 0.8829 N/em®. Ans.
m 10

(ii) At the bottom, i.e., at B
PEpPaXglo+p XgxZ=900x9381x1.0+ 1000 =981 x2.0

28449

o7 Nfem? = 2.8449 N/em?. Ans.

= 8829 + 19620 = 28449 N/m” =

Problem 2.7 The diameters of a small piston and a large piston of a hydraulic jack are 3 cm and
10 em respectively. A force of 80 N is applied on the small piston. Find the load lifted by the large

piston when :
(a) the pistons are at the same level.
(b)) small piston is 40 cim above the large piston.
The density of the liquid in the jack is given as 1000 kgm:j.
Solution. Given :
Dia. of small piston, d=3cm

Area of small piston, a= —E d* = —E % (3)* = 7.068 cm?

=
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Dia. of large piston, D =10 cm

Area of larger piston, A= -‘:‘i x (10)* = 78.54 cm?
Force on small piston, F=80N
Let the load lifted =W.

(@) When the pistons are at the same level

Pressure intensity on small piston
£ = L N/em?
a 7068
This is transmitted equally on the large piston.
Pressure intensity on the large piston
_ 80
7.068
Force on the large piston = Pressure x Area

= sl % 78.54 N = 888.96 N. Ans.
7.068

(h) When the small piston is 40 cm above the large piston
Pressure intensity on the small piston

F_ 8 N
a 7068 cm

-

Pressure intensity at section A-A

= — + Pressure intensity due to height of 40 cm of liquid.
a

But pressure intensity due to 40 cm of liquid
=pxgxh=1000 x 9.81 x 0.4 N/m*
_ 1000 x9.81x.40
N 10°
Pressure intensity at section A-A

- 80 + 0.3924
7.068

= 11.32 + 0.3924 = 11.71 N/em”
Pressure intensity transmitted to the large piston = 11.71 N/em®
Force on the large piston = Pressure » Area of the large piston
=11.71 x A= 11.71 x 78.54 = 919.7 N.

Fs W LY
T

N/em? = 0.3924 Njem®

b 2.4 ABSOLUTE, GAUGE, ATMOSPHERIC AND VACUUM PRESSURES

The pressure on a fluid is measured in two different systems. In one system, it is measured above
the absolute zero or complete vacuum and it is called the absolute pressure and in other system,
pressure is measured above the atmospheric pressure and it is called gauge pressure. Thus :

1. Abselute pressure is defined as the pressure which is measured with reference to absolute
vacuum pressure.

2. Gauge pressure is defined as the pressure which is measured with the help of a pressure mea-
suring instrument, in which the atmospheric pressure is taken as datum. The atmospheric pressure on
the scale is marked as zero.

=
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3. Vacuum pressure is defined as the pres-
sure below the atmospheric pressure. B | GAUGE PRESSURE

The relationship between the absolute pressure, ﬁ ;LNEESE:ENC
gauge pressure and vacuum pressure are shown in ¥ /
Fig. 2.7. |

. : =— VACUUM PRESSURE
Mathematically : - .
; ABSOLUTE o1

(i) Absolute pressure PRESSURE B

= Atmospheric pressure + (Gauge pressure
or Pab = Patm + Pgauge ABSOLUTE ZERO PRESSURE

(if) Vacuum pressure

= Atmospheric pressure — Absolute pressure.

Note. (i) The atmospheric pressure at sea level at 15°C is 101.3 kN/m” or 10.13 N/em? in SI unit. In case of
MKS units, it is equal to 1,033 kgflem”.

(#i) The atmospheric pressure head is 760 mm of mercury or 10.33 m of water.
Problem 2.8 Whar are the gauge pressure and absolute pressure at a point 3 m below the free
surface of a liquid having a density of 1.53 x 1 o j.'g/ﬁi'{ if the atmespheric pressure is equivalent to
750 mm of mercury ? The specific gravity of mercury is 13.6 and density of water = 1000 kg/m’.

Fig. 2.7 Relationship between pressures.

Solution. Given :

Depth of liquid, Zi=3m
Density of liquid, p, = 1.53 x 10® kg/m’
Atmospheric pressure head, Zy =750 mm of Hg
= —%%% =(L75 m of Hg
Atmospheric pressure, Paim = Pa X 8 X Zg
where  p; = Density of Hg = Sp. gr. of mercury X Density of water = 13.6 x 1000 Iw:g."l'n3
and 7, = Pressure head in terms of mercury.
Pam = (13.6 X 1000) x 9.81 x 0.75 N/m* (v Z,=10.75)
= 100062 N/m*
Pressure at a point, which is at a depth of 3 m from the free surface of the liquid is given by,
P=pXgxZ
= (1.53 x 1000) x 9.81 x 3 = 45028 N/m"
Gauge pressure, p = 45028 N/m?. Ans.
Now absolute pressure = Gauge pressure + Atmospheric pressure

= 45028 + 100062 = 145090 N/m*. Ans.
» 2.5 MEASUREMENT OF PRESSURE

The pressure of a fluid is measured by the following devices :
1. Manometers 2. Mechanical Gauges.
2.5.1 Manometers. Manometers are defined as the devices used for measuring the pressure at
a point in a fluid by balancing the column of fluid by the same or another column of the fluid. They are
classified as :
() Simple Manometers, () Differential Manometers.
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2.5.2 Mechanical Gauges. Mechanical gauges are defined as the devices used for measuring
the pressure by balancing the fluid column by the spring or dead weight. The commonly used mechani-
cal pressure gauges are :

(@) Diaphragm pressure gauge, (#) Bourdon tube pressure gauge,

(c) Dead-weight pressure gauge, and (d) Bellows pressure gauge.

» 2.6 SIMPLE MANOMETERS

A simple manometer consists of a glass tube having one of its ends connected to a point where
pressure is to be measured and other end remains open to atmosphere. Common types of simple ma-
nometers are :

1. Piezometer,”

2. U-tube Manometer, and

3. Single Column Manometer.

2.6.1 Piezometer. Itis the simplest form of manometer used for
measuring gauge pressures. One end of this manometer is connected to
the point where pressure is to be measured and other end is open to the
atmosphere as shown in Fig. 2.8. The rise of liquid gives the pressure
head at that point. If at a point A, the height of liquid say water is /1 in
piezometer tube, then pressure at A

_ N
—p)(g)(fi F

Fig. 2.8 Piezometer.

2.6.2 U-tube Manometer. It consists of glass tube bent in U-shape, one end of which is
connected to a point at which pressure is to be measured and other end remains open to the
atmosphere as shown in Fig. 2.9. The tube generally contains mercury or any other liquid whose
specific gravity is greater than the specific gravity of the liquid whose pressure is to be measured.

(a) For gauge pressure (b) For vacuum pressure

Fig. 2.9 U-tube Manometer.

() For Gauge Pressure. Let B is the point at which pressure is to be measured, whose value is p.
The datum line is A-A.
Let iy, = Height of light liquid above the datum line
I, = Height of heavy liquid above the datum line
§, = 8p. gr. of light liquid
p, = Density of light liquid = 1000 x S,
§, = Sp. gr. of heavy liquid
P> = Density of heavy liquid = 1000 x §,
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As the pressure is the same for the horizontal surface. Hence pressure above the horizontal datum
line A-A in the left column and in the right column of U-tube manometer should be same.

Pressure above A-A in the left column =p+pXxgxh
Pressure above A-A in the right column =P, % gxh
Hence equating the two pressures p+pgh; =p,ygh,
P=(paghs — py x g X hy). ST

() For Vacuum Pressure. For measuring vacuum pressure, the level of the heavy liquid in the
manometer will be as shown in Fig. 2.9 (). Then

Pressure above A-A in the left column = Poghy + pighy + p
Pressure head in the right column above A-A =0
Paghy + pighy +p=10
p == (Paghy + pighy). -(2.8)

Problem 2.9 The right limb of a simple U-tube manometer containing mercury is open to the
atmosphere while the left limb is connected to a pipe in which a fluid of sp. gr. 0.9 is flowing. The
centre of the pipe is 12 cm below the level of mercury in the right limb. Find the pressure of fluid in
the pipe if the difference of mercury level in the two limbs is 20 cm.

Solution. Given :

Sp. er. of fluid, §,=09
Density of fluid, P, = 8, x 1000 = 0.9 x 1000 = 900 kg/m* -
Sp. ar. of mercury, §,=13.6

13.6 x 1000 kg/m®
Difference of mercury level, /i, =20 cm =02 m

Height of fluid from A-A, fy=20-12=8cm=0.08 m
Let p = Pressure of fluid in pipe

Density of mercury, P2

Equating the pressure above A-A, we get
P+ p&hy = pygh
or p+ 900 x 9.81 x 0.08 = 13.6 x 1000 x 9.81 x .2
p=13.6 % 1000 x 9.8]1 x .2 — 900 % 9.81 x 0.08
= 26683 — 706 = 25977 N/m* = 2.597 N/em’. Ans.

Problem 2.10 A simple U-tube manometer containing mercury is connected to a pipe in which a
[fluid of sp. gr. 0.8 and having vacuum pressure is flowing. The other end of the manometer is open fo
atmosphere. Find the vacuum pressure in pipe, if the difference of mercury level in the two limbs is
40 em and the height of fluid in the left from the centre of pipe is 15 cm below.

Fig. 2.10

Solution. Given :

Sp. gr. of fluid, 5, =038

Sp. gr. of mercury, 5, =13.6
Density of fluid, p, = 800
Density of mercury, Py = 13.6 x 1000

Difference of mercury level, i1, = 40 cm = 0.4 m. Height of liquid in left imb, I,
=15 cm = 0.15 m. Let the pressure in pipe = p. Equating pressure above datum
line A-A, we get Fig. 2.11

Paghy + pighy+p=0

=
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p=—1pagh, + p1gh]
=—[13.6 % 1000 % 9.81 x 0.4 + 800 x 9.81 x 0.15]

=~ [53366.4 + 1177.2] = — 54543.6 N/m’ = — 5.454 N/em®. Ans.
Problem 2.11 A U-Tube manometer is used to measure the pressure of waler in a pipe line, which
is in excess of atmospheric pressure. The right limb of the manometer contains mercury and is open to
atmosphere. The contact between water and mercury is in the left limb. Determine the pressure of
walter in the main line, if the difference in level of mercury in the limbs of U-tube is 10 cm and the
free surface of mercury is in level with the centre of the pipe. If the pressure of water in pipe line is
reduced to 9810 N/m*, calculate the new difference in the level of mercury. Sketch the arrangements
in both cases.
Solution. Given :
Difference of mercury = 10 em = 0.1 m
The arrangement is shown in Fig. 2.11 (a)
Ist Part
Let p, = (pressure of water in pipe line (i.e., at point A)
The points B and C lie on the same horizontal line. Hence pressure at 8 should be equal to pressure
at C. But pressure at B
= Pressure at A + Pressure due to 10 cm (or 0.1 m)
of water
=patpxgxh
where p = 1000 kg/m® and /= 0.1 m
=p, + 1000 x 9.81 x 0.1
= p, + 981 N/m? (i)
Pressure at C = Pressure at D + Pressure due to 10 ¢cm of mercury
=0+pyxgxhy
where p, for mercury = 13.6 x 1000 kg/m®

RIGHT LIMB —_

and fg=10cm=0.1 m
Pressure at C =0+ (13.6 x 1000) x 9.81 x 0.1
= 13341.6 N i)

But pressure at B is equal to pressure at C. Hence equating the equa-
tions (i) and (i), we get

pa+ 981 = 133416 Fig. 2.11 (a)
Py = 13341.6 — 981
= 12360.6 lz . Ans.
m

IInd Part

Given, p, = 9810 N/m’

Find new difference of mercury level. The arrangement is shown in Fig. 2.11 (b). In this case the
pressure at A is 9810 N/m? which is less than the 12360.6 N/m?. Hence mercury in left limb will rise.
The rise of mercury in left limb will be equal to the fall of mercury in right limb as the total volume of
mercury remains same.

Let x = Rise of mercury in left limb in cm

Then fall of mercury in right limb = x cm

The points B, C and D show the initial conditions whereas points B*, C* and D* show the
final conditions.

=
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or

or

or

or
or
or

The pressure at B* = Pressure at C*
Pressure at A + Pressure due to (10 — x) cm of water
= Pressure at D* + Pressure due to
(10 - 2x) em of mercury

Pat P XEX=pp™+pyXgXh

1910 + 1000 X 9.81 x [m_’]
100

=0 + (13.6 x 1000) x 9.81 x ('0‘2“‘:]

Dividing by 9.81, we get

1000 + 100 — 10x= 1360 — 272x
272x — 10x = 1360 - 1100
262x = 260
x= @ =0.992 ¢cm
262

New difference of mercury = 10 — 2x cm =10 — 2 x 0.992 Fig. 2.11 (h)

= 8.016 cm. Ans.

Problem 2.12 Fig. 2.12 shows a conical vessel having its outlet ar A to which a U-nube manometer
is conmected. The reading of the manometer given in the figure shows when the vessel is empty. Find the
reading of the manometer when the vessel is completely filled with water.

or

Solution. Vessel is empty. Given :

Difference of mercury level hy,=20cm

Let i, = Height of water above X-X

Sp. er. of mercury, S, =136

Sp. gr. of water, 8§ =10

Density of mercury, Py = 13.6 x 1000
Density of water, p, = 1000

Equating the pressure above datum line X-X, we have
PaXgXhy=p;xgxh,

13.6 x 1000 x 9.81 x 0.2 = 1000 x 9.81 x h,
hy = 2.72 m of water.
Vessel is full of water. When vessel is full of water, the Fig. 2.12

pressure in the right limb will increase and mercury level in the right limb will go down. Let the
distance through which mercury goes down in the right limb be, ¥ cm as shown in Fig. 2.13. The
mercury will rise in the left by a distance of y em. Now the datum line is Z-Z. Equating the pressure
above the datum line Z-Z.

Pressure in left limb = Pressure in right limb
13.6 x 1000 x 9.81 x (0.2 + 2y/100)
= 1000 % 9.81 x (3 + h, + ¥/100)

=
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or 13.6 x (0.2 + 2y/100) = (3 + 2.72 + y/100) (v h; =272 cm)
or 2.72 + 27.2/100 = 3 + 2.72 + ¥/100
or (27.2y - y)/100=3.0
or 26.2y = 3 x 100 = 300
y= @ =11.45cm
262
The difference of mercury level in two limbs l
= (20 + 2v) cm of mercury %

=20+2x1145=20+22.90
= 42.90 ¢cm of mercury

Reading of manometer = 42.90 ¢m. Ans. Fig. 2.13

Problem 2.13 A pressure gauge consists of two cylindrical bulbs B and C each of 10 sq. cm cross-
sectional area, which are connected by a U-tibe with vertical limbs each of 0.25 sq. cm cross-sectional
area. A red liquid of specific gravity 0.9 is filled into C and clear water is filled into B, the surface of
separation being in the limb attached to C. Find the displacement of the surface of separation when the
pressure on the surface in C is greater than that in B by an amount equal to 1 e head of water.

Solution. Given :

Area of each bulb B and C, A=10cm*

Area of each vertical limb, a=0.25cm’

Sp. gr. of red liquid =09 . Its density = 900 kg/m’
Let X-X = Initial separation level

h¢ = Height of red liquid above X-X
iy = Height of water above X-X

Pressure above X-X in the left limb = 1000 x 9.81 % hy
Pressure above X-X in the right limb = 900 x 9.81 = i
Equating the two pressure, we get
1000 x 9.81 x iy =900 % 9.81 x I
=09 h, o)

When the pressure head over the surface in C is
increased by 1 cm of water, let the separation level
falls by an amount equal to Z. Then ¥-Y becomes the
final separation level.

Now fall in surface level of C multiplied by cross-
sectional area of bulb € must be equal to the fall in
separation level multiplied by cross-sectional area of

71
H; "o
'—,érL INITIAL
__jl_ z

limb. FINAL SEEE\E_TED
SEPARATION = _E
LEVEL Y

Fall in surface level of

T

_ Fall in separation level X a
A
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_Zxa Zx025 Z

A 10 40

Also fall in surface level of C

= Rise in surface level of B

_Z

T 40
The pressure of | em (or 0.01 m) of water = pgh = 1000 x 9.81 x 0.01= 98.1 N/m’
Consider final separation level Y-¥

Z
Pressure above Y-Y in the left limb = 1000 x 9.81 (ZJr hy +E]

Pressure above Y-Y in the right limb = 900 x 9.8[(Z+ he - %) + 98.1
Equating the two pressure, we get
1000 = 9.81 [Z +hy + EJ = [Z+ he —E] 900 x 9.81 + 93.1
40 40
Dividing by 9.81, we get
1000 [Z +hg + E] =900 (Z+h¢ —E) + 10
40 40

-

- ] Z Z
Dividing by 1000, we get Z+ hp+ — =09 | Z+h. —— | + 0.01
g by g B 40 ( C 4{])

But from equation (i), hp=09h,
Z+09 hot = =22% 4094 0.9 het 0.01
40 40
or E=£:«<BZ+.UI
40 40
or z[ﬂ—”x‘g]:.m or z(‘”_—m];m
40 40 40
40 = 0.01

Z= T = 0.0678 m = 6.78 cm. Ans.

2.6.3 Single Column Manometer. Single column manometer is a modified form of a U-tube
manometer in which a reservoir, having a large cross-sectional area (about 100 times) as compared to
the area of the tube is connected to one of the limbs (say left limb) of the manometer as shown in Fig. 2.15.
Due to large cross-sectional area of the reservoir, for any variation in pressure, the change in the liguid
level in the reservoir will be very small which may be neglected and hence the pressure is given by the
height of liquid in the other limb. The other limb may be vertical or inclined. Thus there are two types
of single column manometer as :

1. Vertical Single Column Manometer.

2. Inclined Single Column Manometer.

I. Vertical Single Column Manometer

Fig. 2.15 shows the vertical single column manometer. Let X-X be the datum line in the reservoir
and in the right limb of the manometer, when it is not connected to the pipe. When the manometer is

L



Pressure and its Measurement 49

connected to the pipe, due to high pressure at A, the heavy liquid in the reservoir will be pushed
downward and will rise in the right limb.

Let Ah = Fall of heavy liquid in reservoir
fi, = Rise of heavy liquid in right limb
h, = Height of centre of pipe above X-X

P4 = Pressure at A, which is to be measured

A = Cross-sectional area of the reservoir

a = Cross-sectional area of the right limb

S, = §p. gr. of liquid in pipe

&, = Sp. gr. of heavy liquid in reservoir and right limb
p, = Density of liquid in pipe Fig. 2.15 Vertical single column
P, = Density of liquid in reservoir T mer.
Fall of heavy liquid in reservoir will cause a rise of heavy liquid level in the right limb.
AxXAh=axh,

axh,

Al = (1)

Now consider the datum line ¥-¥ as shown in Fig. 2.15. Then pressure in the right limb above Y-Y.
=p, X g X (A + hy)

Pressure in the left limb above ¥Y-Y=p, x g x (Al + h)) + p,

Equating these pressures, we have

PaXg XA+ )=p, xgx (A +hy) +py

or Pa=pag (Al + hy) — pg(Ah + h))
= Ahlp,g — pigl + hopog — hipig
But from equation ({), Al = axh,
Pa= ‘! ihl (P22 — pigl + Iypog — Iyp g My L

s . 4
As the area A is very large as compared to @, hence ratio I becomes very small and can be

neglected.
Then p, = hypsg — hypg w(2.10)
From equation (2.10), it is clear that as /i, is known
and hence by knowing h, or rise of heavy liquid in the
right limb, the pressure at A can be calculated.

2. Inclined Single Column Manometer

Fig. 2.16 shows the inclined single column manom-
eter. This manometer is more sensitive. Due to inclina-
tion the distance moved by the heavy liquid in the right Fig. 2.16 Inclined single column
limb will be more. manometer.
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Let L = Length of heavy liquid moved in right limb from X-X
0 = Inclination of right limb with horizontal
fi, = Vertical rise of heavy liquid in right limb from X-X = L x sin 0
From equation (2.10), the pressure at A is
Pa=hoprg = hpg.
Substituting the value of fi,, we get
pa=sin 0 X pyg—hpg. w{2.11)
Problem 2.14 A single column manometer is connected to a pipe containing a liguid of sp. gr. 0.9
as shown in Fig. 2.17. Find the pressure in the pipe if the area of the reservoir is 100 times the area

of the tube for the manometer reading shown in Fig. 2.17. The specific gravity of mercury is 13.6.
Solution. Given :

Sp. gr. of liquid in pipe, 5, =09
Density P, = 900 kg/m®
Sp. gr. of heavy liquid, S, =13.6
Density, P, = 13.6 x 1000
Area of reservoir _ A _ 100
Area of right limb  «a
Height of liquid, hy=20cm=02m
Rise of mercury in right limb, Fig. 2.17
;=40 cm=04m
Let P4 = Pressure in pipe

Using equation (2.9), we get

o
Pa= 4 halp2g — Pigl + hopag — Iy
= ﬁ x 0.4113.6 x 1000 x 9.81 — 900 x 9.81] + 0.4 x 13.6 x 1000 x 9.81 - 0.2 % 900 x 9.81

- % [133416 - 8829] + 53366.4 — 1765.8

533.664 + 53366.4 — 1765.8 N/m* = 52134 N/m? = 5.21 N/em’. Ans.

» 2.7 DIFFERENTIAL MANOMETERS

Differential manometers are the devices used for measuring the difference of pressures between
two points in a pipe or in two different pipes. A differential manometer consists of a U-tube, contain-
ing a heavy liquid, whose two ends are connected to the points, whose difference of pressure is to be
measured. Most commonly types of differential manometers are :

1. U-tube differential manometer and

2. Inverted U-tube differential manometer.

2.7.1 U-tube Differential Manometer. Fig. 2.18 shows the differential manometers of
U-tube type.

=
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RFLY]

{a)Two pipes at different levels (b) A and B are at the same level

Fig. 2.18 U-tube differential manometers.

In Fig. 2.18 (a), the two points A and B are at different level and also contains liquids of different
sp. gr. These points are connected to the U-tube differential manometer. Let the pressure at A and B
are p, and pg.
Let I = Difference of mercury level in the U-tube.
v = Distance of the centre of B, from the mercury level in the right limb.
x = Distance of the centre of A, from the mercury level in the right limb.
P, = Density of liquid at A.
P, = Density of liquid at B.
Py= Density of heavy liquid or mercury.
Taking datum line at X-X.
Pressure above X-X in the left limb = p,g(h + x) + p,
where p, = pressure at A.
Pressure above X-X in the right imb=p X gXh+py X g Xy + py
where pp = Pressure at B.
Equating the two pressure, we have
pglh+x)+p, = Py X g X h+p.gy+pg
Pa=Pp=PgX8Xh+pygy-piglh+x)
=h X g(P,—pi) + Pagy — p1gx +(2.12)
Difference of pressure at A and B = It X g(p,— p) + Pogy — P gx

In Fig. 2.18 (b), the two poinis A and B are at the same level and contains the same liquid of density
py- Then

Pressure above X-X in right limb =p x g xh+p, X g Xx + pp
Pressure above X-X in left limb  =p, X g x(h+x)+ p,
Equating the two pressure
PeXgXh+pgx+pp=p xgxlh+x)+p,
Pa—Pp=PgX8&xXh+pgx—pglh+x)

=g X hip,—p,). w2 13)
Problem 2.15 A pipe contains an oil of sp. gr. 0.9. A differential manometer connected at the two
points A and B shows a difference in mercury level as 15 em. Find the difference of pressure at the two
points.
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Solution. Given :

Sp. gr. of oil, $,=09 - Density, p, = 0.9 x 1000 = 900 kg/m’
Difference in mercury level, h=15cm=0.15m
Sp. gr. of mercury, §,=13.6 . Density, p, = 13.6 x 1000 kg/m’
The difference of pressure is given by equation (2.13)
or Pa—Pp=8Xhip,—py)

= 9.81 x (.15 (13600 — 900) = 18688 N/m>. Ans.
Problem 2.16 A differential manometer is connected at the two points A and B of two pipes as
shown in Fig. 2.19. The pipe A contains a liguid of sp. gr. = 1.5 while pipe B contains a liquid of
sp. gr. = 0.9. The pressures at A and B are 1 kgﬁ"rmz and 1.80 k_g,‘;’rmz respectively. Find the
difference in mercury level in the differential manometer. Sp.ar=15 2
Solution. Given : pa: LRG0,
Sp. gr. of liquid at A, §,

15 o p,= 1500

Sp. gr. of liquid at B, 5§, =09 - p, =900 : Sp. Qr.=0.9

Pressure at A, pa=1 kgﬂ’cm1 =1 x 10" kegfim?
= 10" % 9.81 N/m” (-~ | kef = 9.81 N) g
Pressure at B, py = 1.8 kgflem® ] R TERgtiam

= 1.8 x 10* kef/m®
1.8 % 10%% 9.81 N/m® (-~ | kegf = 9.81 N)
13.6 x 1000 kg/m”

Density of mercury

Taking X-X as datum line. Fig. 2.19
Pressure above X-X in the left limb
= 13.6 x 1000 x 9.81 x /i + 1500 x 9.81 x (2 + 3) + p,
= 13.6 x 1000 x 9.81 x h + 7500 x 9.81 + 9.81 x 10"
Pressure above X-X in the right limb = 900 x 9.81 x (h + 2) + py
=900 % 9.81 % (h+2) + 1.8 x 10* x 9.81
Equating the two pressure, we get
13.6 % 1000 x 9.81h + 7500 x 9.81 + 9.81 x 10*
=900 x 9.81 % (h + 2) + 1.8 x 10* x 9.81
Dividing by 1000 x 9.81, we get
136+ 75+ 10=(h + 2.0)x .9+ 18

or 13.6h + 17.5=09h + 1.8 + 18§ =091 + 19.8
or (136 -09h=198-1750r 12.7h =23
h= 23 = (L1881 m = 18.1 cm. Ans.
12.7

Problem 217 A differential manometer is connected at the two points A and B as shown in
Fig. 2.20. At B air pressure is 9.81 Nfem® (abs), find the absolute pressure at A.

Solution. Given :
Adr pressure at B =981 Njcm?
or pg=9.81 x 10* N/m?

=
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Density of oil = 0.9 x 1000 = 900 kg/m’
Density of mercury = 13.6 x 1000 kg!m3
Let the pressure at A is p
Taking datum line at X-X
Pressure above X-X in the right limb
= 1000 x 9.81 x 0.6 + pg
= 5886 + 98100 = 103986
Pressure above X-X in the left limb
=13.60 x 1000 x 9.81 x 0.1 + 900
x9.81 x0.2+p,
=13341.6 + 1765.8 + p,

MERCURY

Equating the two pressure heads 5 1 5 00
103986 = 13341.6 + 1765.8 + p, Rl
p, = 103986 - 15107.4 = 88876.8 Fig. 2.20
88876.8N N
py=88876.8 Ntm? = ———"— - 8887 —__
: 10000 ¢cm* cm-”

Absolute pressure at A = 8.887 N/em?. Ans.
2.7.2 Inverted U-tube Differential Manometer. It consists of an inverted U-tube,
containing a light liquid. The two ends of the tube are connected to the points whose difference of
pressure is to be measured. It is used for measuring difference of low pressures. Fig. 2.21 shows an
inverted U-tube differential manometer connected to the two points A and B. Let the pressure at A is
more than the pressure at B.
Let i, = Height of liquid in left limb below the datum line X-X
fi, = Height of liquid in right limb
fi = Difference of light liquid
P, = Density of liquid at A
P> = Density of liquid at B
p, = Density of light liquid
P4 = Pressure at A
pg = Pressuqrte a8~ RITITTj
Taking X-X as datum line. Then pressure in the left limb below X-X
=pa- P X8 Xhy. Fig. 2.21
Pressure in the right limb below X-X
=Pp—PaXgXhy—p,Xgxh
Equating the two pressure
Pa—P1XgXh =pg—pyxgxhy—p,xgxh
or Pa—Pp=P1X8xXh—pyXxgXhy,—p,xgxh «(2.14)
Problem 218 Water is flowing through two different pipes to which an inverted differential
manometer having an oil of sp. gr. 0.8 is connected. The pressure head in the pipe A is 2 m of water,
find the pressure in the pipe B for the manometer readings as shown in Fig. 2.22.
Solution. Given :

Pressure head at A= Pa _ 2 m of water
Pg
pa=pxegx2=1000x9.81 x2= 19620 N/m?

Fig. 2.22 shows the arrangement. Taking X-X as datum line.
Pressure below X-X in the left imb =p, - p, x g x I,
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= 19620 - 1000 x 9.81 x 0.3 = 16677 N/m>.
Pressure below X-X in the right limb
=pp— 1000 x 9.81 x 0.1 — 800 x 9.81 x 0.12
=py— 981 - 941.76 = p, - 1922.76
Equating the two pressure, we get
16677 = py— 1922.76
or pp= 16677 + 1922.76 = 18599.76 N/m’
or Py = 1.8599 N/em®. Ans.
Problem 2.19 In Fig. 2.23, an inverted differential manometer is connected to twe pipes A and B
which convey water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in
the figure, find the pressure difference between A and B.
Solution. Given :
Sp. gr. of oil =08 .~ p,=800kg/m’
Difference of oil in the two limbs

=(30+20)-30=20cm
Taking datum line at X-X
Pressure in the left limb below X-X
=p,— 1000 x9.81 <0
=p,— 2943

Pressure in the right limb below X-X
=pg— 1000 x9.81 x 0.3 - 800 x 9.81 x 0.2

=pgp—2943 - 1569.6 = p5 - 4512.6
Equating the two pressure p, — 2943 = p, — 4512.6
: Py —Pa=4512.6 - 2943 = 1569.6 N/m”. Ans.

Problem 2.20 Find our the differential reading ‘h' of an inverted U-tube manomerter containing oil of
specific gravity 0.7 as the manometric fluid when connected across pipes A and B as shown in Fig. 2.24
below, conveying liquids of specific gravities 1.2 and 1.0 and immiscible with manometric fluid. Pipes A
and B are located at the same level and assume the pressures at A and B to be equal,
Solution. Given : i

Fig. 2.24 shows the arrangement. Taking X-X as datum line.

Sp.gr.=0.7

Let P4 = Pressure at A THT sp;:=1 b
P = Pressure at B
Density of liquid in pipe A = Sp. gr. x 1000
= 1.2x 1000
= 1200 kg/m’ Sp-0r=12py

I x 1000 = 1000 kg/m®
0.7 x 1000 = 700 kg/m’

Density of liquid in pipe B

Density of oil
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Now pressure below X-X in the left limb
=p,— 1200 x9.81 x 0.3 - 700 x 9.81 x A
Pressure below X-X in the right limb
=pp— 1000 x 9.81 x (h + 0.3)
Equating the two pressure, we get
py— 1200 x 9.81 x 0.3 — 700 x 9.81 x h = py — 1000 x 9.81 (h + 0.3)
But P4 = Py (given)
— 1200 x 9.81 x 0.3 - 700 x 9.81 x h = - 1000 x 9.81 (h + 0.3)
Dividing by 1000 =% 9.81
-12x03-07h=-(h+03)

or 03%x12+0T7h=h+030r036-03=h-0T7h=03h
036-030 006
h= = m
0.30 0.30
1 1
=—m=— X 100 = 20 em. Ans.
5 5

Problem 2.21 An inverted U-tube manometer is connected to twe horizontal pipes A and B
through which water is flowing. The vertical distance between the axes of these pipes is 30 em. When
an oil ef specific gravity 0.8 is used as a gauge fluid, the vertical heights of water columns in the two
limbs of the inverted manometer (when measured from the respective centre lines of the pipes) are
Jound to be same and equal to 35 em. Determine the difference of pressure between the pipes.

Solution. Given :
Specific gravity of measuring liquid = 0.8
The arrangement is shown in Fig. 2.24 (a).

Let P4 = pressure at A
Pp = pressure at B.
The points " and D lie on the same horizontal line.

Hence pressure at € should be equal to pressure at D.

But pressure at C =p,-pgh
= p, — 1000 x 9.81 x (0.35) WATER
And pressure at [ =pp— P&l - pagh,
= pgp — 1000 x 9.81 x (0.35) — 800 x 9.81 x 0.3 =t
But pressure at C = pressure at [ 8 S\ WATER
pa— 1000 x 9.81 x .35 Fig. 2.24 (a)

= pgp = 1000 x 9.81 % 0.35 = 800 x 9.81 x 0.3
or 800 x9.81 x03=pp—p,

or Pp—Pa =800 x 9.81 x 0.3 = 2354.4 % Ans.
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p 2.8 PRESSURE AT A POINT IN COMPRESSIBLE FLUID

For compressible fluids, density (p) changes with the change of pressure and temperature. Such
problems are encountered in aeronautics, oceanography and meteorology where we are concerned
with atmospheric* air where density, pressure and temperature changes with elevation. Thus for fluids
with variable density, equation (2.4) cannot be integrated, unless the relationship between p and p is
known. For gases the equation of state is

—=RT .:(2.15)
p
r
or S
P ke
; : dp P
Now equation (2.4) is — =w=pg=—X
q (2.4) A7 ps RT &
a _ & . (2.16)
p RT
In equation (2.4), 7 is measured vertically downward. But if 7 is measured vertically up, then
% = — pg and hence equation (2.16) becomes
s
L Sy 1 (2.17)
p Rl

2.8.1 Isothermal Process. Case L. If temperature T is constant which is true for isothermal proc-
58, equation (2.17) can be integrated as

Z Z
j”—”:- E k==L [
lep ZURI' RI Zu
or log £ =28 (z-2,
py KT

where p, is the pressure where height is Z,. If the datum line is taken at Z,,, then Z, = 0 and p, becomes
the pressure at datum line.
Po RT

P T
o

or pressure at a height Z is given by p = p,e” #/%7 ..{2.18)
2.8.2 Adiabatic Process. If temperature T is not constant but the process follows adiabatic
law then the relation between pressure and density is given by

L - Constant = € i)
p

* The standard atmospheric pressure, temperature and density referred to STP at the sea-level are :
Pressure = 101.325 kN/m~ ; Temperature = 15°C and Density = 1.225 kgfm".
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where k is ratio of specific constant.

1k
or o ((Ej (i)

dz C
or d‘””k = - gdZ or ("MdTP =-gdZ
r ot
[F] P
; Ptk -1k "
Integrating, we get : " p tdp = jz— gdZ
—Wk+17]F
or o AN, i =—g [Z]g
- +1
k —Fa
cVk p—IHr+I i _
or ——— | =-% [7]; [€ is a constant, can be taken inside]
——+1
=P
Lik 1k
But from equation (i), V= [%] =P
P P
Substituting this value of " above, we get
Wk —1tk+17]P
F_F 1 =-glZ- 4]
P 41
k =P
l<1+kqp
3 k il
or p—g— =-g[Z=Z[,Jor[k_|£} =-glZ- 4]
p k P
=Fu
i T -
or — |B-Bul o g1z 7
k—1 _[3 Pq |
If datum line is taken at 7, where pressure, temperature and density are p,, T, and p,, then 7, = 0.
ko[ l k-1
ik VBB e BB g W)
k=1{p po P Po k

k-1 k-1
or B:&_SZ(_L&{[__&Z&}
P P k Pa k Po



58 Fluid Mechanics

or £y bo . [l WE g p—“’} -..(iii)
P M k P
k 1k
But from equation (1), % = ‘D—g or [&J =88 or pi: [&]
Pao P r P r

Substituting the value of Po in equation (i), we get

vk
Py [ﬂ} e | s k-1 o7 _ﬂ_}
Po p L k P
TS
k=1
or Py [i] =|l=-——pZ Po
Pa P L k Py
Pt L
k k k=1
Po Po k Po
k
[ k-1 k-1
2 PO e B p_n}
Py L Kk Po
Pressure at a height Z from ground level is given by
&
= k-1
P =p[]{l-u‘gz &] -{2.19)
k Po

In equation (2.19), p, = pressure at ground level, where 7, = 0
Py = density of air at ground level

Equation of state is Po _ RT, or Po. =%"
Pa py  RT;
Substituting the values of Po in equation (2.19}, we get
Py
k-1 gZ [+
p=po|l= £ (2.20)

k RI,
2.8.3 Temperature at any Point in Compressible Fluid. For the adiabatic process, the

temperature at any height in air is calculated as :
Equation of state at ground level and at a height Z from ground level is written as

o - Rryand £ =RT
Pa p

Dividing these equations, we get

(P_u}ﬁzﬂjy_ e Pl T
Pa P RT T pp P T

~Po PP =)

T
or o
I, po P P P

L
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But £ from equation (2.20) is given by
Py

k
Also for adiabatic process _p{_ = f,LL or (pi] =£0
p[] ,D

| I
k Tk
. P _ [P_n] § [L]
P r P

k-1 gZ [kkl]"[ ) k-1 gZ g
[ g

k RT,

Substituting the values of .. and Po. in equation (i), we get
Po

-1
T=T, |:|__k _gzi| (2.21)

2.8.4 Temperature Lapse-Rate (L). It is defined as the rate at which the temperature
changes with elevation. To obtain an expression for the temperature lapse-rate, the temperature given
by equation (2.21) is differentiated with respect to Z as

T d k-1 g7
=y | e
dZ  dZ k RI,

where T, K, g and K are constant
AT Bl 8 -2 ()

= ——xXT; =
dZ k RT, R
The temperature lapse-rate is denoted by L and hence

7 {FT_—g(.‘:—])

k

-A2.22)

dz R k

In equation (2.22), if (i) k = 1 which means isothermal process, — = (), which means temperature
is constant with height. dz

(if) If k> 1, the lapse-rate is negative which means temperature decreases with the increase in
height.

In atmosphere, the value of k varies with height and hence the value of temperature lapse-rate also varies.
From the sea-level upto an elevation of about 11000 m (or 11 km), the temperature of air decreases
uniformly at the rate of 0.0065°C/m. from 11000 m to 32000 m, the temperature remains constant
at — 56.5°C and hence in this range lapse-rate is zero. Temperature rises again after 32000 m in air.

L
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Problem 2.22 (SI Units) If the atmosphere pressure at sea level is 10.143 N/cm®, determine the
pressure at a height of 2500 m assuming the pressure variation follows (i) Hvdrostatic law, and
(ii) isothermal law. The density of air is given as 1.208 kg/"m'g.

Solution. Given :

Pressure at sca-level, py = 10.143 N/em® = 10.143 x 10* N/m*
Height, Z=2500 m
Density of air, p, = 1.208 kg/m?

(i) Pressure by hydrostatic law. For hydrostatic law, p is assumed constant and hence p is given

dp
by equation — = -
Yeq 07 Pg

Integrating, we get rdp = j —-pgdZ=-pg rdZ
- P Zy
or P=py=-pglL- 2]
For datum line at sea-level, Zy=0

P-pPy=—pgZ or p=p,—pel
10.143 x 10* - 1.208 x 9.81 x 2500 [+ p = p, = 1.208]

71804

10*

101430 — 29626 = 71804 - or Nfem?

m

7.18 N/em®. Ans.
(if) Pressure by Isothermal Law. Pressure at any height Z by isothermal law is given by equation

(2.18) as
-p o BEIRT
1]

1

_EZ%py
10.143x 10 e P [ ﬂ=RTandpog=w[,}
Po

_Zpy Ry

10.143x 10* e P
IU-143 X Iu-q-e {- 25':]”)( |.ZUHXU.EH\{[U.]43X H]‘l

]

101430 x e 2 = 101430 x
1.339

)

o= 75743 N/m*

75743 )
o7 Nfem” = 7.574 N/em®. Ans.

Problem 2.23 The barometric pressure at sea level is 760 mm of mercury while that on a mountain
top is 735 mm. If the density of air is assumed constant at 1.2 kg;"mj, what is the elevation of the
mountain top?
Solution. Given :
Pressure™ at sea, pp= 760 mm of Hg
760

- % 13.6 % 1000 x 9.81 N/m” = 101396 N/m’
1000

* Here pressure head (Z) is given as 760 mm of Hg. Hence (p/pg) = 760 mm of Hg. The density {p) for mercury

N/m?.

= 13.6 x 1000 kg/m”. Hence pressure (p) will be equal to p x g x Z i.e., 13.6 x 1000 x 9,81 x l:;:]{i}

=
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Pressure at mountain, p =735 mm of Hg
= 133 % 13.6 x 1000 x 9.81 = 98060 N/m’
1000
Density of air, p = 1.2 kg/m®

Let /i = Height of the mountain from sea-level.

We know that as the elevation above the sea-level increases, the atmospheric pressure decreases.
Here the density of air is given constant, hence the pressure at any height ‘)’ above the sea-level is
given by the equation,

pP=py—-pxgxh
py — p _ 101396 — 98060
pxg  12x981
Problem 2.24 Calculate the pressure at a height of 7500 m above sea level if the anmospheric
pressure is 10.143 Nfem® and temperature is 15°C at the sea-level, assuming (i) air is incompressible,
(ii) pressure variation follows isothermal law, and (iii) pressure vartation follows adiabatic law. Take
the density of air at the sea-level as equal 1o 1.285 kg/m’. Neglect variation of g with altitude.

Solution. Given :

= 283.33 m. Ans.

or h=

Height above sea-level, Z=7500 m
Pressure at sea-level, pp=10.143 Nfem® = 10.143 x 10* N/m’
Temperature at sea-level, = 15°C
T,=273 + 15=288°K
Density of air, p = pp = 1.285 kg/m”
(i) Pressure when air is incompressible :
dp
a7 Pg
p Z - -
.[,;.dp =i J.Z(pgdz or p-py=-pglZd-2Zy
or pP=pi—pgl [+ Z,=datum line = 0}
= 10.143 x 10* — 1.285 x 9.81 x 7500
= 101430 — 94543 = 6887 N/m” = 0.688 3 - Ans.
cm
(i1) Pressure variation follows isothermal law : .
Using equation (2.18), we have p = pye KT
=p,e sZpo/en {._. p_quT - p_U= L}
Po Po RT

101430 ¢ 8Zpalpg — 101430 o 71500 X 1.285 x 9.81/101430
101430 ¢~ ***" = 101430 x 39376
= 39939 N/m? or 3.993 N/em®. Ans.

(iit) Pressure variation follows adiabatic law : [k = 1.4]

ki{k-1)
k=1
Using equation (2.19), we have P=p, [] = TgZ P_o] , where p, = 1.285 kg/m?
Po

L
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1.4

(14-1.0) (7500 x ].285)}'-4—_“?

p=101430 |1- % 9.81 %

101430
= 101430 [1 - .2662]"** = 101430 x (.7337)*°

= 34310 N/m? or 3.431 N, . Ans.
cm”

Problem 2.25 Calculate the pressure and density of air at a height of 4000 m from sea-level where
pressure and temperature of the air are 10.143 Nfem® and 15°C respectively. The temperature lapse
rate is given as 0.0065°C/m. Take density of air at sea-level equal 10 1.285 ﬁ:gf.ln‘*.

Solution. Given :

Height, Z=4000m
Pressure at sea-level, po = 10.143 N/em® = 10.143 x 10% = 101430 N,
m-
Temperature at sea-level, r, = 15°C
T,=273+15=288K
Temperature lapse-rate, L= j—jz = - 0.0065°K/m
P, = 1.285 kg/m’
drT k=
Using equation (2.22), we have L= —=- 5 (—1]
a7z R k
or ~ 0.0065 = — E(ﬂ] WA T B
R k poT,  L285x288
- 0.0065 = DL (—k - I]
274.09 k
k-1 _ 0.0065 x 274.09 ~ 0.1815
k 9.81
k[l -.1815]1=1
k= l = : =1.222
I=.1815 &134

This means that the value of power index k= 1.222.
(i) Pressure at 4000 m height is given by equation (2.19) as

k=1 k-1
B [1-—3 &] , where k = 1.222 and p, = 1.285

k Py
1.222
101430 | 1= [ 1222 — 1.0] 4000 x 1.285 [1.222-1.0
prt 1222 101430

101430 [1 - 0.097%° = 101430 x .595

= 60350 N/m” = 6.035 N, . Ans.
cm”

L
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(ii) Density. Using equation of state, we get

L _rr
p
where  p = Pressure at 4000 m height
p = Density at 4000 m height
T = Temperature at 4000 m height
Now T is calculated from temperature lapse-rate as

rat4000m:ru+% x 4000 = 15 -.0065x 4000 = 15 -26 =-11°C

=273 +1=273-11=262"K

Density is given by p ey oy kg/m” = 0.84 kg/m™. Ans.
Problem 2.26 An aeroplane is flving at an altitude of 5000 m. Calculate the pressure around the
aeroplane, given the lapse-rate in the atmosphere as 0.0065°K/m. Neglect variation of g with altitude.
Take pressure and temperature at ground level as 10.143 N/em® and 15°C and density of air as
1.285 kglem’,
Solution. Given :

Height, Z = 5000 m
Lapse-rate, L= 4L = —.0065°K/m
dz
Pressure at ground level, po=10.143 x 10* N/m?
o= 15°C
Ty=273 + 15=288°K
Density, po = 1.285 kg/m’

Temperature at 5000 m height = T}, + % » Height = 288 - .0065 x 5000
¢

=288 - 32.5 = 255.5°K
First find the value of power index £ as

From equation (2.22), we have L= £ = —i(ﬁ]

dz R\ k

or —.0065 = - —S(u)

R k
e, me By o _MIH0 o oopn
poT;, 1.285x 288

0065 = — 9.81 [Ic-l]

27409\ k

= 1.222

The pressure is given by equation {2 19) as

¥ b
— |:l—kT L’E"{::|[E J
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1.
2z
3

10.

11.

12.

1222
=101430 |1 - [M) % 0.8] % 5000 x 1.285 (122210
1.222 101430
= 101430 [] = Ex‘).ﬁ] w M] 222
1222 101430

101430 [1 - 0.1128877%" = 101430 x 0.5175 = 52490 N/m*
5.249 N/em?. Ans.

HIGHLIGHTS

The pressure at any point in a fluid is defined as the force per unit area.
The Pascal’s law states that intensity of pressure for a fluid at rest is equal in all directions.

. Pressure variation at a point in a fluid at rest is given by the hydrostatic law which states that the rate of

increase of pressure in the vertically downward direction is equal to the specific weight of the fluid,

{—Ip- =w=pXg
dZ
The pressure at any pointl in a incompressible fluid (liquid) is equal to the product of density of fluid at
that point, acceleration due w gravity and wvertical height from free surface of fluid,
pPEpxgxZ
Absolute pressure is the pressure in which absolute vacuum pressure is taken as datum while gauge
pressure is the pressure in which the atmospheric pressure is taken as datum,

Pubs. = Pam + Pgage.
Manometer is a device used for measuring pressure at a point in a fluid.
Manometers are classified as (a) Simple manometers and (&) Differential manometers.
Simple manometers are used for measuring pressure at a point while differential manometers are used for
measuring the difference of pressures between the two points in a pipe, or two different pipes.

. A single column manometer (or micrometer) is used for measuring small pressures, where accuracy is

required.

The pressure at a point in static compressible fluid is obtained by combining two equations, i.e., equation
of state for a gas and equation given by hydrostatic law.

The pressure at a height Z in a static compressible fluid (gas) under going isothermal compression

[£= const.}
P

where p, = Absolute pressure at sea-level or at ground level

P =p ooy gLRT

Z = Height from sea or ground level
R = Gas constant
T = Absolute temperature.
The pressure and temperature at a height Z in a static compressible fluid (gas) undergoing adiabatic
compression (p.‘pJt = const. )
k

ke
k=1 _pg [F-1 k=1 gZ |k-t
- fe s g = e =S
p Pu|: L & p":| pﬂ{ x RTJ
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and temperature, T=Ty [1 o ﬂ £]

where p,, T, are pressure and temperature at sea-level £ = 1.4 for air.
13. The rate at which the temperature changes with elevation is known as Temperature Lapse-Rate. It is

given by
L=2% [ﬂ]
R k

if (i) kK = 1, temperature is zero.
(i) k > 1, temperature decreases with the increase of height

EXERCISE

(A) THEORETICAL PROBLEMS

1. Define pressure. Obtain an expression for the pressure intensity at a point in a fluid.
2. State and prove the Pascal’s law.
3. What do you understand by Hydrostatic Law ?
4. Differentiate between : (/) Absoluie and gauge pressure, (if) Simple manometer and differential manom-
eter, and (ii7) Piezometer and pressure gauges.
5. What do you mean by vacuum pressure 7
6. What is a manometer ? How are they classified ?
7. What do you mean by single column manometers ? How are they used for the measurement of pressure ?
8. What is the difference between U-tube differential manometers and inverted U-tube differential
manometers 7 Where are they used ?
9. Distinguish between manometers and mechanical gauges. What are the different types of mechanical
pressure gauges 7
10. Derive an expression for the pressure at a height Z from sea-level for a static air when the compression of
the air is assumed isothermal. The pressure and temperature at sea-levels are p,, and T, respectively.
11. Prove that the pressure and temperature for an adiabatic process at a height Z from sea-level for a static air
are :

k
k-1 k-1 -1
g [T e T N o it . 8 B
Kk RI, kT,

where p, and T, are the pressure and temperature at sea-level.
12. What do you understand by the term, ‘Temperature Lapse-Rate’? Obtain an expression for the
temperature Lapse-Rate.
13. What is hydrostatic pressure distribution? Give one example where pressure distribution is
non-hydrostatic.
14. Explain briefly the working principle of Bourdon Pressure Gauge with a neat sketch.
(IN.T.U., Hyderabad, § 2002)

(B) NUMERICAL PROBLEMS

1. A hydraulic press has a ram of 30 cm diameter and a plunger of 5 em diameter. Find the weight lifted by
the hydraulic press when the force applied at the plunger is 400 N. [Ans. 14,4 kN]
2. A hydraulic press has a ram of 20 cm diameter and a plunger of 4 em diameter, It is used for lifting a
weight of 20 kN. Find the force required at the plunger. [Ans. 800 N]
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. Calculate the pressure due to a column of 0.4 m of () water, (i) an oil of sp. gr. 0.9, and (¢) mercury of sp. gr.

kg

= [Ans. (a) 0.3924 N/em®, (b) 0.353 N/em®, () 5.33 N/em”]
m

13.6. Take density of water, p = 1000

. The pressure intensity at a point in a fluid is given 4.9 N/em”. Find the corresponding height of fluid when it

is : (ar) water, and (&) an oil of sp. gr. 0.8. [Ans. (a) 5 m of water, (&) 6.25 m of oil]
An oil of sp. gr. 0.8 is contained in a vessel. At a point the height of oil is 20 m. Find the corresponding
height of water at that point. [Ans. 16 m]
An open tank contains water upto a depth of 1.5 m and above it an oil of sp. gr. 0.8 for a depth of 2 m. Find
the pressure intensity : (i) at the interface of the two liquids, and (if) at the bottom of the tank.

[Ans. (i) 1.57 Nfem’, (i) 3.04 Nfem®]

. The diameters of a small piston and a large piston of a hydraulic jack are 2 cm and 10 cm respectively. A

force of 60 N is applied on the small piston. Find the load lifted by the large piston, when : (a) the pistons are
at the same level, and (&) small piston is 20 cm above the large piston. The density of the liquid in the jack is

given as 1000 wl&gz_ [Ans. (a) 1500 N, (b) 1520.5 N]
m

. Determine the gauge and absolute pressure at a point which is 2.0 m below the free surface of water. Take

atmospheric pressure as 10.1043 N/cm?, [Ans. 1.962 Nicm? { gauge), 12.066 N/em? {abs.)]

. A simple manometer is used to measure the pressure of oil (sp. gr. = (1.8) flowing in a pipe line. Its right

10.

11

limb is open to the atmosphere and left limb is connected to the pipe. The centre of the pipe is 9 cm below
the level of mercury (sp. gr. 13.6) in the right limb. If the difference of mercury level in the two limbs is 15
cm, determine the absolute pressure of the oil in the pipe in Nfem®. |Ans. 12.058 Niem®]
A simple manometer (U-tube) containing mercury is connected to a pipe in which an oil of sp. gr. 0.8 is
flowing. The pressure in the pipe is vacuum. The other end of the manometer is open (o the atmosphere.
Find the vacuum, pressure in pipe, if the difference of mercury level in the two limbs is 20 cm and height
of oil in the left limb from the centre of the pipe is 15 cm below. [Ans. — 27.86 Nicm?]
A single column vertical manometer (i.e., micrometer) is connected (o a pipe containing oil of sp. gr. 0.9,
The area of the reservoir is 80 times the area of the manometer tube. The reservoir contains mercury of
sp. gr. 13.6. The level of mercury in the reservoir is at a height of 30 cm below the centre of the pipe and
difference of mercury levels in the reservoir and right limb is 50 cm. Find the pressure in the pipe.
[Ans. 6.474 Nfem®]
A pipe contains an oil of sp. gr. 0.8, A differential manometer connected at the two points A and B of the
pipe shows a difference in mercury level as 20 cm. Find the difference of pressure at the two points.
[Ans. 25113.6 N/m’]

. A U-tube differential manometer connects two pressure pipes A and B. Pipe A contains carbon

14.

tetrachloride having a specific gravity 1.594 under a pressure of 11.772 Nfem® and pipe # contains oil of
sp. gr. 0.8 under a pressure of 11.772 N/cm®, The pipe A lies 2.5 m above pipe B. Find the difference of
pressure measured by mercury as fluid filling U-tube. [Ans. 31.36 cm of mercury]
A differential manometer is connected at the two points A and B as shown in Fig. 2.25. At B air pressure
is 7.848 N/em® (abs.), find the absolute pressure at A. [Ans. 6.91 N!crnz]

=, OIL Sp. gr.
y ¥i 08

QIL Sp. gr.=0.8

50 cm

g8_.5
ki

Pl LN L PP LR i =

WATER

Fig. 2.25 Fig. 2.26
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16.

17.

18.

20.

21.

22.

24,

26.

. An inverled differential manometer containing an oil of sp. gr. 0.9 is connected to find the difference of

pressures at two points of a pipe containing water. If the manometer reading is 40 cm, find the difference
of pressures. [Ans. 392.4 N/m’]
In above Fig. 2.26 shows an inverted differential manometer connected to two pipes A and B containing
water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in the figure, find the
difference of pressure head between A and B. [Ans. 0.26 m of water]
If the atmospheric pressure at sea-level is 10.143 N/em?, determine the pressure at a height of 2000 m
assuming that the pressure variation follows : (i) Hydrostatic law, and (i) Isothermal law. The density of
air is given as 1.208 kg/m’. [Ans. (i} 7.77 Nfem?, (if) 8.03 N/em’]
Calculate the pressure at a height of 8000 m above sea-level if the atmospheric pressure is 101.3 KN/m”
and temperature is 15°C at the sea-level assuming (i) air is incompressible, (i) pressure variation follows
adiabatic law, and (#if) pressure variation follows isothermal law. Take the density of air at the sea-level as
equal to 1.285 kghn3. Neglect variation of g with altitude.

[Ans. (i) 607.5 N/m®, (if) 31.5 kN/m® (iii) 37.45 kN/m?]

. Calculate the pressure and density of air at a height of 3000 m above sea-level where pressure and tem-

perature of the airare 10.143 N/em? and 15°C respectively. The temperature lapse-rate is given as 0.0065"
K/m. Take density of air at sea-level equal to 1.285 kg!m". [Ans. 6.806 N/em®, 0.937 kga‘m"]
An aeroplane is flying at an altitude of 4000 m. Calculate the pressure around the aeroplane, given the
lapse-rate in the atmosphere as 0.0065°K/m. Neglect variation of g with altitude. Take pressure and
temperature at ground level as 10.143 N/em® and 15°C respectively. The density of air at ground level is
given as 1.285 kg/m”. [Ans. 6.038 N/em?]
The atmospheric pressure at the sea-level is 101.3 kN/m” and the temperature is 15°C. Calculate the
pressure 8000 m above sea-level, assuming (i) air is incompressible, (/i) isothermal variation of pressure
and density, and (iii) adiabatic variation of pressure and density. Assume density of air at sea-level as
1.285 kg/m®. Neglect variation of ‘g’ with altitude.

[Ans. (i) S01.3 NAv, (if) 37.45 kN/m®, (iii) 31.5 kN/m”]
An oil of sp. gr. is 0.8 under a pressure of 137.2 kN/m*

(i) What is the pressure head expressed in metre of water ?

(ii) What is the pressure head expressed in metre of oil 7 [Ans. (i) 14 m, (i) 17.5m]

. The atmospheric pressure at the sea-level is 101.3 kN/m” and temperature is 15°C. Calculate the pressure

8000 m above sea-level, assuming : (f) isothermal variation of pressure and density, and (i) adiabatic
variation of pressure and density. Assume density of air at sea-level as 1.285 kg/m’. Neglect variation of
‘g with altitude.
Derive the formula that you may use. [Ans. (i) 37.45 kN/m?, (if) 31.5 kN/m?]
What are the gauge pressure and absolute pressure at a point 4 m below the free surface of a liquid of
specific gravity 1.53, if atmospheric pressure is equivalent to 750 mm of mercury.

[Ans. 60037 N/m” and 160099 N/m?)

. Find the gauge pressure and absolute pressure in N/m® at a point 4 m below the free surface of a liguid of

sp. gr. 1.2, if the atmospheric pressure is equivalent to 750 mm of mercury.

[Ans. 47088 N/m? ; 147150 N/m?]
A tank contains a liquid of specific gravity 0.8. Find the absolute pressure and gauge pressure at a point,
which is 2 m below the free surface of the liquid. The atmospheric pressure head is equivalent to 760 mm
of mercury. [Ans. 117092 N/m? ; 15696 Nfrnz]
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HYDRbSTATIC FORCES,
ONISURFACES

» 3.1 INTRODUCTION

This chapter deals with the fluids (i.e., liquids and gases) at rest. This means that there will be no
relative motion between adjacent or neighbouring fluid layers. The velocity gradient, which is equal to
the change of velocity between two adjacent fluid layers divided by the distance between the layers,

d
will be zero or & (). The shear stress which is equal to 1 a—u will also be zero. Then the forces acting
' Y
on the fluid particles will be :

@ 1. due to pressure of fluid normal to the surface,

2. due to gravity (or self-weight of fluid particles).

» 3.2 TOTAL PRESSURE AND CENTRE OF PRESSURE

Total pressure is defined as the force exerted by a static fluid on a surface either plane or curved
when the fluid comes in contact with the surfaces. This force always acts normal to the surface.

Centre of pressure is defined as the point of application of the total pressure on the surface. There
are four cases of submerged surfaces on which the total pressure force and centre of pressure 1s to be
determined. The submerged surfaces may be :

1. Vertical plane surface,
2. Horizontal plane surface,
3. Inclined plane surface, and

4. Curved surface.

» 3.3 VERTICAL PLANE SURFACE SUBMERGED IN LIQUID
Consider a plane vertical surface of arbitrary shape immersed in a liquid as shown in Fig. 3.1.
Let A = Total area of the surface
h = Distance of C.G. of the area from free surface of liquid
G = Centre of gravity of plane surface
F = Centre of pressure

h* = Distance of centre of pressure from free surface of liquid.

69
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(a) Total Pressure (F). The total pressure on the surface FREE SURFACE OF LIQUID
may be determined by dividing the entire surface into a number ::-'::T::::::::::::::::-':::::—'_'-':-'::_ o
of small parallel strips. The force on small strip is then calcu-

Consider a strip of thickness dfr and width b at a depth of /i
from free surface of liquid as shown in Fig. 3.1

b — ‘ A
lated and the total pressure force on the whole area is calculated h ho|
by integrating the force on small strip. / h*
[

Pressure intensity on the strip, p=pgh ‘@u £
(See ec n 2.5)

Area of the strip, dA = b x dh

Total pressure force on strip, dF =p » Area
= pgh x b x dh

Total pressure force on the whole surface,

F =[aF = [pghxbxdh=pg [bxhxdn

But behxdh:jhxdf’.

= Moment of surface area about the free surface of liquid
= Area of surface x Distance of C.G. from free surface

=AXHh

x F=pgAh (3.1)

For water the value of p = 1000 kg/m” and g = 9.81 m/s”. The force will be in Newton.

() Centre of Pressure (h*). Centre of pressure is calculated by using the “Principle of Moments™,
which states that the moment of the resultant force about an axis is equal to the sum of moments of the
components about the same axis.

The resultant force F is acting at P, at a distance /#* from free surface of the liquid as shown in

Fig. 3.1. Hence moment of the force F about free surface of the liquid = F x h* E32)
Moment of force dF, acting on a strip about free surface of liquid
=dF x h {0 dF=pghxbxdh}

=pghxbxdhxh
Sum of moments of all such forces about free surface of liquid

= jpghxbxdhxh:pgjbxhxhdh
= pg.[bhz dh=pg J‘.-'ild."l (= bdh=dA)

But [n2an = [ bn*an
= Moment of Inertia of the surface about free surtace of liquid
=1
Sum of moments about free surface
= pgl, a(3.3)


Hazrat
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Equating (3.2) and (3.3), we get

Fx h* = pgly
But F=pgAh
pgAh X h* = pely
or e = P8l _ Ty (3.4
pgAh  Ah

By the theorem of parallel axis, we have

Iy=I;+Ax K
where [; = Moment of Inertia of area about an axis passing through the C.G. of the area and parallel
to the free surface of liquid.

Substituting [, in equation (3.4), we get

2
L (35)
Ah Ah

In equation (3.5), h is the distance of C.G. of the area of the vertical surface from free surface of
the liquid. Hence from equation (3.5), it is clear that :

(i) Centre of pressure (i.e., i*) lies below the centre of gravity of the vertical surface.

(i) The distance of centre of pressure from free surface of liquid is independent of the density of the
liquid.

h*

Table 3.1 The moments of inertia and other geometric properties of some important plane surfaces

Moment of inertia Maoment of
about an axis passing | inertia about
Plane surface C.G. from the Area through C.G. and base (1,)
base parallel to base (1)
1. Rectangle
|
|
]
- ——+d
= 3 3
B - b bd? b
X 2 12 %)
¥ I 15
fe—b—
2. Triangle
Lt ol L oI
3 2 36 12

Contd...
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Moment of inertia Moment of
Plane surface C.G. from the Area aboul an axis passing | inertia aboul
base through C.G. and base (1;)
parallel to base (13)
3. Circle
d + 2
< s = d’ _
l 1‘. 2 4 64
4. Trapezium
—a
f |
h / \ ;i 2
5 1 2a+b\h | (a+b) a“+4ab+b
= x= - xh AN U —
il/ A\ x [a+b]3 2 36(a+b)
| b f

Problem 3.1 A rectangular plane surface is 2 m wide and 3 m deep. It lies in vertical plane in
water. Determine the total pressure and position of centre of pressure on the plane surface when its
upper edge is horizontal and (a) coincides with water surface, (b) 2.5 m below the free water surface.

Solution. Given :
Width of plane surface,
Depth of plane surface,

b=2m
d=3m

(a) Upper edge coincides with water surface (Fig. 3.2). Total pressure is given by equation (3.1)

as
F = pgAh
where  p = 1000 kg/m?, g = 9.81 m/s’
A:3><2:6n12,ﬁzé(3)= 1.5 m.

F=1000 x981l x6x 1.5
= 88290 N. Ans.

Depth of centre of pressure is given by equation (3.5) as

h* = ii+ﬁ
Ah

where I; = M.O.L about C.G. of the area of surface

bd® _2x3
2 12

=4.5 m*

;PREE W/TERSURPACE.

| -

- Pe

T3 T T o =5

;-—Em—b-!

Fig. 3.2

=
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5
= s +15=05+15=2.0m. Ans.
6x1.5
(b) Upper edge is 2.5 m below water surface (Fig. 3.3). Total pressure (F) is given by (3.1)
F = pgAh WATER SURFACE
= [ IS
where fi= Distance of C.G. from free surface of water | | == ===
25
g "
4 h
F = 1000 x 9.81 X 6 x 4.0 U . z
= 235440 N. Ans.
I - [ Yel 3.0m
Centre of pressure is given by h*= —Z 4 j op
Ah
= _ = T
where [, =45 A=60 =40 e .
= —22 440 Eg 20
6.0 x 4.0

= 0.1875 + 4.0 = 4.1875 = 4.1875 m. Ans.

Problem 3.2 Determine the total pressure on a circular plate of diameter 1.5 m which is placed

vertically in water in such a way that the centre of the plate is 3 m below the free surface of water. Find
the position of centre of pressure also. FREE SURFACE

Solution. Given : Dia. of plate,d=15m = kessssssss--ss--

. Area, A== (1.5%= 1767 m?

X
4
h=30m h*
Total pressure is given by equation (3.1),
F = pgAh
= 1000 x 9.81 x 1.767 x 3.0 N
= 52002.81 N. Ans.

Position of centre of pressure (#7%) is given by equation (3.5), I 15m
pe=ta 4 Fig. 3.4
Ah
Y omxLst
where [;= 24X = 0.2485 m*
64 64
(.2485

*

T 1L767x30
= 3.0468 m. Ans.

+ 3.0 = 0.0468 + 3.0
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Problem 3.3 A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side
of the sluice is 'd’ metres in length and depth of centroid of the area is 'p' m below the water surface.

2 FREE SURFACE
Prove that the depth of pressure is equal to | p +F 5 RO R e
I =
- | i b II p h*
Solution. Given : T‘
Depth of vertical gate =dm 4 e __L
Let the width of gate =bm _*_ pe
Area, A=bxdm’ -
Depth of C.G. from free surface Fig. 3.5
h=pm.
Let f* is the depth of centre of pressure from free surface, which is given by equation (3.5) as
fe . % bd’
h* = % 4+ h, where I, = —
Ah ' 12

5

3 dz 2
f;*:[%/bxdx;;]+p=—+p or p+ - Ans.

12p 12p
Problem 3.4 A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of
3 m diameter which can rotate about a horizontal diameter. Calculate :
(i) the force on the disc, and
(i) the torque required to maintain the disc in equilibrivem in the vertical position when the head

of water above the horizontal diameter is 4 m.
Solution. Given :

Dia. of opening, d=3m
Area, A= g. x 32 = 7.0685 m’
Depth of C.G., h=4m

(i) Force on the disc is given by equation (3.1) as
F=pgAh = 1000 % 9.81 x 7.0685 x 4.0
= 277368 N = 277.368 kN, Ans,

(if) To find the torque required to maintain the disc in equilibrium, first calculate the point of
application of force acting on the disc, i.e., centre of pressure of the force F. The depth of centre of
pressure (#%) is given by equation (3.5) as

L g
* = "fi+ﬁ=1ﬁ‘47+4.u { rﬁ=1d*}
Ah’ dz }(4.0 64

4
d’ 37
= 4+40=— +40=0.14+40=4.14m
16 % 4.0 16 x 4.0

=
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Fig. 3.6

The force F is acting at a distance of 4.14 m from free surface. Moment of this force about
horizontal diameter X-X

= Fx (h*—h) = 277368 (4.14 - 4.0) = 38831 Nm. Ans.

Hence a torque of 38831 Nm must be applied on the disc in the clockwise direction.
Problem 3.5 A pipe line which is 4 m in diameter contains a gate valve. The pressure at the centre
of the pipe is 19.6 Nlem®, If the pipe is filled with oil of sp. gr. 0.87, find the force exerted by the oil
upon the gate and position of centre of pressire.

Solution. Given :

Dia. of pipe, d=4m

GATE VALVE
Fig. 3.7
Area, A =E x 4% =4nm’
Sp. gr. of oil, §=10.87
Density of oil, py = 0.87 % 1000 = 870 kg/m?

Weight density of oil, w,=p;xg=870 x9.81 N/m*
Pressure at the centre of pipe, p = 19.6 N/em® = 19.6 x 10 N/m*

p _19.6x 10*
w, 870x9.8I
The height of equivalent free oil surface from the centre of pipe = 22.988 m.

Pressure head at the centre = =22.988 m

The depth of C.G. of the gate valve from free oil surface i = 22.988 m.
(i) Now the force exerted by the oil on the gate is given by
F=pgAh
where p = density of oil = 870 kg/m’
F=870x9.81 x 4m »x 22.988 = 2465500 N = 2.465 MN. Ans.
(#f) Position of centre of pressure () is given by (3.5) as
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n

= % 2

: 64 R gl B +22.988
Ah ® N 16 & 16 x 22.988

= 0.043 + 22,988 = 23.031 m. Ans.
O centre of pressure is below the centre of the pipe by a distance of (1.043 m. Ans.
Problem 3.6 Determine the total pressure and centre of pressure on an isosceles triangular plate
of base 4 m and altitude 4 m when it is immersed vertically in an oil of sp. gr. 0.9. The base of the plate
coincides with the free surface of oil.
Solution. Given :

Base of plate, b=4m
Height of plate, h=4m
Area, .-flzl!””’:‘“(‘4 = 8.0 m’
2 2
Sp. gr. of oil, £=0.9
Density of oil, p = 900 kg/m”.
The distance of C.G. from free surface of oil,

E:lxh=]—x4= 1.33 m.
3 3

Total pressure (F) is given by F = pgAh
=900 x9.81 x 8.0 x 1.33 N = 9597.6. N. Ans.

Centre of pressure (/i*) from free surface of oil is given by
j —
h=—L 4k
Ah

where I, = M.O.1. of triangular section about its C.G.

_ bk _4x4’
36 36
AN
T 80133
Problem 3.7 A vertical sluice gate is used to cover an opening in a dam. The opening is 2 m wide
and 1.2 m high. On the upstream of the gate, the liguid of sp. gr. 145, lies upto a height of 1.5 m
above the top of the gate, whereas on the downstream side the water is available upto a height touch-
ing the fop of the gate. Find the resultant force acting on the gate and position of centre of pressure.
Find also the force acting horizontally at the top of the gate which is capable of opening it. Assume
that the gate is hinged at the bottom.
Solution. Given :

=7.11m?

s

+ 1.33 = 0.6667 + 1.33 = 1.99 m. Ans.

Width of pate, b=2m
Depth of gate, d=12m
Area, A=bxd=2x12=24m’

Sp. er. of liquid =145
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Density of liquid, p; = 145 x 1000 = 1450 kg/m*
Let F, = Force exerted by the fluid of sp. gr. 1.45 on gate
F, = Force exerted by water on the pate.
The force F, is given by F,=pg x A x In
where p, = 1.45 x 1000 = 1450 kg/m’
hi = Depth of C.G. of gate from free surface of liquid

1.2
=154+ —=2.1m.
2
FREE SURFACE OF LIQUID
LIQUIDOF ~ ==~ Im
Sp. gr=1.45 _l_ FREE SURFACE
F 4OF WATER
UPSTREAM o Sl nd
7 e ey
/’ --------- ._ g _._- -
1.2 m_] R
g
DOWNSTREAM
HINGE
Fig.3.9
- F,= 1450 x 9.81 x 2.4 x 2.1 = 71691 N
Similarly, F,= ng.Aﬂg

where p, = 1,000 I»;,g,.l’m3
hs = Depth of C.G. of gate from free surface of water

:lx 1.2=06m
2

5 F,=1000 x9.81 x 24 %06 = 14126 N
(i) Resultant force on the gate = F| - F, = 71691 - 14126 = 57565 N. Ans.

(i) Position of centre of pressure of resultant force. The force F| will be acting at a depth of
f1,* from free surface of liquid, given by the relation

i .
by = £ 4+n

Ah,
3 3
where [ = %—: 2 );;2 =0.288 m*
hr=—28 5 1=00571421=21571m
24 x2.1

Distance of F| from hinge
=(1.5+12)-H*=27-2.1571=0.5429 m

The force F, will be acting at a depth of /i,* from free surface of water and is given by

L
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';th_ IG +E'J

g AE:
where I;= 0288 m* 7,=0.6m, A =24 m’,
hi¥= D28 L 06 =02406=08m
* T 24x%06
Distance of F, from hinge =12-08=04m

The resultant force 57565 N will be acting at a distance given by

71691 x.5429 — 14126 x 0.4
a 57565

~ 38921-5650.4
- 57565
= 0.578 m above the hinge. Ans.

(iif) Force at the top of gate which is capable of opening the gate., Let F is the force required
on the top of the gate to open it as shown in Fig. 3.9. Taking the moments of F, F| and F, about the
hinge, we get
Fx1.2+F,x04=F, x.5429

- F %5429 - F, x04
1.2
71691 %.5429 - 14126 x 0.4 38921 - 5650.4

12 12
=27725.5 N. Ans.
Problem 3.8 A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at the
top and 10 m wide at the bottom and 6 m deep. Find the total pressure and centre of pressure on the
caisson if the water on the outside is just level with the top and dock is empty.

m above hinge

or

Solution. Given : WATER SURFACE
Width at top =16m - 18 m -
Width at bottom =10m l . &
Depth, d=6m .____qA D___:_ ==
Area of trapezoidal ABCD, o s = Gle i
_+.
A=———" xd
2 B 10 c
(10 +16) . ==
= T Xx6=T8m Fig. 3.10
Depth of C.G. of trapezoidal area ABCD from free surface of water,
16 — 10
10x6x3+!x6x1x6
= 3
78

_180+36
78

(i) Total Pressure (F). Total pressure, F is given by

= 2.769 m from water surface.

L
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F=pgAh = 1000 x 9.81 x 78 x 2.769 N
=2118783 N = 2.118783 MN. Ans.
(i7) Centre of Pressure (h*). Centre of pressure is given by equation (3.5) as

h* = L/ +h
h
where I, = M.O.L of trapezoidal ABCD about its C.G.
Let I = M.O.L of rectangle FBCE about its C.G.
I, = M.O.L of two As ABF and ECD about its C.G.
3 % -3
Then I; = LA o BT
R 12

fc, is the M.O.I. of the rectangle about the axis passing through G,.

M.O.I. of the rectangle about the axis passing through the C.G. of the trapezoidal I + Areaof
rectangle x xlz
where x| is distance between the C.G. of rectangle and C.G. of trapezoidal
=(3.0-2.769)=0.231 m
M.O.L. of FBCE passing through C.G. of trapezoidal
=180 + 10 6 x (0.231)* = 180 + 3.20 = 183.20 m*

3
Now Iz, = M.O.IL of AABD in Fig. 3.11 about G, = b‘:i,
3
= w = 36 ]'n'l'
36

The distance between the C.G. of triangle and C.G. of trapezoidal
=(2.769 - 2.0) = 0.769

M.O.1. of the two As about an axis passing through C.G. of trapezoidal

= I, + Area of triangles X (.769)’

A
=360+ —6;‘6 X (.769)*
=36.0 + 10.64 = 46.64
I; = M.O.L of trapezoidal about its C.G.
= M.O.L of rectangle about the C.G. of trapezoidal
+ M.O.L of triangles about the C.G. of the trapezoidal
= 183.20 + 46.64 = 229.84 m*
h=25 k b
Ah Fig. 3.11

where A=78, h=2.769
. 22984

=—— + 2,769 = 1.064 + 2.769 = 3.833 m. Ans.
78 x 2.769

Alternate Method

The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1
on page 71)
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_(2a+b) h

(a+b) 3

2x10+16
=({Tﬂ+:—6}}xg (v a=10,b=16and h = 6)
36

=—— %x2=276%m
26

This is also equal to the distance of the C.G. of the trapezoidal from free surface of water.
h=2769 m
Total pressure, F= ]‘JgAﬂ (= A=T78
= 1000 x 9.81 x 78 x 2.769 N = 2118783 N. Ans.

o
Centre of Pressure, (h#*) = -—("‘_— +h
7

Now [ from Table 3.1 is given by,

(a® +4ab+57) | (107 +4x10x16+167)

3

8= ®x 6
36(a+b) 36(10 + 16)
= (100640 + 256) x 216 = 229.846 m*
3626
229,
= 223846 2.769 (+ A=78m?%
T8 x 2.769

= 3.833 m. Ans.

Problem 3.9 A rrapezoidal channel 2 m wide at the bottom and | m deep has side slopes 1 : 1.
Determine :

(i) the total pressure, and
{ii) the centre of pressure on the vertical gate closing the channel when it is full of water.

Solution. Given :

Width at bottom =2m
Depth, d=1m i 4m |
Side slopes =11 A WATER SURFACE D

Top width, AD=2+1+1=4m :_‘r:;____ E e e
Area of rectangle FBEC, Aj=2x1=2m’ ¥

; (4-2) 2
Area of two triangles ABF and ECD, A, = x1=1m B c
i e— 2m—f

Area of trapezoidal ABCD, A=A, +A;=2+1=3m"

Depth of C.G. of rectangle FBEC from water surface, Fig. 3.12

Tx.:l:n.ﬁm
2

=



Hydrostatic Forces on Surfaces 81

Depth of C.G. of two triangles ABF and ECD from water surface,
- 1 1
ha=—x1l=—m

T3 3
Depth of C.G. of trapezoidal ABCD from free surface of water

A Xhi+ A, xhy _2x05+1x033333 _

h=—1= A4444
(A +4,) (2+1)
(i) Total Pressure (F). Total pressure F is given by
F = pgAh

= 1000 x 9.81 % 3.0 x 0.44444 = 13079.9 N. Ans.
(if) Centre of Pressure (h*). M.O.L. of rectangle FBCE about its C.G.,

_bd® _2x1°

L
lg =——= =—m
1R 12 6
M.O.L of FBCE about an axis passing through the C.G. of trapezoidal
or I;*=1; + A x[Distance between C.G. of rectangle and C.G.

of lrap{:z.n:)iclal]2
] P
_E+2><[m-h]

= % +2 % [0.5 - .4444) = 1666 + .006182 = 0.1727

M.0O.1. of the two triangles ABF and ECD about their C.G.,

= 1+)x1?
I, = £:¢:i=]_ m*
¢ 36 36 36 18

M.O.1. of the two triangles about the C.G. of trapezoidal,
1" =15 + A, x |Distance between C.G. of triangles and C.G.
' of trapezoidal]’

% l+1x[ﬁ—ﬁgf=l+[x[4444—l]
18 18 3

=%+.:.1|||12={].01=,55+(.11|112

=.0555 + 0.01234 = 0.06789 m*
M.O.I. of the trapezoidal about its C.G.
Ig= I *+ g, *=.1727 + 06789 = 0.24059 m*

Then centre of pressure (#1*) on the vertical trapezoidal,

ht = L"_+H = LIRPR + 4444 = (.18046 + 4444 = 0.6248
Ah 3 x.4444

= (L625 m. Ans.

L
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Alternate Method

The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1
on page 71).

2a+b) h (Zx2+4) 1
gk athl L el g genBEEaREED
(a+b) 3 (2+4) 3
=0444 m
h=x=0444 m
Total pressure, F= pgAE = 1000 % 9.81 % 3.0 x 444 (v A=30)
= 13079 N. Ans.
Centre of pressure, h* = F—"E. +h
Ah

where [; from Table 3.1 is given by

a® +4ab + b* 22 +4x2x4+4°
I, =( ) xh’= ( ) X 1= —22_ = 02407 m*
36(a+b) 36(2+4) 36x6

0.2407
3.0 x.444

Problem 3.10 A square aperture in the vertical side of a tank has one diagonal vertical and is
completely covered by a plane plate hinged along one of the upper sides of the aperture. The diagonals
of the aperture are 2 m long and the tank contains a liquid of specific gravity 1.15. The centre of
aperture is 1.5 m below the free surface. Calculate the thrust exerted on the plate by the liquid and
position of its centre of pressure.

Solution. Given : Diagonals of aperture, AC=BD=2m

. Area of square aperture, A = Area of AACB + Area of AACD

h* =

+ .444 = 0.625 m. Ans.

_ ACxBO+ACxOD:2xl » 2x1 s FE T
2 2 2 2
Sp. gr. of liquid = 1.15
Density of liquid, p=1.15 x 1000 = 1150 kg/m’
Depth of centre of aperture from free surface,
h=15m.
E SQUARE
— — APERTURE
=== 4.5m
Sp. gr.=1.11
2m
c
—ts A =
) o D
fe—2m -

Fig. 3.13
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(f) The thrust on the plate is given by
F=pgAh=1150x9.81 x2x 1.5 = 33844.5. Ans.
(ii) Centre of pressure (fi*) is given by
I, -
h¥=-L4h
Ah

where [, = M.O.l. of ABCD about diagonal AC
= M.O.L of triangle ABC about AC + M.Q.1. of triangle ACD about AC

3 3 th
= 408 + AL X0OD ~ M.O.Lof atriangle aboutits base =——
12 12 12

It wiE ¥ L 1 4

= + =—4+—=—m

12 12 6 6
|
w3 !
h* = +15=————+1.5=1.611 m. Ans.
2315 Ix2x1L5

Problem 3.11 A rank contains water upto a height of 0.5 m above the base. An immiscible liguid of
sp. gr. 0.8 15 filled on the top of water upto I m height. Calculate :
(i) total pressure on one side of the tank,
(ii) the position of centre of pressure for one side of the tank, which is 2 m wide.
Solution. Given :

Depth of water =05m

Depth of liquid =1lm

Sp. er. of liguid =0.8

Density of liquid, p, = 0.8 x 1000 = 800 kg/m’
Density of water, p, = 1000 kg/m®

Width of tank =2m

() Total pressure on one side is calculated by drawing pressure diagram, which is shown in Fig. 3.14.
[ntensity of pressure on top, =0
Intensity of pressure on D (or DE), pp= p,g.h,

=800 % 9.81 x 1.0 = 7848 N/m*

A
1m F =2 S
jr F, D S
0.5m S — :
Y Fs x
B 7848 " 4905C
Fig. 3.14

Intensity of pressure on base (or BO),pg = p,gh; + pog x 0.5
= 7848 + 1000 x 9.81 X 0.5 = 7848 + 4905 = 12753 N/m’

Now force F, = Area of AADE »x Width of tank
=%XADXDE)(2.U=%X 1 7848 x2.0=T848 N

=
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Force 'y = Area of rectangle DBFE x Width of tank
=05x7848 x2=T848 N
Fy = Area of AEFC x Width of tank

=%XEFXFCXZ.CF:%X0.5X4905X2.0=245275N

- Total pressure, F=F +F;+ F4
= 7848 + 7848 + 2452.5 = 18148.5 N. Ans.
(if) Centre of Pressure (h*). Taking the moments of all force about A, we get

FXxh*=F, x%AD + F,(AD + % BD) + F;[AD + % BD]

18148.5 x h* = 7848 x % =1+ 7848 [1.0 + %J + 2452.5 [LO +%x.5]

= 5232 + 9810 + 3270 = 18312

18312
h¥* = = L.009 m from top. Ans.

181485
Problem 3.12 A cubical tank has sides of 1.5 m. It contains water for the lower 0.6 m depth. The
upper remaining part is filled with oil of specific gravity 0.9. Calculate for one vertical side of the tank:
(a) total pressure, and
(k) position of centre of pressure.
Solution. Given :
Cubical tank of sides 1.5 m means the dimensions of the tank are 1.5 m x 1.5 m x 1.5 m.

Depth of water =0.6m

Depth of liquid =15-06=09m

Sp. gr. of liquid =(0.9

Density of liquid, p, = 0.9 x 1000 = 900 kg/m*
Density of water, p, = 1000 kg/m®

(@) Total pressure on one vertical side is calculated by drawing pressure diagram, which is shown
in Fig. 3.15.

79461 |F 5886
13832.1
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Intensity of pressure at A, p, =0
Intensity of pressure at D,p;, = p,g X h = 900 x 9.81 x 0.9 = 7946.1 N/m’
Intensity of pressure at B, pp = p,gh, + p,gh, = 900 x 9.81 x 0.9 + 1000 x 9.81 x 0.6
= 7946.1 + 5886 = 13832.1 N/m’
Hence in pressure diagram :
DE = 7946.1 N/m’, BC = 13832.1 N/m®, FC = 5886 N/m’
The pressure diagram is split into triangle ADE, rectangle BDEF and triangle EFC. The total pres-

sure force consists of the following components :
(i) Force F, = Area of miangle ADE » Width of tank

= (§xADXx DE) x 1.5 (*- Width = 1.5 m)
= (4% 0.9x 7946.1) x 1.5 N = 5363.6 N

This force will be acting at the C.G. of the triangle ADE, i.e., at a distance of % % 0.9 =0.6 m below A

(i1) Force F5 = Area of rectangle BDEF x Width of tank
=(BDxDEYx 1.5=(0.6 x7946.1) x 1.5=7151.5

This force will be acting at the C.G. of the rectangle BDEF i.e., at a distance of 0.9 + 976 =1.2m
below A.
(iti) Force F; = Area of triangle EFC x Width of tank

= (L X EF x FC) x 1.5 = (1 x 0.6 x 5886) x 1.5 = 2648.7 N

2
This force will be acting at the C.G. of the triangle EFC, i.e., at a distance of 0.9 + g % (L6=1.30m

below A.
Total pressure force on one vertical face of the tank,
F=F +F,+F,4
=5363.6 + 7151.5 + 2648.7 = 15163.8 N. Ans,

(&) Position of centre of pressure

Let the total force F is acting at a depth of i* from the free surface of liquid, i.e., from A.
Taking the moments of all forces about A, we get

Fxh*=F x06+F;x12+ Fy;x1.3

. Fx06+F xL2+ K xL13
or h*= _F :

_53636x0.6+7151.5x 12 + 26487 x 1.3

151638
= 1.005 m from A. Ans.

> 3.4 HORIZONTAL PLANE SURFACE SUBMERGED IN LIQUID

Consider a plane horizontal surface immersed in a static fluid. As every point of the surface is at the
same depth from the free surface of the liquid, the pressure intensity will be equal on the entire surface
and equal to, p = pgh, where £ is depth of surface.

L
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Let A = Total area of surface —_FREESURFACE
Then total force, F, on the surface HT hhhhhhhhhhhhhhh hJF*_
= h
=pXArea=pgxX h xA = pgAh l / ;P / 1
where h = Depth of C.G. from free surface of liquid = G

also  h* = Depth of centre of pressure from free surface = h.
Problem 3.13 Fig. 3.17 shows a tank full of water. Find :
(i) Total pressure on the bottom of tank.
(ify Weight of water in the tank,
(itt) Hyvdrostatic paradox between the results of (i) and (ii). Width of tank is 2 m.
Solution. Given :
Depth of water on bottom of tank

hy=3+06=36m
Width of tank =2m
Length of tank at bottom =4 m
Area at the bottom, A=4x2=8m?
() Total pressure F, on the bottom is

F=pgAh =1000x9.81 x8 x 3.6
= 282528 N. Ans.
(if) Weight of water in tank = pg x Volume of tank
= 1000 x9.81 x [3x04x2+4x.6x2]
= 1000 x 9.81 [2.4 + 4.8] = 70632 N. Ans.

(iii) From the results of (i) and (i), it is observed that the total weight of water in the tank is much
less than the total pressure at the bottom of the tank. This is known as Hydrostatic paradox.

Fig. 3.16

p 3.5 INCLINED PLANE SURFACE SUBMERGED IN LIQUID

Consider a plane surface of arbitrary shape immersed in a liquid in such a way that the plane of the
surface makes an angle 8 with the free surface of the liquid as shown in Fig. 3.18.

FREE LIQUID SURFACE;

Fig. 3.18 [Inclined immersed surface.
Let A = Total area of inclined surface

h = Depth of C.G. of inclined area from free surface
h* = Distance of centre of pressure from free surface of liquid
8 = Angle made by the plane of the surface with free liquid surface.
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Let the plane of the surface, if produced meet the free liquid surface at . Then O-0 is the axis
perpendicular to the plane of the surface.

Let y = distance of the C.G. of the inclined surface from 0-0

y* = distance of the centre of pressure from O-0.

Consider a small strip of area A4 at a depth *#’ from free surface and at a distance y from the axis
(- as shown in Fig. 3.18.

Pressure intensity on the strip, p=pgh

Pressure force, dF, on the strip, dF = p x Area of strip = pgh x dA

Total pressure force on the whole area, F = J-d'F = nghdA

W *

But from Fig. 3.18, . = E: h— = sin 6
¥ ¥ ¥
fr=ysin 0

F= IIJSXJ’XSinBXdA=pgSin9J-}'dA
But [yaa =y
where y = Distance of C.G. from axis 0-0
F=pgsinByxA
= pgAh (v h=ysin ) ..(3.0)
Centre of Pressure (h¥)

Pressure force on the strip,dF = pghdA

= pgy sin B dA [ =y sin 0]
Moment of the force, dF, about axis (-0

=dF x y=pgy sin 0 dA X y = pg sin 0 y’dA
Sum of moments of all such forces about (-0

= Jpgsin B y° dA =pgsin BJ}J3 dA

But J.y2 dA = M.O.L. of the surface about 0-0 = [
Sum of moments of all forces about -0 = pg sin 6 1, il 3T
Moment of the total force, F, about 0-0 is also given by
=iy (3.8)

where v* = Distance of centre of pressure from 0-0.
Equating the two values given by equations (3.7} and (3.8)
Fxy¥=pgsinB i,

or =P8 -“;9 L .(3.9)
£3 =
Now = ——, F=pgAh
sin @

and [, by the theorem of parallel axis = [; + Ay

L
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Substituting these values in equation (3.9), we get

AT L Pasing [!. +Aﬂ
sin 0 pgAh L7 7
s’mlﬁ —4
It = o [+ Ay7]
h - h
But i =s5in@ or y=—
b sin @
—a
sin- 8 h-
ht= ——| 1
h {G 91:129]
P
or e W (3.10)
Ah

If 8 = 90°, equation (3.10) becomes same as equation (3.5) which is applicable to vertically plane
submerged surfaces.

In equation (3.10), /, = M.O.L of inclined surfaces about an axis passing through G and parallel to 0-0.
Problem 3.14 (a) A rectangular plane surface 2 m wide and 3 m deep lies in water in such a way
that its plane makes an angle of 30° with the free surface of water. Determine the total pressure and
position of centre of pressure when the upper edge is 1.5 m below the free water surface.

Solution. Given : FREE WATER SURFACE
Width of plane surface, b=2m i 4
Depth, d=3m

Angle, 6 =30

Distance of upper edge from free water surface = 1.5 m
(i) Total pressure force is given by equation (3.6) as
F=pgAh
where p = 1000 kg/m®
A=bxd=3x2=6m"
h = Depth of C.G. from free water surface
= 1.5 + 1.5 sin 30° Fig. 3.19
{** h=AE+ EB= 1.5+ BCsin30°= 1.5+ 1.5 sin 30°}
=15+15x4+=225m
F=1000 x9.81 x 6 x2.25=132435 N, Ans.
(if) Centre of pressure (h*)

Using equation (3.10), we have

o 2 3 3
!:*:M+E, where!f;=i=m=4-5 m*
Ah 12 12
4.5x :
v X a 4
p* = 4.5 % sin" 30 +235= 4 +2.25
6x2.25 5

= (.0833 + 2.25 = 2.3333 m. Ans.

=



1

Hydrostatic Forces on Surfaces 89

Problem 3.14 (b) A rectangular plane surface 3 m wide and 4 m deep lies in water in such a way
that its plane makes an angle of 307 with the free surface of water. Determine the total pressure force
and position of centre of pressure, when the upper edge is 2 m below the free surface.

Solution. Given : Free surface of water
b=3m,d=4m,0=230° bt 2 e —

Distance of upper edge from free surface of water =2 m __-i__ 1 2m il

(i) Total pressure force is given by equation (3.6} as e Upper edge

F=pgAh
where  p = 1000 kg/m”,
A=bxd=3x4=12m?

and h = Depth of C.G. of plate from
free water surface /
=2+BE=2+BCsind \ i

=2+29in30“=2+2x%=3m

View normal
to plate

Fig. 3.19 ()
A F=1000x9.81 %12 x3=353167 N = 353.167 kN. Ans.
(if) Centre of pressure (h#)

Using equation (3.10), we have i* = "Li‘_%i Py
3 43
where /; = £= X =l6m’
12 12
1
ia2 16 x -
16 x sin~ 30°
!’$=m+3= 4 +3=3.111 m. Ans.
123 36

Problem 3.15 (a) A circular plate 3.0 m diameter is immersed in water in such a way that its
greatest and least depth below the free surface are 4 m and 1.5 m respectively. Determine the total
pressure on one face of the plate and position of the cenire of pressure.

Solution. Given : FREE WATER SURFACE
Dia. of plate, d=3.0m P f‘
Area, Aa=T #=L (30)=7.0685 m?
4 4 A
Distance DC=15m, BE=4m

Distance of C.G. from free surface
=h=CD+GCsinB=15+15sin0

ot ingo AB_BE-AE _40-DC_40-15

BC BC 30 3.0
25

= =0.8333

30 03

h=15+15x.8333=15+1249=2749m g, 339
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(i) Total pressure (IF)

=
]

pgAE
1000 x 9.81 x 7.0685 x 2.749 = 190621 N. Ans.

(if) Centre of pressure (h*)

Using equation (3.10), we have h* = Igan 6 :;_:‘ 8 +h
n n
here I;=— d'=— (3)* =3.976 m*
WhHere Fr 64 64 { ) P
e = 3T6XIBII X8I, 5 749 = 0.1420 4+ 2.749
7.0685 x 2.749

= 2.891 m. Ans.

Problem 3.15 (b) If in the above problem, the given circular plate is having a concentric circular
hole of diameter 1.5 m, then calculate the total pressure and position of the centre of pressure on one

face of the plate. E D
Solution. Given : [Refer to Fig. 3.20 (a)] B
] 1.5
Dia. of plate, d=3.0m gl : >
A )
T . T " y 3] View normal
Area of solid plate = >, 4= Y (3)* = 7.0685 m to plate

Dia. of hole in the plate, d;=1.5m B

do‘j’:;(],ﬁ)Z:l,Tﬁ?]m:

. Area of the given plate, A = Area of solid plate — Area of hole
= 7.0685 - 1.7671 = 5.3014 m’
Distance CD =15, BE=4m
Distance of C.G. from the free surface, Fig. 3.20 (a)

. Area of hole =

=|a

h=CD+ GCsin 0

=15+ 1.5sin0
But sinB:ﬁ:BE-AE:‘I."]'S:E
BC BC 3 3

h=15+ 1.5x?=1.5+ 1.25=275m

(i} Total pressure force (F)
F=pgAh
= 1000 x 9.81 x 5.3014 x 2.75
= 143018 N = 143.018 kN. Ans.
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(i) Position of centre of pressure (h¥)

Using equation (3.10), we have

[.sin° 8 -
=$+h

h*
Ah

8 4 LS 4 4

where [-= — [d'—dp]=—[3"-1.5"]m

e G ﬁ4[ ol 64[ |
s 3 by L8

A= = [d° —dy] = 2 [3% = 15T
sin B = zsandE:Z?S

h’l-‘ -

2

3 ] +275= 1 x11.25x6.25 "
2.75 16 275 x9
(L177 + 2.75 = 2.927 m. Ans.

Problem 3.16 A circular plate 3 metre diameter is submerged in water as shown in Fig. 3.21. Its
greatest and least depths are below the surfaces being 2 metre and | metre respectively. Find : (i) the
total pressure on front face of the plate, and (ii) the position of centre of pressure.

Solution. Given :

2.75

Water surface
i i = D Vv E
Dia. of plate, d=3.0m T8 5.1-“_;__—___-__-__-1. J f
Area, A= (3.0 = 7.0685 m? ey 4 2m
4 c A
Distance, DC=1m,BE=2m
AB BE-AE BE-DC 20-10 1 \SC;P:'
In AMABC, sinf=—= = == = )
AC BC BC 3.0 3 Fig. 3.21

The centre of gravity of the plate is at the middle of BC, i.e., at a distance 1.5 m from C.
The distance of centre of gravity from the free surface of the water is given by

h=CD+CGsin®=10+15x 1 (v sin@=1)
=L5m.
(i) Total pressure on the front face of the plate is given by
F=pgAh

= 1000 x 9.81 x 7.0685 x 1.5 = 104013 N, Ans.

(if) Let the distance of the centre of pressure from the free surface of the water be #*. Then using
equation (3.10), we have

I sin"@ -
_ Isin B+h

h* =
Al

g
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where .’G=£(I4=£(3]4,A=£d1.ﬁ= 1.5 m and 5inB=-1;
64 64 4 :

Substituting the values, we get

T 1)
O
u.; 15=d_){#

h* =
E{.’z % 1.5 16 9xL5
4

2

=——+1.5=.0416 + 1.5 = 1.5416 m. Ans.
I6x9x15

Problem 3.17 A rectangular gate 5 m x2 m is hinged at its base and inclined at 60° to the horizon-

tal as shown in Fig. 3.22. To keep the gate in a stable position, a counter weight of 5000 kgf is attached

at the upper end of the gate as shown in figure. Find the depth of water at which the gaite begins to fall.

Neglect the weight of the gate and friction at the hinge and pulley.
Solution. Given :

Length of gate =5m
; 5000 kgf (W
Width of gate =2m
6= 060° =

Weight, W= 5000 kgf

= 5000 x 9.81 N P

= 49050 N (- 1 kef = 9.81 N)
As the pulley is frictionless, the force acting at B = 49050 N. First HINGE/

find the total force F acting on the gate AB for a given depth of
water.

AE h 5 2h
From fieure, AD = = = =
e sn@  sin60' ~3/2 3
. . ) 2h 4,
Area of gate immersed in water, A = AD x Width X —= x2 = ——= m
BT
Also depth of the C.GG. of the immersed area = h= E =0.5h
4h h 19620

Total force F is given by F=pgAh = 1000 %9.81 x —x—=——"’N

The centre of pressure of the immersed surface, ii* is given by

U 7 S
h* = M+ h
Ah
where [, = M.O.L of the immersed area
_ Mzzx[z_h o ap 2t
R 12°\43 S

o lent 4K’ o
12x3x43 9x43

=
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A

[ﬁ ]"
. EVE 2 hoo3n°
= +

= » Gh_3h" h_h_h_h+3h _2h
C9x437 4 b2 18k 2 6 2 6 3
302
Now in the ACHD, CH:I:*:%{I-,LCDH=6{]“
C_'H.zsjnf)(}“
CcD
CH h* 2h 4h
EF = = - -
sin 60°  sin 60° %XJST 3Ix43
AC=ADS CD= 2h 4h _ 6h—=4h _ 2h -

NN RN IV
Taking the moments about hinge, we get
19620 b2 2h

ﬁ iXBﬁ

49050 x 5.0 = Fx AC=

39240 i*
Ix3

W 9 x 245250
39240
K h=(56.25)"7 = 3.83 m. Ans.
Problem 3.18 An inclined rectangular siuice gate AB, 1.2 m by 5 m size as shown in Fig. 3.23 is
installed to control the discharge of water. The end A is hinged. Determine the force normal to the gate
applied at B to open it
Solution. Given :

or 245250 =

= 56.25

A = Area of gate = 1.2 x 5.0 = 6.0 m’

Depth of C.G. of the gate from free surface of the water = h
=DG=BC-BE FREE WATER SURFACE © ¢ D
= 5.0 - BG sin 45° s

=50-0.6 % L =4576m

N

The total pressure force (F) acting on the gate,

F=pgAh
= 1000 x 9.81 x 6.0 x 4.576
= 269343 N
This force is acting at H, where the depth of H from
free surface is given by

_Is si1133+-

h* — I
Al

=
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bd®  50x12°

where f; = M.O.L of gate = = =072 m
72 x sin® 45°
Depth of centre of pressure /™ = G is i +4576 = 013 + 4576 = 4589 m
6 x 4.576
ha‘v‘-
But from Fig. 3.23 (a), —— = sin 45°
OH
&
Distance, pge—2 498 4seox V2 =648 m
sin45° 1
J2
Distance, BO=—> _ =5x V2 =7.071m
sin 45°
Distance, BH=B0-0H=7.071 - 6.489 = (0.582 m
Distance AH=AB -BH =12 -0582=0618m

Taking the moments about the hinge A
P x AB = F x (AH)
where P is the force normal to the gate applied at B
Px 1.2 =269343 x 0.618

P 269343 % 0.618
1.2
Problem 3.19 A gate supporting water is shown in Fig. 3.24. Find the height h of the water so that
the gate tips abouf the hinge. Take the width of the gate as unity.
Solution. Given : 6 = 60°
h 2h

= 138708 N. Ans.

sin 60° hﬁ

Distance, AC=

where i = Depth of water.

The gate will start tipping about hinge B if the resultant pressure force acts at B. If the resultant
pressure force passes through a point which is lying from B to C anywhere on the gate, the gate will tip
over the hinge. Hence limiting case is when the resultant force passes through B. But the resultant force
passes through the centre of pressure. Hence for the given position, point B becomes the centre of
pressure. Hence depth of centre of pressure,

h*=(h-3Im FREE WATER SURFACE
I.sin°@ - S
But /1* is also given by R il B
Ah ¢ HINGE
Taking width of gate unity. Then h A —
m
2h —

Area, A=ACX1=“=x1:h=2 Fa 6o

V3

2
]X[Z.‘z
IG=£=E><AC3= 3) s 2w
12 12 12 12x3x43 9x43

L
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1.3
L2n sin?60° h M4 h o n 2m
1= > +—= = o R O A
Oxy3 20 h 2 o 2 6 2 3
V372
Equating the two values of i¥,
h—3=£ or !z-ﬁz.’; or £=3
3 3 3
h=3x3=9m

Height of water for tipping the gate = 9 m. Ans,

Problem 3.20 A rectangular siuice gate AB, 2 m wide and 3 m long is hinged at A as shown in
Fig. 3.25. It is kepi closed by a weight fixed to the gate. The total weight of the gate and weight fixed to
the gate is 343350 N. Find the height of the water *h’ which will just cause the gate to open. The centre
of gravity of the weight and gate is at G.

Solution. Given :

Width of gate, b=2m; Length of gate L=3m
Area, A=2x3=6m’

Weight of gate and W = 343350 N

Angle of inclination, 0 =45°

Let £ is the required height of water.
Depth of C.G. of the gate and weight = h
From Fig. 3.25 (a),
h=h-ED=h-(AD - AE)

y

=Ji — (AB sin 8 — EG tan 8) { tanﬂ=% S AE = EG tan B}

= f — (3 sin 45° - 0.6 tan 45%)
=h—(2.121-06)=(h-1.521) m
The total pressure force, F is given by
F= pgA,"-r = 1000 x 9.81 x 6 > (h—1.521)

= 58860 (h — 1.521) N.

The total force F is acting at the centre of pressure as shown in Fig. 3.25 (#) at H. The depth of H
from free surface is given by #* which is equal to

i _ 3 3
h*zifn ME ﬂ+h,whcre I = £=2X3 =E=4.51‘I1‘I
12 12 12
45 xsin” 45° .
g SR B g Sy OO e (S

~6x(h-1521) (h—1521)

=
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FREE WATER SURFACE;
c
I
h HINGE
h
A
gl \G¥
(“’7)
p| W'e \/
B
0.6
g = 45°

(@)
Fig.3.25

Now taking moments about hinge A, we get
343350 x EG = F x AH
AK
sin 45°

or 343350 x 0.6 = F %

[me AAKH, Fig. 325 (b) AK = AH sin 8 = AH sin 45° . AH = 'Afs ]
sin 45°

58860 (h—1.521)x AK

sin 45°
AK 343350 x 0.6 xsin 45" 03535x 7 0
= = Y
58860 (h—1.521) (h=1521)
But AK:!;*—AC=L+(!?— 1.521) - AC 1)
(h—1521)
But AC=CD -AD =h-ABsin45° = h -3 xsin 45° = h - 2.121
Substituting this value in (if), we get
375
K= —— 4+ (k=152 - (h-2.121
h-=1521 ( )= )
7 37
= L + 2121 - 1.521 = —S + 0.6 w:(TTE)
h—1521 h—1.521

Equating the two values of AK from (i) and (iii)
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03535x7 0375 "
h=1521 h-1521

or 03535 x7=0375+06(h-1.521)=0375+0.6 h — 0.6 x 1.521
or 0.6h =2.4745 - 375+ 0.6 x 1.521 = 2.0995 + 0.9126 = 3.0121
h = M = 5.02 m. Ans.
0.6

Problem 3.21 Find the total pressure and position of centre of pressure on a triangular plate of
base 2 m and height 3 m which is immersed in water in such a way that the plane of the plate makes an
angle of 60° with the free surface of the water. The base of the plate is parallel to water surface and at

a depth of 2.5 m from water surface. FREE WATER SURFACE

Solution. Given :

Base of plate, b=2m

Height of plate, h=3m

Area, ."¢=Eﬁ‘)<'JI]T=2)(3=3m2
2 2
Inclination, 8 = 60°
Depth of centre of gravity from free surface of water,
h =2.5+ AG sin 60° Fig. 3.26
=25+ % %3 x ? { AG =%of height of lriangle}

=2.5+ .866 m = 3.366 m
(i) Total pressure force (F)
F=pgAh = 1000 x 9.81 x 3 x 3.366 = 99061.38 N. Ans.
(if) Centre of pressure (h*). Depth of centre of pressure from free surface of water is given by

fil'* = ._.IG SIEHH +E
Ah
b 2x3 3
where .J'G:—I: - =5: 1.5 m*
1.5 % sin” 60° _ _
h*= —— +3.366 =0.111 + 3.366 = 3.477 m. Ans.
3x 3366

» 3.6 CURVED SURFACE SUB-MERGED IN LIQUID

Consider a curved surface AB, sub-merged in a static fluid as shown in Fig. 3.27. Let dA is the area
of a small strip at a depth of / from water surface.
Then pressure intensity on the area dA is = pgh
and pressure force, dF =p % Area = pgh x dA ~(3.11)
This force dF acts normal to the surface.
Hence total pressure force on the curved surface should be

F= _[ pghdA (3.12)

=
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WATER .
SURFACE C
ok o)
f
[%7]
Y, R4
A
E
AL dA cos 6
AREA dA
B (b)
(a)
Fig. 3.27

But here as the direction of the forces on the small areas are not in the same direction, but varies
from point to point. Hence integration of equation (3.11) for curved surface is impossible. The problem
can, however, be solved by resolving the force dF in two components dF, and dF, in the x and y
directions respectively. The total force in the x and y directions, ie., F,and F_ are obtained by
integrating dF  and dF . Then total force on the curved surface is '

F=F +F (3.13)

and inclination of resultant with horizontal is tan ¢ = — ~(3.14)
X

Resolving the force dF given by equation (3.11) in x and vy directions :

dF, = dF sin 0 = pghdA sin 68 [ dF = pghdA}
and dF, = dF cos 8= pghdA cos B
Total forces in the x and y direction are :
o _[ dF, = j pghdA sin 6 = pg J' hdA sin 0 ~(3.15)
and F,= J dF, = I pghdA cos B = pg j hedA cos 6 -13.16)
‘ig. 3.27 (b) shows the enlarged area dA. From this figure, i.e., AEFG,
EF =dA
FG=dAsin®
EG=dAcos B

Thus in equation (3.15), dA sin 8 = FG = Vertical projection of the area 44 and hence the expression
pg J hdA sin B represents the total pressure force on the projected area of the curved surface on the

vertical plane. Thus
F, = Total pressure force on the projected area of the curved surface on vertical plane.  ...(3.17)
Also dA cos 8 = EG = horizontal projection of A and hence fidA cos 8 is the volume of the liquid

contained in the elementary area dA upto free surface of the liquid. Thus JMA cos 0 is the total
volume contained between the curved surface extended upto free surface,

Hence pg jmm cos B is the total weight supported by the curved surface. Thus

F,=pg -[ hdA cos 6

= weight of liquid supported by the curved surface upto free surface of liquid. .(3.18)
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such cases, F_ is equal to the weight of the imaginary liquid supported

upward direction.

Problem 3.22 Compute the horizontal and vertical components
of the total force acting on a curved surface AB, which is in the form
of a quadrant of a circle of radius 2 m as shown in Fig. 3.29. Take the
width of the gate as unity.

where I, = M.O.I. of OB about its C.G. = —

In Fig. 3.28, the curved surface AB is not supporting any fluid. In

WATER SURFACE

by AB upto free surface of liquid. The direction of F, will be taken in

Solution. Given :

Width of gate =1.0m
Radius of the gate =20m
Distance AO=0B=2m

Horizontal force, F, exerted by water on gate is given by % § D_ TEE SURFf‘?% ?_'::‘NATER
equation (3.17) as 1.5m3 g i R
F_ = Total pressure force on the projected area of curved ;“‘m_ A E

surface AB on vertical plane .L 1

= Total pressure force on OJB X
{projected area of curved surface on vertical plane = OB x 1} Fig. 3.29

pgAh

1000 x 9.81 x2x 1 x [l.5+%]

{r Areaof OB=A=BOx1=2x1=2,
h = Depth of C.G. of OB from free surface = 1.5 + £}
F,=9.81 x 2000 x 2.5 = 49050 N. Ans.

; Is -
The point of application of £, is given by h* = A—‘;_+ h
i

bd'  1x2° s

2
— =—m
2 12 3
2
prm—3 pmse L sous
2%25 75

=0.1333 + 2.5 = 2.633 m from free surface.
Vertical force, F, exerted by water is given by equation (3.18)

F. = Weight of water supported by AB upto free surface
© = Weight of portion DABOC
= Weight of DAOC + Weight of water AOB
= pg [Volume of DAOC + Volume of AQB]

= 1000 x 9.81 [ADx A{}xl+;{ft(})2 xl]
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1000 x 9.81 [1.5><2.0>< |+§><22 xl:l

1000 x 9.81 [3.0 + wIN = 60249.1 N. Ans.

Problem 3.23 Fig. 3.30 shows a gate having a quadrant shape of radius 2 m. Find the resultant
[force due to water per metre length of the gate. Find also the angle at which the total force will act.

Solution. Given : WATER SURFACE A

Radius of gate =2Zm
Width of gate =1m
Horizontal Force
F = Force on the projected area of the
curved surface on vertical plane

= Force on B0 = pgAE
where A:ArcavaO:le:Zmz, i=%><2= I m;
F,=1000x9.81x2x1=19620 N
This will act at a depth of% Xx2= % m from free surface of liquid,

Vertical Force, F,
F. = Weight of water (imagined) supporied by AB
- =pgxAreaof AOB x 1.0

= 1000 x 9.81 x % (2)* % 1.0 = 30819 N

4R _ 4x20

This will act at a distance of — = (.848 m from OB.
3n in

Resultant force, F is given by

F= [F!+F

= /19620 + 30819 = /384944400 + 949810761
= 365344 N. Ans.
The angle made by the resultant with horizontal is given by
F, 30819
tan B = —=
F, 19620
8 =tan"' 1.5708 = 57° 31", Ans.

= 1.5708

X

Problem 3.24 Find the magnitude and direction of the resultant force due to water acting on a
roller gate of cylindrical form of 4.0 m diameter, when the gate is placed on the dam in such a way that

water is just going to spill. Take the length of the gate as 8 m.
Solution. Given :
Dia. of gate =4m
Radius, R=2m
Length of gate, [=8m

=
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Horizontal force, /', acting on the pate is WATER
SURFACE A

F = pgAH = Force on projected area of curved surface
ACB on vertical plane
= Force on vertical area AOB
where A = Arca of AOB = 4.0 x8.0 =32.0 m*
h = Depth of C.G. of AOB=4/2=2.0m
F,.=1000x9.81 x32.0x2.0
= 627840 N. Fig. 3.31

Vertical force, F is given by
F. = Weight of water enclosed or supported (actually or imaginary) by

the curved surface ACB
= pg ¥ Volume of portion ACB
=pg % Areaof ACB x [

= 1000 x 9.81 x guef % 8.0 = 9810 x %{2)3 % 8.0 = 493104 N

[t will be acting in the upward direction.

Resultant force, F=.F] +F =,/627840 + 493104 = 798328 N. Ans.

F, 493104

Direction of resultant force is given by tan 6= —=
F, 627840

X 0 =31°8", Ans.
Problem 3.25 Find the horizontal and vertical component of water pressure acting on the face of a
tainter gate of 90° sector of radius 4 m as shown in Fig. 3.32. Take width of gate unity.

Solution. Given : WATER SURFACE A

Radius of gate, R=4m

Horizontal component of force acting on the gate is

. = Force on area of gate
projected on vertical plane
= Force on area ADB

=0.7853

= pgAh
where A = AB x Width of gate ]
=2xAD x| (. AB = 2AD) Fig. 3.32
=2 x4 x sin 45° = § x .707 = 5.656 m> {*+ AD = 4 sin 45°}
fa A8 3006 o mne
2 2

F,= 1000 x 9.81 x 5.656 x 2.828 N = 156911 N. Ans.
Vertical component
F, = Weight of water supported or enclosed by the curved surface
= Weight of water in portion ACBDA

pg x Area of ACBDA x Width of pate
1000 > 9.81 x [Area of sector ACBOA — Area of AABO] x |

=
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= 9810 x Eﬂl ﬁ@} [~- AAOB is a right angled]
3 4
= 9810 x [%4- . ; ] = 44796 N. Ans.

Problem 3.26 Cualculate the horizontal and vertical components of the water pressure exerted on a
tainter gate of radius 8 m as shown in Fig. 3.33. Take width of gate unity.
Solution. The horizontal component of water pressure is given by

F.= pgAh = Force on the area projected on vertical plane

= Force on the vertical area of BD WATER SURFACE

where A =BD x Width of pate=4.0x1=4.0m o 4+m
) ¥
k= l x4=2m
2
F.o=1000 x9.81 x 4.0 x 2.0 = 78480 N. Ans. Fig. 3.33

Vertical component of the water pressure is given by
F. = Weight of water supported or enclosed (imaginary) by curved
surface CB
= Weight of water in the portion CBDC
= pg x [Area of portion CBDC] x Width of gate
= pg * [Area of sector CB0 — Area of the triangle BOD] x 1

= 1000 x 9.81 x [—x nR- -
360
— 9810 |:Ln 82— 40 %88 cus3[}°}
12 2
[~ DO = BO cos 30” = 8 x cos 307}
=9810 x [16.755 — 13.856] = 28439 N. Ans.
Problem 3.27 A cylindrical gate of 4 m diameter 2 m long has water on its both sides as shown in
Fig. 3.34. Determine the magnitude, location and direction of the resuliani force exerted by the waier
on the gate. Find also the least weight of the cylinder so that it may not be lifted away from the floor.
Solution. Given : WATER SURFACE A
Dia. of gate =4m D St
Radius =2m
() The forces acting on the left side of the cylinder are :
The horizontal component, F
where F, = Force of water on area projected on vertical __ _

WATER
S

= ————

plane s
= Force on area AOC
= . Fig. 3.34
=pgAh where A=ACx Width=4x 2
= 1000 x 9.81 x 8§ x 2 =8m’
= 156960 N :E:%m:zm
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F, = weight of water enclosed by ABCOA

;
= 1000 x 9.81 x E Rz} x 2.0 = 9810 x g % 22 % 2.0 = 123276 N.
Right Side of the Cylinder
F = pgﬁ.zﬂz = Force on vertical area CO
= 1000 x 9.81 x 2 x 2 %{ A3=C0xl=2x1=2m2,53=%=l.ﬂ}

=39240 N
F;.-z = Weight of water enclosed by DOCD

=pg X [ERE] * Width of gate

= 1000 x 9.81 x;x22x2=61638N

Resultant force in the direction of x,
F.= F_‘.] - F_,:2 = 156960 — 39240 = 117720 N
Resultant force in the direction of y,
F = F_‘_] + F_\_zz 123276 + 61638 = 184914 N
(i) Resultant force, I is given as

=

F=JF+F! = J(117720) +(184914)" = 219206 N. Ans.
(if) Direction of resultant force is given by

F, 184914
tain B = —=
F_ 117720

¥ 0=57° 31'. Ans.
(iif) Location of the resultant force
x4

= 1.5707

; 2 : ; 5 3
Force, F, acts at a distance of = 2.67 m from the top surface of water on left side, while F_

2
acts at a distance of 3 2 = 1.33 m from free surface on the right side of the cylinder. The resultant

force F_in the direction of x will act at a distance of v from the bottom as
Fonys F. [4-2.67]1-F_[2-1.33]

or 117720 x y = 156960 x 1.33 — 39240 x .67 = 208756.8 — 26290.8 = 182466
y= :?i:gg = 1.55 m from the bottom.
Force F, acts at a distance % from AOC or at a distance A 2;0 = (.8488 m from AOC towards
left of AOC. - ‘

Also F, acts at a distance 1—R = 0.8488 m from AOC towards the right of AQC. The resultant force
: b

F, will act at a distance x from AOC which is given by

L
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Fyxx=F, x.8488 - F, x .8488

or 184914 x x = 123276 x 5488 — 61638 x 8488 = 8488 [123276 - 61638] = 52318.4
x= calon =0.2829 m from AOC.
184914
(iv) Least weight of cylinder. The resultant force in the upward direction is
F,= 184914 N

Thus the weight of cylinder should not be less than the upward force F.. Hence least weight of
cylinder should be at least. '
= 184914 N. Ans.
Problem 3.28 Fig. 3.35 shows the cross-section of a tank full of water under pressure. The lengih
of the tank is 2 m. An empty cylinder lies along the length of the tank on one of its corner as shown.
Find the horizontal and vertical components of the force acting on the curved surface ABC of the
cvlinder.

Solution. Radius, R=1m 0.2 kgffem
Length of tank, {=2m
Pressure, p = 0.2 kgffem? = 0.2 x 9.81 N/em’
= 1.962 N/em” = 1.962 x 10" N/m?
4
Pressure head, h= B LGE 55 1

pg 1000981

Free surface of water will be at a height of 2 m from
the top of the tank.
Fig. 3.36 shows the equivalent free surface of water.

(i) Horizontal Component of Force

F, =pgAh
where A = Area projected on vertical plane
=1.5%2.0=3.0m’
h=2+—=275
2
F,.=1000=x9.81 % 3.0 x2.75
= 80932.5 N. Ans.
(if) Yertical Component of Force

F, = Weight of water enclosed or supported
. actually or imaginary by curved surface ABC
= Weight of water in the portion CODE ABC
= Weight of water in CODFBC — Weight of water in AEFB

But weight of water in CODFBC
= Weight of water in [COB + ODFBO]

R* :
= pg |:1[—5—+BO><OD} % 2 = 1000 x 9.81 [Exl”+].l}x2.s} x 2

= 64458.5 N
Weight of water in AEFB = pg [Area of AEFB] x 2.0

=



Hydrostatic Forces on Surfaces 105

= 1000 x 9.81 [Area of (AEFG + AGBH — AHB)] x 2.0

In AAHO, sin B = r—~=-]7—0 = 0.5 8 = 30°

BH=BO -HO =10-A0cos 8=1.0-1 x cos 30° =0.134
ABH = Area ABO — Area AHO

30 AHXHO_wR* 05x866 _ . .
360 20 12

Area,

= 7R K
Weight of water in AEFB
= 9810 x [AE X AG + AG x AH - 0.0453] x 2.0
= 0810 = [2.0 x .134 + .134 x .5 — .0453] x 2.0
= 0810 x [.268 + .067 — .0453] x 2.0 = 5684 N
F, = 64458.5 — 5684 = 58774.5 N. Ans.

Problem 3.29 Find the magnitude and direction of the resultant water pressure acting on a curved
2

Jace of a dam which is shaped according 1o the relation y = o as shown in Fig. 3.37. The height of the

water retained by the dam is 10 m. Consider the width of the dam as unity.

Solution. Equation of curve AB is ok
2
y= = or x’= L e DAM
9
&% r= 0y = 3\5
Height of water, hA=10m
Width, b=1m "

The horizontal component, £ is given by r-g‘ 3.37
F, = Pressure due to water on the curved area projected on vertical plane

= Pressure on area BC
= pgAh
where A=BCx1=10x1m’ h=4x10=5m

F_=1000 % 9.81 x 10 x5 = 490500 N

Vertical component, F is given by
F_l, = Weight of water supported by the curve AB

= Weight of water in the portion ABC
= pglArea of ABC] x Width of dam

10 o
=pg U XX d_v] x 1.0 {Area of strip = xdy .. Area ABC= Im‘y}
i 0

=1000x9.81x‘[:u3ﬁdy (- x=3J5)

32 |,

502 10
= 29430 P ] = 20430 x = [v-‘”]“' = 19620 [10°?]
3l b
= 19620 x 31.622 = 620439 N
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Resultant water pressure on dam

F=[F+F? =/(490500)" +(620439)*
= 790907 N = 790.907 kN. Ans.
Direction of the resultant is given by

E 20439
tauB:—}'-lﬁ[:14 = 1.265

F. 490500
0= 51° 40°. Ans.

2
Problem 3.30 A dam has a parabolic shape y =y, [i] as shown in Fig. 3.38 below having x, = 6 m
;Tn
and y, = 9 m. The fluid is water with density = 1000 kgi’m". Compute the horizontal, vertical and the
resultant thrust exerted by water per metre length of the dam.
Solution. Given :
Equation of the curve 0A is

Y4

-

X 5 X % .Tl .1’2
=V —_— =9 ! =9X—=_
4 '“[x,]] (6] 36 4

or K= 4y
S f4"’ =22
Width of dam, b=1m.
(/) Horizontal thrust exerted by water
F, = Force exerted by water on vertical surface
OB, i.e., the surface obtained by projecting ORIGIN x,=6m
the curved surface on vertical plane
_ pgA:"-r Fig. 3.38

= 1000 x 9.81 x (9 x 1) x % = 397305 N. Ans.

(if) Vertical thrust exerted by water
F, = Weight of water supported by curved surface OA upto free surface of
~ water
= Weight of water in the portion ABO
= pg x Area of OAB x Width of dam

9
= 1000 x 9.81 x [j.rxdy} % 1.0
[}

1

4
1000 x 9.81 x Uﬂ 2y''? xdy] x 1.0 (= x=2y"%

i 71°
19620 x | = - 19620 x = [977
(3r2) ), 3

19620 x % ® 27 = 353160 N. Ans.



Hydrostatic Forces on Surfaces 107

(fii{) Resultant thrust exerted by water
F=F!+ F? = 397305 + 353160 = 531574 N. Ans.

Direction of resultant is given by

F, 353160
tan = —=

F. 397305

6= tan”' 0.888 = 41.63°. Ans.
Problem 3.31 A cylinder 3 m in diameter and 4 m long retains water on one side. The cylinder is
supported as shown in Fig. 3.39. Determine the horizontal reaction at A and the vertical reaction at B.

= (.888

The cylinder weighs 196.2 kN. Ignore friction. WATER SURFACE C
Solution. Given :
Dia. of cylinder =3m
Length of cylinder =4m

Weight of cylinder, W=196.2 kN = 196200 N
Horizontal force exerted by water
F .= Force on vertical area BOC

= peAh

where A:BOfo:}x-:;:12m3.5=%x3=1.5m

F,=1000x9.81 x12x1.5= 176580 N
The vertical force exerted by water
F, = Weight of water enclosed in BDCOB

= pg x GRZJ x [ = 1000 x 9.81 % % % (1.5)% x4 = 138684 N

Force F, is acting in the upward direction.
For the equilibrium of cylinder
Horizontal reaction at A = F, = 176580 N

Vertical reaction at B = Weight of cylinder — F_‘.
= 196200 - 138684 = 57516 N. Ans.

p 3.7 TOTAL PRESSURE AND CENTRE OF PRESSURE ON LOCK GATES

Lock gates are the devices used for changing the water level in a canal or a river for navigation.
Fig. 3.40) shows plan and elevation of a pair of lock gates. Let AB and BC be the two lock gates. Each
gate is supported on two hinges fixed on their top and bottom at the ends A and C. In the closed
position, the gates meet at B.

Let F = Resullant force due to water on the gate AB or BC acting are right angles to the gate

R = Reaction at the lower and upper hinge
F = Reaction at the common contact surface of the two gates and acting perpendicular to the
contact surface.

Let the force P and £ meet at O, Then the reaction R must pass through O as the gate AB is in the
equilibrium under the action of three forces. Let 0 is the inclination of the lock gate with the normal to
the side of the lock.

L



1

108 Fluid Mechanics

In £ZABO, Z0OAB = ZABO = 6.

Resolving all forces along the gate AB and putting equal to zero, we get
RcecosB-PcosB=0o0rR="F

+(3.19)
« HINGE
WATER SURFAC
‘l’-:—:—::_:_-F{|—_:—: =
w2 = i
“H,/3
UPSTREAM SIDE p DOWNSTREAM
SIDE
Resolving forces normal to the gate AB
Rsin@+ PsinB-F=10
or F=RsinO+ PsinB=2Psin@ {--R=P}
P= £ -{3.20)
2sinf

To calculate P and R

In equation (3.20), P can be calculated if # and 0 are known. The value of 8 is calculated from the

angle between the lock gates. The angle between the two lock gate is equal to 180" - 26. Hence 6 can
be calculated. The value of £ is calculated as :

Let H, = Height of water on the upstream side
H, = Height of water on the downstream side
F, = Water pressure on the gate on upstream side
F, = Water pressure on the gate on downstream side of the gate
{ = Width of pate
Now F, = peA, b
H,
=pg X H; XIX a5
H; — _H, ]
= haind 5 vA=EH < Lhh=—
pg! 5 | 1 >
- H, IH?
Similarly, Fy= pgashs = pg x (Hyx ) x =L =""’5'T2
IH! pglH;
Resultant force ~ F=F - F,= Be PR

2 2
Substituting the value of 8 and F in equation (3.20), the value of P and R can be calculated.
Reactions at the top and bottom hinges

Let R, = Reaction of the top hinge
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R, = Reaction of the bottom hinge
Then R=R,+R,
The resultant water pressure F acts normal to the gate. Half of the value of F is resisted by the
hinges of one lock gates and other half will be resisted by the hinges of other lock gate. Also F| acts at

: H ; | H,
a distance of Tl from bottom while F, acts at a distance of 3 from botom.
Taking moments about the lower hinge

R H_E H

R;XsinHXH=-iX—-— A1)
2 3 2 3
where H = Distance between two hinges
Resolving forces horizontally
R sin 9+ R, sinﬂz-gi-—%- (i)

From equations (i) and (ii), we can find R, and K.
Problem 3.32 FEach gate of a lock is 6 m high and is supported by two hinges placed on the top
and battom of the gate. When the gates are closed, they make an angle of 1207 The width of lock is
5 m. If the water levels are 4 m and 2 m on the upstream and downsiream sides respeciively, determine
the magnitude of the forces on the hinges due to water pressure.

Solution. Given : HINGE R,
Height of lock =6m
Width of lock =5m
Width of each lock gate = AB
AD 2.5
ar {= =
cos 30°  cos30”
=2.887 m
Angle between gates = 120°
0= ISG”-]ZO"_ @ 300
2 2
Height of water on upstream side
H =4m PLAN A "30°
and H,=2m Fig. 3.41

Total water pressure on upstream side
F,= pgﬂlﬁl, where A = H, x [ = 4.0 x 2.887 m*
- H 4
= 1000 x 9.81 x 4 x 2.887 x 2.0 = =5=240m
= 226571 N
. . , H 4
Force F; will be acting at a distance of T = g = 1.33 m from bottom.

Similarly, total water pressure on the downstream side
Fy=pgA,ha, where Ay = Hy x [ = 2 x 2,887 m’

= 1000 x 9.81 x 2 x 2.887 x 1.0 12 =
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= 56043 N
- . H,
F, will act at a distance of e 0.67 m from bottom,

Resultant water pressure on cach gate
F=F - F,= 1226571 — 56643 = 169928 N.
Let x is height of F from the bottom, then taking moments of F,, F, and F about the botiom, we have
Fxx=F x133-F,x067

or 169928 x x = 226571 x 1.33 — 56643 x 0.67
_ 226571x133-56643x 067 _ 30133937950 _ .
169928 T 169928 o
From equation (3.20), P= — = 169928 _ 169928 N.

2sinB 2 sin 30

From equation (3.19), R =P = 169928 N,
If Ry and Ry are the reactions at the top and bottom hinges, then R; + Ry = R = 169928 N.
Taking movements of hinge reactions Ry, Ry and R about the bottom hinges, we have

Ry x60+R;x0=Rx1.55

_ 169928 x 1.55
z 6.0
Ry =R - Ry = 169928 — 43898 = 126030 N. Ans.

Prnblem 3.33 The end gates ABC of a lock are 9 m high and when closed include an angle of
1207, The width of the lock is {0 m. Each gate is supported by two hinges located at | m and 6 m
above the bottom of the lock. The depths of water on the two sides are 8 m and 4 m respectively. Find:

(i) Resultant water force on each gate,

(ii) Reaction between the gates AB and BC, and

(iii) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane
as resultant water pressire.

Solution. Given :

= 43808 N

Height of gate =9m
Inclination of gate = 120°
180°—120°
= ——F—=30°
2
A
_— 11 m TT:—T__ L HINGES
B
30
(a) PLAN (b) ELEVATION

Fig. 3.42
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Width of lock =10m
5
Width of each lock = Lorl=5773m
cos 30
Depth of water on upstream side. Hy=8m

Depth of water on downstream side, H,=4m
(i) Water pressure on upstream side

F\ = pgA,hi
—  H, 8
where A, =[x H =5.773 x 8 = 46.184 m, m:T:E:ﬂl.ﬂm

F,=1000 x 9.81 x 46.184 x 4.0 = 1812260 N = 1812.26 kN
Water pressure on downstream side,

where A, =1x H,=5.773 x4 =23.092 m, .‘_rg = = 2.0

r2 | 4=

Fy=1000 x 9.81 x 23.092 x 2.0 = 453065 N = 453.065 kN
Resultant water pressure
=F, - F,=1812.26 — 453.065 = 1359.195 kN
(ii) Reaction between the gates AB and BC. The reaction (F) between the gates AB and BC is
given by equation (3.20) as
F 1359195
F= 2sin® 2 Xsin 30°
(iii) Force on each hinge. If R, and Ry are the reactions at the top and bottom hinges then
R+ Ry=R
But from equation (3.19), R = P = 1359.195
: Ry + Rp= 1359.195

= 1359.195 kN. Ans.

The force F, is acting at %=% = 2.67 m from bottom and F, at !3;3 =% = .33 m from bottom.

The resultant force F will act at a distance x from bottom is given by
Fxx=F x2.67-F,x133

or - F, x2.67—-F, %133 1812.26x2.67-453.065%1.33

F 1359.195
" 4838.734 — 602.576 =3.116 =311 m
1359.195

Hence R is also acting at a distance 3.11 m from bottom.
Taking moments of Ry and R about the bottom hinge
Ry x [6.0 - 1.0]=R x (x - 1.0)
Rx(x—10) 1359.195x% 211
T s0 5.0
Rp=R — Ry = 1359.195 — 573.58
= 785.615 kN. Ans.

= 57358 N

L
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» 3.8 PRESSURE DISTRIBUTION IN A LIQUID SUBJECTED TO CONSTANT
HORIZONTAL/VERTICAL ACCELERATION

In chapters 2 and 3, the containers which contains liquids, are assumed to be at rest. Hence the
liquids are also at rest. They are in static equilibrium with respect to containers. But if the container
containing a liquid is made to move with a constant acceleration, the liquid particles initially will move
relative to each other and after some time, there will not be any relative motion between the liguid
particles and boundaries of the container. The liquid will take up a new position under the effect of
acceleration imparted to its container. The liquid will come to rest in this new position relative to the
container. The entire fluid mass moves as a single unit. Since the liquid after attaining a new position
is in static condition relative to the container, the laws of hydrostatic can be applied to determine the
liquid pressure. As there is no relative motion between the liquid particles, hence the shear stresses and
shear forces between liquid particles will be zero. The pressure will be normal to the surface in contact
with the liquid.

The following are the important cases under consideration :

(i) Liquid containers subject to constant horizontal acceleration.

(i7) Liquid containers subject to constant vertical acceleration.
3.8.1 Liquid Containers Subject to Constant Horizontal Acceleration. Fig. 3.43 (a)
shows a tank containing a liquid upto a certain depth. The tank is stationary and free surface of liquid
is horizontal. Let this tank is moving with a constant acceleration *«" in the horizontal direction towards
right as shown in Fig. 3.43 (h). The initial free surface of liquid which was horizontal, now takes the
shape as shown in Fig. 3.43 (b). Now AB represents the new free surface of the liquid. Thus the free
surface of liquid due to horizontal acceleration will become a downward sloping inclined plane, with
the liquid rising at the back end, the liquid falling at the front end. The equation for the free liquid
surface can be derived by considering the equilibrium of a fluid element C lying on the free surface.

The forces acting on the element C are :
Free surface of
liquid Original liguid

/ surface

Free surface of Al
liquid Moving horizantal
Tank

(stationary)

Back end /

or Rear end

(a) (b) Tank maoving
Fig. 3.43

(i) the pressure force P exerted by the surrounding fluid on the element C. This force is normal to
the free surface.
(i7) the weight of the fluid element i.e., m x g acting vertically downward.
(iff) accelerating force i.e., m > a acting in horizontal direction.
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Resolving the forces horizontally, we get
PsinB+mxa=0
or P sin 8 = - ma ...(i)
Resolving the forces vertically, we get
PcosB—mg=0

or PcosO=mxg (i)
Dividing (f) by (if), we get
a a ; 3
tan 9 =- — [or — Numcncally] (3.204)
b4 &

The above equation, gives the slope of the free surface of the liquid which is contained in a tank
which is subjected to horizontal constant acceleration. The term (a/g) is a constant and hence tan 8 will
be constant. The —ve sign shows that the free surface of liguid is sloping downwards. Hence the free
surface is a straight plane inclined down at an angle 8 along the direction of acceleration.

Now let us find the expression for the pressure at any point D in the liquid mass subjected to
horizontal acceleration. Let the point D is at a depth of i from the free surface. Consider an
elementary prism DE of height *i2" and cross-sectional area dA as shown in Fig. 3.44.

=
== Lines of constant
= pressure
=
Fi = h,
- F2
L & = '
|« pgh,——{ L

Consider the equilibrium of the elementary prism DE.
The forces acting on this prism DE in the vertical direction are :
(i) the atmospheric pressure force (p, x dA) at the top end of the prism acting downwards,
(ii) the weight of the element (p X g x i X dA) at the C.G. of the element acting in the downward
direction, and
(iii) the pressure force (p % dA) at the bottom end of the prism acting upwards.
Since there is no vertical acceleration given to the tank, hence net force acting vertically should be
Zero.

pPXdA—pyxdA—-pghdA=0

or p-po-pgh=0 or p=p,+pgh
or P—pPo=pgh
or gauge pressure at point I is given by
p=pgh
or pressure head at point D, £ _ h.

Pg
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From the above equation, it is clear that pressure head at any point in a liquid subjected to a
constant horizontal acceleration is equal to the height of the liguid column above that point. Therefore
the pressure distribution in a liquid subjected to a constant horizontal acceleration is same as
hydrostatic pressure distribution. The planes of constant pressure are therefore, parallel to the inclined
surface as shown in Fig. 3.44. This figure also shows the variation of pressure on the rear and front
end of the tank.

If ft; = Depth of liquid at the rear end of the tank

fiy = Depth of liquid at the front end of the tank
F, = Total pressure force exerted by liquid on the rear side of the tank
I, = Total pressure force exerted by liquid on the front side of the tank,

then F = (Area of triangle AML) x Width
= (& X LM x AM x b)= % xpgh; x h, x b= w
and F,5 = (Area of triangle BNO) x Width
pg.b.h;

=(+ XBNxXNO)=+ X hy X pghyx b=

where b = Width of tank perpendicular to the plane of the paper.
The values of F| and F, can also be obtained as
[Refer to Fig. 3.44 (a)]

- - h
Fi=pxgxA xh,where A, = h; xb and :"u=?!

h 1 3
=pxpgx(hxb)x —L=—peb. i
pxgx(h xb) 5 5 P8 1)

s

and Fy=pxgxXA,yx ha, where Azzlrthanda:?'

prx[hsz}xh?z

Fig. 3.44(a)

% pg. b xhy.
It can also be proved that the difference of these two forces (i.e., F| — F,) is equal to the force
required to accelerate the mass of the liquid contained in the tank i.e.,
Fi-Fy,=Mxa
where M = Total mass of the liquid contained in the tank
¢ = Horizontal constant acceleration.
Note : (i) If a tank completely filled with liquid and open at the top is subjected to a constant horizontal

acceleration, then some of the liquid will spill out from the tank and new free surface with its slope given by

: a .
equation tan B = — — will be developed.
g
(i) If a tank partly filled with liguid and open at the top is subjected to a constant horizontal acceleration,

spilling of the liquid may take place depending upon the magnitude of the acceleration.
(#it) If a tank completely filled with liquid and closed at the top is subjected to a constant horizontal accelera-
tion, then the liquid would not spill out from the tank and also there will be no adjustment in the surface elevation

of the liquid. But the equation tan 8 = — s applicable for this case also.
&

(iv) The example for a tank with liquid subjected to a constant horizontal acceleration, is a fuel tank on an

airplane during lake off.
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Problem 3.34 A rectangular tank is moving horizontally in the direction of its length with a
constant acceleration of 2.4 m/s”. The length, width and depth of the tank are 6 m, 2.5 m and 2 m
respectively. If the depth of water in the tank is | m and tank is open at the top then calculate :

(i) the angle of the water surface to the horizontal,

(ii) the maximum and minimum pressure intensities at the bottom,

(ifi) the total force due to water acting on each end of the tank.
Solution. Given : Flan mepe

. after acceleration
Constant acceleration, a= 2.4 m/s”. '-ll'

Original free
surface

Length = 6 m ; Width = 2.5 m and depth =2 m. 2m §~
Depth of water in tank, k=1 m } 2
(i) The angle of the water surface to the hﬂT T Ta=24mis?
horizontal 1 DT
Let 8 = the angle of water surface to the horizontal JM A -'B1rhz SLARReD
Using equation (3.20), we get f Bm i
2.4 Fig. 3.45
tan@= -2 == _ _ 02446 .
g 981

(the —ve sign shows that the free surface of water is sloping downward as shown in Fig. 3.45)
tan 6 = (.2446 (slope downward)
0= tan ' (0.2446 = 13.7446° or 13° 44.6’. Ans.
(i) The maximum and minimum pressure intensities at the bottom of the tank
From the Fig. 3.45,
Depth of water at the front end,
hy=1-31an 6 =1-3x0.2446 = 0.2662 m
Depth of water at the rear end,
hy=1+3tanB=1+3x0.2446 = 1.7338 m
The pressure intensity will be maximum at the bottom, where depth of water is maximum.
Now the maximum pressure intensity at the bottom will be at point A and it is given by,
Puax =P X8 XMy
= 1000 x 9.81 x 1.7338 N/m” = 17008.5 N/m”. Ans.
The minimum pressure intensity at the bottom will be at point B and it is given by
Pmin =P X g XNy
= 1000 x 9.81 x 0.2662 = 2611.4 N/m’. Ans.
(iii) The total force due to water acting on each end of the tank
Let F, = total force acting on the front side (i.e., on face BD)
F, = total force acting on the rear side (i.e., on face AC)

Then F, = pgA,In, where A, = BD x width of tank = h, x 2.5 = 0.2662 x 2.5
and EJ=E=’,’_I=@=U_]33| m
2 2 P
1000 x 9.81 x (0.2662 x 2.5) % 0.1331

868.95 N. Ans.
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and Fy= p.g.Ayhz, where A, = AB X width of tank = /i, X 2.5 = 1.7338 x 2.5
_AB h, 17338
g el B geag
PETTT, -

I

1000 x 9.81 x (1.7338 x 2.5) x 0.8669
36861.8 N. Ans.
Resultant force = F| — F,

=36861.8 N — 868.95 C

= 35992.88 N

Note, The difference of the forces acting on the two ends
of the tank is equal to the force necessary to accelerate the
liguid mass. This can be proved as shown below F, [EEEEmebaemen
Consider the control volume of the liquid i.e., control vol- —* =
ume is ACDBA as shown in Fig. 3.46. The net force acting on
the control volume in the horizontal direction must be equal o
the product of mass of the liquid in control volume and accel-
eration of the liquid.

Ligquid (water)

(Fi-F,)=Mxa
= (p ¥ volume of control volume) x a
= (1000 x Area of ABDCE x width) x 2.4

= {1000 x (@] x AB x width} x2.4

AC+ BD
[ Area of trapezium = (%J ® AB}

1.7338 + 0.2662
¥

&

=|{]{]{]x[ Jx6x2.5x2.4

=36000 N

(v AC=h,=1.7338m, BD = h =0.2662 m, and AB =6 m, width=2.5m)
The above force is nearly the same as the difference of the forces acting on the two ends of the tank. (ie.,
35992.88 = 36000).
Problem 3.35 The rectangular tank of the above problem contains water to a depth of 1.5 m. Find
the horizontal acceleration whicl may be imparted to the tank in the direction of its length so thatr
(i) the spilling of water from the tank is just on the verge of taking place,
(i) the front bottom corner of the tank is just exposed,
(iit) the bottom of the tank is exposed upto its mid-point.
Also calculate the total forces exerted by the water on each end of the tank in each case. Also prove
that the difference between these forces is equal to the force necessary to accelerate the mass of water
tank.

Solution. Given :
Dimensions of the tank from previous problem,
L =06 m, width (#) = 2.5 m and depth = 2 m
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Depth of water in tank, h=15m

Original free
Horizontal acceleration imparted to the tank ] surface
(i) (a) When the spilling of water from the tank is j W
- . m
Just an the verge of taking place

_...l:,

Let a = required horizontal acceleration

When the spilling of water from the tank is just on the |'5™

verge of taking place, the water would rise upto the rear
top corner of the tank as shown in Fig. 3.47 (a)
2-15 ; 6m ‘
lanB:ig:(—-—)-=E£=D.I66? ’ g PV
AO 3 3 Fig. 3.47 (a) Spilling of water is just on
the verge of taking place.

——
Ty

o
But from equation (3.20) tan 6 = E (Numerically)

a=gxtan 0 =9.81 x0.1667 = 1.635 m/s’. Ans.
(b) Total forces exerted by water on each end of the tank

The force exerted by water on the end CE of the tank is

F, = pgA, hi, where A, = CE x width of the tank =2 x 2.5
CE

EI=‘—‘-="“=]m
22

= 1000 x9.81 x (2 x2.5) x 1
= 49050 N. Ans.

The force exerted by water on the end £ of the tank is

F,=pgA, x h2, where A, = FD x width = 1x 2.5

(AC=8BD=05m, .. FD=BF-BD=15-05=1)
= 1000 x 9.81 X (1 X 2.5) X 0.5 E;:‘Z—D%:o.sln

= 12262.5 N. Ans.

(¢) Difference of the forces is equal to the force necessary to accelerate the mass of water in the tank
Difference of the forces = F| - F,

= 49050 - 12262.5 = 36787.5 N
Volume of water in the tank before acceleration is imparted to it = L X b x depth of water
=6%2.5%1.5=225m"
The force necessary to accelerate the mass of water in the tank
= Mass of water in tank x Acceleration
= (p % volume of water) % 1.635 (v a=1.635m/s?)

= 1000 x 22.5 % 1.635 [There is no spilling of water and volume of
water = 22.5 m”]

=367875N

=
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Hence the difference between the forces on the two ends of the tank is equal to the force necessary
to accelerate the mass of water in the tank.

Volume of water in the tank can also be calculated as volume =

CE + FD
(;) x EF % Width [Refer to

Fig. 3.47 (a)] Free surface Original free
after acceleration surface

2
" (%] X6 X2.5=225m,
(ii) (a) Horizontal acceleration when the front
bottom corner of the tank is just exposed
Refer to Fig. 3.47 (b). In this case the free sur-
face of water in the tank will be along CD.

Let a = required horizontal acceleration.

2
B thils ¢ass; i P

But from equation (3.17),

Fig. 3.47 (b)
tan 6 = i (Numerically)
g

a=gxtan B=981 x % = 3.27 m/s>. Ans.

(h) Total forces exerted by water on each end of the tank
The force exerted by water on the end CE of the tank is
Fy=pgxA, xh
where A, =CE xwidth=2x25=5m"
CE 2

—=—=1lm = 1000 % 9.81 x5 x 1

hi
2 2

= 49050 N. Ans.
The force exerted by water on the end BD of the tank is zero as there is no water against the face BD

Fo=0
Difference of forces = 49050 — () = 49050 N
(c) Difference of forces is equal to the force necessary to accelerate the mass of water in the tank.
Volume of water in the tank = Area of CED x Width of tank
CE x ED
e
_2X6

] x2.5 (- Width of tank = 2.5 m)

x25=15m"

Force necessary to accelerate the mass of water in the tank
= Mass of water in tank x Acceleration
= (1000 x Volume of water) x 3.27

= 1000 x 15 x3.27 =49050 N
Difference of two forces is also = 49050 N
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Hence difference between the forces on the two ends Free surface. Original free
: i ; c after acceleration  gyrface
of the tank is equal to the force necessary to accelerate E
the mass of water in the tank.
(iii) (@) Horizontal acceleration when the bottom of B
the tank is exposed upto its mid-point
a
Refer to Fig. 3.47 (¢). In this case the free surface of -
water in the tank will be along CD*, where D¥ is the
mid-point of ED.
Let a = required horizontal acceleration from
Fig. 3.47 (c¢), it is clear that D
CE 2 |
tan 6 = = !
ED* 3 Fig. 3.47 (¢)
But from equation (3.20) numerically
a
tan 0 = —
£

a=gxtan O = 9.81 x % = 6.54 m/s’. Ans.

(h) Total forces exerted by water on each end of the tank
The force exerted by water on the end CE of the tank is

Fl=p><ng,xE1
where A, =CExWidth=2x25=5m"

AL

iR =—=1m

2 2
= 1000 x9.81 x5 x 1
= 49050 N. Ans.
The force exerted by water on the end BD is zero as there is no water against the face BD.
: F,=0
Difference of the forces = F| — F, = 49050 — 0 = 49050 N
(¢) Difference of the two forces is equal to the force necessary to accelerate the mass of water
remaining in the tank
Volume of water in the tank = Area CED* x Width of tank
BN ED o BHD ol
Z 2
Force necessary to accelerate the mass of water in the tank
= Mass of water x Acceleration
= p % Volume of water x 6.54 (0 a=6.54 m/s?)
= 1000 x 7.5 x6.54
= 49050 N
This is the same force as the difference of the two forces on the two ends of the tank.
Problem 3.36 A rectangular tank of length 6 m, width 2.5 m and height 2 m is completely filled with
water when at rest, Thf tank is open at the top. The tank is subjected 1o a horizontal constant linear
acceleration of 2.4 m/s™ in the direction of its length. Find the volume of water spilled from the tank.
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Solution. Given :
L=6m,b=25mand height, H=2m
Horizontal acceleration, a= 24 m/s*
The slope of the free surface of water after the tank is subjected to linear constant acceleration is
given by equation (3.20) as

Original free
P Free surface ) surface
tan 8 = — (Numerically) after acceleration
& || SN Spp— B
24 _T_ =
= —— =0.2446 [ ;
9.81 ME
From Fig. 3.48, 5
- C a e
tan B = B_C E: ]
AB B
BC=AB xtan 9 E: ____________________
=6 x0.2446 e 6 m |
(- AB = Length = 6 m ; tan 0 = 0.2446) Fig. 3.48
= 14676 m
Volume of water spilled = Area of ABC x Width of tank
= ({xABx BC) x 2.5 (*» Width = 2.5 m)
=4 x6x1.4676 %25 (~+ BC=14676 m)

= 11.007 m®. Ans.
3.8.2 Liquid Container Subjected to Constant Vertical Acceleration. Fig. 3.49 shows
a tank containing a liguid and the tank is moving vertically upward with a constant acceleration. The
liquid in the tank will be subjected to the same vertical acceleration. To obtain the expression for the
pressure at any point in the liquid mass subjected to vertical upward acceleration, consider a vertical
elementary prism of liquid CDFE
]

Free surface

Fma

N
1“’__
DTpdA

Feoma nj o n o]

F.._ pgh (1+ & -

Fig. 3.49

-

Let dA = Cross-sectional area of prism
I = Height of prism
Po = Atmospheric pressure acting on the face CE
p = Pressure at a depth # acting on the face DF
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The forces acting on the elementary prism are :

(i) Pressure force equal to p, % dA acting on the face CE vertically downward

(i) Pressure force equal to p X dA acting on the face DF vertically upward

(iif) Weight of the prism equal to p x g ®x dA % h acting through C.G. of the element vertically
downward.

According to Newton’s second law of motion, the net force acting on the element must be equal to
mass multiplied by acceleration in the same direction.

Net force in vertically upward direction = Mass x acceleration

pRAA —py ) dA - pgdA . h=(p xdA xh)xa (- Mass=p xdA = h)
or pP-py—pgh=phxa (Cancelling dA from both sides)
or p—py=peh+pha

= pgh [1 - 5] -(321)
8

But (p — py) s the gauge pressure. Hence gauge pressure at any point in the liquid mass subjected to
a constant vertical upward acceleration, is given by

P, = pgh [1 +3} .(3.22)
g

= pgh + pha kD ZZA)

where p,=p - p, = gauge pressure

In equation (3.22) p, g and a are constant. Hence variation of guage pressure is linear. Also when
h =0, p, = 0. This means p — p, = 0 or p = p,. Hence when / = ), the pressure is equal to atmospheric
pressure. Hence free surface of liquid subjected to constant vertical acceleration will be horizontal.

From equation (3.224) it is also clear that the pressure at any point in the liquid mass is greater than
the hydrostatic pressure (hydrostatic pressure is = pgh) by an amount of p X fi X a.

Fig. 3.49 shows the variation of pressure for the liquid mass subjected to a constant vertical upward
acceleration.

If the tank containing liquid is moving vertically downward with a constant acceleration, then the
gauge pressure at any point in the liquid at a depth of iz from the free surface will be given by

(p — py) = pgh []—E} = pgh — pha ..(3.23) "
8 to""ﬁ\}
; o
The above equation shows that the pressure at any @4‘3:@&\

point in the liquid mass is less than the hydrostatic pres- G
sure by an amount of pha. Fig. 3.50 shows the variation ‘ﬂaxa"i‘%
of pressure for the liquid mass subjected to a constant Wite_&u
vertical downward acceleration,

If the tank containing liquid is moving downward with

:‘:’3\@‘

a constant acceleration equal to g (i.e., when a = g), then —-fpha [

equation reduces to p — p, =0 or p = p;. This means the pghﬁ—-;—}
pressure at any point in the liquid is equal to surrounding f"—"gh ——
atmospheric pressure. There will be no force on the Fig. 3.50

walls or on the base of the tank.

Note. If a tank containing a liquid is subjected to a constant acceleration in the inclined direction, then the
acceleration may be resolved along the horizontal direction and vertical direction. Then each of these cases
may be separalely analysed in accordance with the above procedure.
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Problem 3.37 A tank containing water upto a depth of 500 mm is moving vertically upward with
a constant acceleration of 2.45 m/s”. Find the force exerted by water on the side of the tank. Also
calculate the force on the side of the tank when the width of tank is 2 m and

(i) tank is moving vertically downward with a constant acceleration of 2.45 m/s”, and

(ii) the tank is not moving at all.

Solution. Given :

a=245m/s®
Depth of water, fi=500 mm=035m
Vertical acceleration, a= 245 m/s’
Width of tank, b=2m

To find the force exerted by water on the side
of the tank when moving vertically upward, let us

first find the pressure at the botiom of the tank. c
The gauge pressure at the bottom (i.e., at point B)
for this case is given by equation as i—-—pgh(1+%}—-|

Fig. 3.51

P = pgh (l+£)
&
245

1000 < 9.81 x 0.5 [l+m) = 6131.25 N/m?

This pressure is represented by line BC.
Now the force on the side AB = Area of triangle ABC x Width of tank
= (£x ABx BC) x b
= (£x0.5x6131.25) x 2 (~+ BC=6131.25 and b = 2 m)

= 3065.6 N. Ans.

(i) Force on the side of the tank, when tank is moving vertically downward.
The pressure variation is shown in Fig. 3.52. For this case, the pressure at the bottom of the tank

(i.e., at point B) is given by equation (3.23) as
a
- |

g e

= 1000 x 9.81 X 0.5 (1—£)

9.81
= 3678.75 N/m’
This pressure is represented by line BC. - B o B

Now the force on the side AB = Area of triangle ABC x Width }__ pgh— |

= (Lx ABx BC) x b Fig. 3.52

(£x05x367875) x 2 (-: BC = 3678.75, b= 2)
1839.37 N. Ans.
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(i) Force on the side of the tank, when tank is stationary.
The pressure at point 5 is given by,
py=pgh = 1000 x 9.81 x 0.5 = 4905 N/m*
This pressure is represented by line BD in Fig. 3.52
Force on the side AB = Area of triangle ABD x Width
= (§xABx BD) x b
= (£x0.5%x4905) x 2 (*+ BD = 4905)
= 2452.5 N. Ans.

For this case, the force on AB can also be obtained as

Fyz= pgA-h
where A =AB X Width=05%x2=1m?
h = %:0—; =0.25m = 1000 x 9.81 x 1 x 0.25

= 2452.5 N. Ans.
Problem 3.38 A rank contains water upto a depth of 1.5 m. The length and width of the tank are
4 m and 2 m respectivelv. The tank is moving up an inclined plane with a constant acceleration of
4 m/s’. The inclination of the plane with the horizontal is 30° as shown in Fig. 3.53. Find,
(i) the angle made by the free surface of water with the horizontal.
(ii) the pressure at the bottom of the tank at the front and rear ends.

Solution. Given : PP
Depth of water, /i=1.5m: Length, L =4 m and T

Width, 5 =2m | [

Constant acceleration along the inclined plane, f"f‘ )

a=4m/s’ D

Inclination of plane, o = 30°

Let 8 = Angle made by the free surface of water
after the acceleration is imparted to the tank

P, = Pressure at the bottom of the tank at the front end

and p;, = Pressure at the bottom of the tank at the rear

end. Fig. 3.53

This problem can be done by resolving the given acceleration along the horizontal direction and
vertical direction. Then each of these cases may be separately analysed according to the set procedure.

Horizontal and vertical components of the acceleration are :

a,=acos 0.= 4 cos 30° = 3.464 m/s’
a, = asin 0.= 4 sin 30° = 2 m/s’

When the tank is stationary on the inclined plane, free surface of liquid will be along EF as shown
in Fig. 3.53. But when the tank is moving upward along the inclined plane the free surface of liquid
will be along BC. When the tank containing a liquid is moving up an inclined plane with a constant
acceleration, the angle made by the free surface of the liquid with the horizontal is given by
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a, _ 3464

X
a,+g 2+ 9381
& 6=tan"' 0.2933 = 16.346° or 16° 20.8". Ans.
Now let us first find the depth of liquid at the front and rear end of the tank.
Depth of liquid at front end = i, = AB

tan B = =.2933

Depth of liquid at rear end = h, = CD

From Fig. 3.53, in triangle COE, tan 6 = %

or CE=FE0O tan 8 = 2 % (.2933 (0 EO=2m, tan 0 = (1.2933)
= (.5866 m
CD=l,=ED+ CE =15+ 0.5866 = 2.0866 m
Similarly hy=AB = AF - BF
= 1.5 - 0.5866 (- AF = 1.5, BF = CE = ().5866)
= 09134 m

The pressure at the bottom of tank at the rear end is given by,

a,
Pp=pghy | 1+—
g

= 1000 % 9.81 % 2.0866 [l + 9%) =24642.7 N/m’. Ans.

The pressure at the bottom of tank at the front end is given by

1,
Pa = pgh [l + {_‘J
£

= 1000 % 9.81 x 09134 [l + ﬁ) = 10787.2 N/m’. Ans.

HIGHLIGHTS

1. When the fluid is at rest, the shear siress is zero.
2. The force exerted by a static fluid on a vertical, horizontal or an inclined plane immersed surface,
F=pgAh
where  p = Density of the liquid,
A = Area of the immersed surface, and
h = Depth of the centre of gravity of the immersed surface from free surface of the liguid.
3. Centre of pressure is defined as the point of application of the resultant pressure.
4. The depth of centre of pressure of an immersed surface from free surface of the liquid,

Janin
*= —ﬁ +h for vertically immersed surface.
Igsin®f
= COF R for inclined immersed surface.

Ah
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5. The centre of pressure for a plane vertical surface lies at a depth of two-third the height of the
immersed surface.

6. The total force on a curved surface is given by F = .,ﬂff + Ff

where F, = Horizontal force on curved surface and is equal to total pressure force on the projected area
of the curved surface on the vertical plane,
= pgAh
and F, = Vertical force on sub-merged curved surface and is equal to the weight of liquid actually
or imaginary supported by the curved surface,

e

7. The inclination of the resultant force on curved surface with horizontal, tan 8 =

o

8. The resultant force on a sluice gate, F = F, - F,
where F, = Pressure force on the upstream side of the sluice gate and
F, = Pressure force on the downstream side of the sluice gate.
9. For a lock gate, the reaction between the two gates is equal to the reaction at the hinge, R = P.
F
25in @

where F = Resultant water pressure on the lock gate = F, - F,

Also the reaction between the two gates, P =

and 6 = Inclination of the gate with the normal to the side of the lock.

EXERCISE

(A) THEORETICAL PROBLEMS

1. What do you understand by *Total Pressure’ and ‘Centre of Pressure’ ?

(]

and locate the position of centre of pressure.

3. Prove that the centre of pressure of a completely sub-merged plane surface is always below the centre
of gravity of the sub-merged surface or at most coincide with the centre of gravity when the plane

surface is horizontal.

4. Prove that the total pressure exerted by a static liquid on an inclined plane sub-merged surface is the
same as the force exerted on a vertical plane surface as long as the depth of the centre of gravity of the

surface is unallered.

5. Derive an expression for the depth of centre of pressure from free surface of liquid of an inclined plane

surface sub-merged in the liquid.

6. (a) How would you determine the horizontal and vertical components of the resultant pressure on a sub-

merged curved surface 7
(£) Explain the procedure of finding hydrostatic forces on curved surfaces.

(Dethi University, Dec. 2002)

7. Explain how you would find the resultant pressure on a curved surface immersed in a liguid.

8. Why the resultant pressure on a curved sub-merged surface is determined by first finding horizontal
and vertical forces on the curved surface 7 Why is the same method not adopted for a plane inclined

surface sub-merged in a liquid ?

. Derive an expression for the force exerted on a sub-merged vertical plane surface by the static liquid
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9.
10.

11.
12.

13.

14.
15.

16.

Lk

Describe briefly with sketches the various methods used for measuring pressure exerted by fluids.
Prove that the vertical component of the resultant pressure on a sub-merged curved surface is equal to
the weight of the liquid supported by the curved surface.
What is the difference between sluice gate and lock gate ?
Prove that the reaction between the gates of a lock is equal to the reaction at the hinge.
F

2sin @

where F = Resultant water pressure on lock gate, 8 = inclination of the gate with normal to the side of the lock.

Derive an expression for the reaction between the gates as P =

When will centre of pressure and centre of gravity of an immersed plane surface coincide ?

Find an expression for the force exerted and centre of pressure for a completely sub-merged inclined plane
surface. Can the same method be applied for finding the resultant force on a curved surface immersed in
the liguid ? If not, why ?

What do you understand by the hydrostatic equation ? With the help of this equation derive the expressions
for the total thrust on a sub-merged plane area and the buoyant force acting on a sub-merged body.,

(B) NUMERICAL PROBLEMS

. Determine the total pressure and depth of centre of pressure on a plane rectangular surface of 1 m wide

and 3 m deep when its upper edge is horizontal and (@) coincides with water surface (£) 2 m below the
free water surface. [Ans. (a) 44145 N, 2.0m, (b) 103005 N, 3.714 m]

. Determine the total pressure on a circular plate of diameter 1.5 m which is placed vertically in water in

such a way that centre of plate is 2 m below the free surface of water. Find the position of centre of
pressure also. [Ans. 34668.54 N, 2.07 m]

. A rectangular sluice gate is situated on the vertical wall of a lock, The vertical side of the sluice is 6 m

in length and depth of centroid of area is 8 m below the water surface. Prove that the depth of centre of
pressure is given by 8475 m.

. A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 3 m diameter which can

rotate about a horizontal diameter. Calculate : ({) the force on the disc, and (4) the torque required to
maintain the disc in equilibrium in the vertical position when the head of water above the horizontal
diameter is 6 m. [Ans. (1) 416.05 kN, (i) 39005 Nm]

. The pressure at the centre of a pipe of diameter 3 m is 29.43 N/em’. The pipe contains oil of sp. gr. 0.87

and is filled with a gate valve. Find the force exerted by the cil on the gate and position of centre of
pressure. [Ans. 2.08 MN, .016 m below centre of pipe]

. Determine the total pressure and centre of pressure on an isosceles triangular plate of base 3 m and

altitude 5 m when the plate is immersed vertically in an oil of sp. gr. 0.8. The base of the plate is 1 m
below the free surface of waler. [Ans. 261927 N, 3.19m]

. The opening in a dam is 3 m wide and 2 m high. A vertical sluice gate is used to cover the opening. On

the upstream of the gate, the liquid of sp. gr. 1.5, lies upto a height of 2.0 m above the top of the gale,
whereas on the downstream side, the water is available upto a height of the top of the gate. Find the
resultant force acting on the gate and position of centre of pressure. Assume that the gate is higher at
the bottom. [Ans. 206010 N, 0,964 m above the hinge]
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8.

11.

12.

16.

17.

A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at the top and 12 m
wide at the bottom and 8 m deep. Find the total pressure and centre of pressure on the caisson if the
water on the outside is 1 m below the top level of the caisson and dock is empty.

[Ans. 3.164 MN, 4.56 m below water surface]

. A sliding gate 2 m wide and 1.5 m high lies in a vertical plane and has a co-efficient of friction of 0.2

between itself and guides. If the gate weighs one tonne, find the vertical force required to raise the gate if
its upper edge is at a depth of 4 m from free surface of water. [Ans. 37768.5 N]
A tank contains water upto a height of 1 m above the base. An immiscible liquid of sp. gr. 0.8 is filled on
the top of water upto 1.5 m height. Calculate : (i) total pressure on one side of the tank, (ii) the position of
centre of pressure for one side of the tank, which is 3 m wide, [Ans. 76518 N, 1.686 m from top]
A rectangular tank 4 m long, 1.5 m wide contains water upto a height of 2 m. Calculate the force due (o
water pressure on the base of the tank. Find also the depth of centre of pressure from free surface.
[Ans. 117720 N, 2 m from free surface]
A rectangular plane surface 1 m wide and 3 m deep lies in walter in such a way that its plane makes an angle
of 30° with the free surface of water. Determine the total pressure and position of cenire of pressure when
the upper edge of the plate is 2 m below the free water surface. [Ans, 809325 N, 2.318 m]
A circular plate 3.0 m diameter is immersed in water in such a way that the plane of the plate makes an
angle of 60° with the free surface of water. Determine the total pressure and position of centre of pressure
when the upper edge of the plate is 2 m below the free water surface.
[Ans. 228.69 kN, 3.427 m from free surface]

. A rectangular gate & m x 2 m is hinged at its base and inclined at 60° to the horizontal as shown in Fig. 3.54.

To keep the gate in a stable position, a counter weight of 29430 N is attached at the upper end of the gate.
Find the depth of water at which the gate begins to fall. Neglect the weight of the gate and also friction at

the hinge and pulley. [Ans. 3.43 m]
WATER SURFACE

Fig. 3.54 Fig. 3.55

. An inclined rectangular gate of width 5 m and depth 1.5 m is installed to control the discharge of water as

shown in Fig. 3.55. The end A is hinged. Determine the force normal to the gate applied at B to open it.
[Ans. 974358 N]

A gate supporting water is shown in Fig. 3.56. Find the height FREE WHTER SURFACE

*h" of the water so that the gate begins to tip about the hinge. o T GATE
Take the width of the gate as unity. [Ans. 3 x 43 m| s 3{? =— HINGE
Find the total pressure and depth of centre of pressure on a mm;mimw %}P’mﬁ’ﬂ
triangular plate of base 3 m and height 3 m which is immersed in 60"

witler in such a way that plane of the plate makes an angle of 60° Fig. 3.56

with the free surface. The base of the plate is parallel to water surface and at a depth of 2 m from water
surface. |Ans. 126.52 kN, 2.996 m]
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18.

20.

21,

21.

23.

24.

Find the horizontal and vertical components of the total force acting on a curved surface AB. which is
in the form of a quadrant of a circle of radius 2 m as shown in Fig. 3.57. Take the width of the gate 2 m.
[Ans. F = 11772 kN, F, = 140.114 kN]

WATER SURFACE E WATER SURFACE

e A &,
- .::__ ,;b

OHinGE

%)

Fig. 3.57 Fig. 3.58

. Fig. 3.58 shows a gate having a quadrant shape of radius of 3 m. Find the resultant force due to water per

metre length of the gate. Find also the angle at which the total force will act. [Ans. 82.201 kN, 8 = 57° 31"]
A roller gate is shown in Fig. 3.59. It is cylindrical form of 6.0 m diameter. It is placed on the dam. Find
the magnitude and direction of the resultant force due to water acting on the gate when the water is just

going to spill. The length of the gate is given 10 m. [Ans.2.245 MN, 8=38" 8]
ROLLER
GATE

WATER SURFACE

== T

6.0m
DAM
Fig. 3.59 Fig. 3.60
Find the horizontal and vertical components of the water pressure exerted on a tainter gate of radius
4 m as shown in Fig. 3.60. Consider width of the gate unity. [Ans. F\, = 19.62 kN, F, =7102.44 N]
Find the mfxgnilude and direction of the ref.ulta'nt water WATER SURFACE
pressure acting on a curved face of a dam which is shaped —..:._.;:;__—]‘ : )
z | y=X

2 , 6
according to the relation y = % as shown in Fig. 3.61. The 2m
height of water retained by the dam is 12 m. Take the width l :
of dam as unity. [Ans. 970.74 kN, 0 = 43° 19] b
Each gate of a lock is 5 m high and is supported by two Fig. 3.61

hinges placed on the top and bottom of the gate. When the

gates are closed, they make an angle of 120°. The width of the lock is 4 m. If the depths of water on the two

sides of the gates are 4 m and 3 m respectively, determine : ({) the magnitude of resultant pressure on each

gate, and (if) magnitude of the hinge reactions. [Ans.({) 79.279 kN, (i{) R;=27.924 kN, Ry =51.355 kN]

The end gates ABC of a lock are 8 m high and when closed make an angle of 120° The width of lock

is 10 m. Each gate is supported by two hinges located at | m and 5 m above the bottom of the lock. The

depth of water on the upstream and downstream sides of the lock are 6 m and 4 m respectively. Find :
(i) Resultant water force on each gate.
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26.

28.

29,

A

L
ad

(if) Reaction between the gates AB and BC, and
(fif) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane as
resultant water pressure. [Ans. 566.33 kN, (i) 566.33 kN, and (#ii) Ry = 173.64 kN, Ry = 392.69 kN]
A hollow circular plate of 2 m external and 1 m internal diamelter is immersed vertically in waler such that
the centre of plate is 4 m deep from water surface. Find the total pressure and depth of centre of pressure.
[Ans. 92.508 kN, 4.078 m]
A rectangular opening 2 m wide and 1 m deep in the vertical side of a tank is closed by a sluice gate of the same
size. The gate can tum about the horizontal centroidal axis. Determine : (7) the total pressure on the sluice gate
and (ff) the torque on the sluice pate. The head of water above the upper edge of the gate is 1.5 m.
[Ans. (i) 39.24 kN, (i) 1635 Nm|
Determine the total force and location of centre of pressure on one face of FREE SURFACE OF LIQUID
the plate shown in Fig. 3.62 immersed in a liguid of specific gravity 0.9. i T e
[Ans.62.4 kN, 3.04 m]
A circular opening, 3 m diameter, in the vertical side of water tank is closed
by a disc of 3 m diameter which can rotate about a horizontal diameter 7
Calculate: (7) the force on the disc, and (i) the torque required to maintain
the disc in equilibrium in the vertical position when the head of water
above the horizontal diameter is 4 m.  [Ans. () 270 kN, and (if) 38 kN m]
A penstock made up by a pipe of 2 m diameter contains a circular disc of
same diameter o act as a valve which controls the discharge passing
through it. It can rotate about a horizontal diameter. If the head of water
above its centre is 20 m, find the total force acting on the disc and the Fig. 3.62
lorque required 1o maintain it in the vertical position.

. A circular drum 1.8 m diameter and 1.2 m height is submerged with its axis vertical and its upper end at

a depth of 1.8 m below water level. Determine :

(1) total pressure on top, bottom and curved surfaces of the drum,
(fi) resultant pressure on the whole surface, and
(fif) depth of centre of pressure on curved surface.

. A circular plate of diameter 3 m is immersed in water in such a way that its least and greatest depth from

the free surface of water are 1 m and 3 m respectively. For the front side of the plate, find () total force
exerted by water and (if) the position of centre of pressure. [Ans. () 138684 N ; (i) 2.125 m]
A tank contains water upto a height of 10 m. One of the sides of the tank is inclined. The angle between
free surface of water and inclined side is 60°. The width of the tank is 3 m. Find : (f) the force exerted by
water on inclined side and (i) position of cenire of pressure. [Ans. (1) 283.1901 kN, (i) 6.67 m]
A circular plate of 3 m diameter is under water with its plane making an angle of 30% with the water
surface. If the top edge of the plate is | m below the water surface, find the force on one side of the plate

and its location. (J.N.T.U., Hyderabad § 2002) g =a0°
[Hint. d = 3 m, 8 =30°, height of topedge=1m, k =1+ 1.5 x sin 30° {
=175 ____L___\
SRS M
F =pgAh =1000x9.81 x(gx.%’]xl.vjzlzl.ssm. H
ot 1
g o 3') %,
i WO 64- 4 1175=008+175=183m.]
Ah E-(3-)><1.7'5 X

Fig. 3.63
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BUOGYANCY AND
ELOATATION

» 4.1 INTRODUCTION

In this chapter, the equilibrium of the floating and sub-merged bodies will be considered. Thus the
chapter will include : 1. Buoyancy, 2. Centre of buoyancy, 3. Metacentre, 4. Metacentric height,
5. Analytical method for determining metacentric height, 6. Conditions of equilibrium of a floating
and sub-merged body, and 7. Experimental method for metacentric height.

> 4.2 BUOYANCY

When a body is immersed in a fluid, an upward force is exerted by the fluid on the body. This
upward force is equal to the weight of the fluid displaced by the body and is called the force of
buoyancy or simply buoyancy.

» 4.3 CENTRE OF BUOYANCY

It is defined as the point, through which the force of buoyancy is supposed to act. As the force of

buoyancy is a vertical force and is equal to the weight of the fluid displaced by the body, the centre of
buoyancy will be the centre of gravity of the fluid displaced.
Problem 4.1 Find the volume of the water displaced and position of centre of buoyancy for a
wooden block of width 2.5 m and of depth 1.5 m, when it floats horizontally in water. The density of
wooden block is 650 kg/m™ and its length 6.0 m.

Solution. Given :

Width =25m .
Depth =1.5m SURFACE -
Length =6.0m E le 15
Volume of the block  =2.5x 1.5 x 6.0 = 22.50 m” ET m h
Density of wood, p = 650 kg/m’ ik l l'
Weight of block = p X g x Volume jo—— 25 m—»]
=650 X 9.81 x22.50 N = 143471 N Fig. 4.1

131
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For equilibrium the weight of water displaced = Weight of wooden block
= 143471 N
Volume of water displaced
_ Weight of water displaced 143471
~ Weight density of water 1000 x 9.8
(- Weight density of water = 1000 x 9.81 N,I’m}}
Position of Centre of Buoyancy. Volume of wooden block in water

= 14.625 m’. Ans.

= Volume of water displaced

or 2.5 % h x 6.0 = 14.625 m*, where h is depth of wooden block in water
)= L. =(0.975m
25x6.0

.97
Centre of Buoyancy = 02 > = 0.4875 m from base. Ans.

Problem 4.2 A wooden log of 0.6 m diameter and 5 m length is floating in river water. Find the

depth of the wooden log in water when the sp. gravity of the log is 0.7. 5

Solution. Given : S )
Dia. of log =0.6m A/—\C L—%:_:

¥
l

i
il
i
W
[
]
==}
|1

Length, L=5m "
(8] 0.5
Sp. er.. §=0.7 m h
: Density of log = 0.7 x 1000 = 700 kg/m’ l i
Weight density of log, w=pxg 2
=700 x 9.81 N/m? Fig. 4.2

Find depth of immersion or h
Weight of wooden log = Weight density % Volume of log

= 700 % 9.81 x % (D> x L

=700 x 9.81 x % (.6)> % 5 N =989.6 x9.81 N

For equilibrium,
Weight of wooden log = Weight of water displaced

= Weight density of water x Volume of water displaced
989.6 x 9.81
1000 x 9.81

Volume of water displaced = 0.9896 m*

(~* Weight density of water = 1000 x 9.81 N/m?)
Let /1 is the depth of immersion
Volume of log inside water = Area of ADCA x Length
= Area of ADCA x 5.0

But volume of log inside water = Volume of water displaced = 0.9896 m?
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0.9896 = Area of ADCA x 5.0
0.9896

5.0
Area of curved surface ADCOA + Area of AMAOC

B[R] X i
mr 360.. +E!’Ll}$ X Ar sin

. Area of ADCA =0.1979 m?>

But area of ADCA

I

‘{1 —B] 5 0 sin 6
nr = + s s
r ISUL FCos sin

0.1979 = & (.3)° [1 .8 } +(.3)" cos B sin O

180"
0.1979 = 2827 - .00157 0 + 0.9 cos B sin O
or .00157 8 — .09 cos 0 sin 6 = .2827 — .1979 = 0.0843
.09 : 0848
" o157 95" 0= Gois7
or 0 — 57.32 cos O sin 6 = 54.01.
or B8-57.32 cos 0 sin 8 -54.01 =0
For 8 = 60°, 60 — 57.32 x 0.5 x .866 — 54.01 = 60 - 24.81 - 54.01 = - 18.82
For 8 = 70°, 70 - 57.32 x .342 % 09396 - 54.01 =70 - 184 - 54.01 = - 2.41
For 8 = 72°, 72 -5732% 309 x 951 - 5401 =72 - 1684 - 5401 =+ 1.14
For B = 71°, 71 — 57.32 x 325 x 9455 - 54.01 =71 — 17.61 — 54.01 = - 0.376
b= 7155 715 = 5732 % 3173 x 948 - 54.01 = 71.5- 17.24 - 54.01 = + 248
Then h= r+rcos 71.5°

= 03+ 03 x03173 = 0.395 m. Ans.

Problem 4.3 A stone weighs 392.4 N in air and 196.2 N in water. Compute the volume of stone
and ity specific gravity.
Solution. Given :

Weight of stone in air 3924 N
Weight of stone in water =196.2 N
For equilibrium,
Weight in air — Weight of stone in water = Weight of water displaced
or 3924 - 196.2 = 196.2 = 1000 x 9.81 x Volume of water displaced
Volume of water displaced

= ﬂ: 1 m® = —l-x 10° cm® = 2 x 10* em®. Ans.
1000 x9.81 50 50

= Volume of stone

Volume of stone =2 x 10 cm’. Ans.

L
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Specific Gravity of Stone
Weight inair 3924

Mass of stone = = =40 kg
g 9.81
Density of stone = Massinam A0ke =40 x 50 = 2000 E-%—
Volume ]_m.% m’
50
Sp. er. of stone = Density of stone = i, = 2.0. Ans.

Density of water 1000

Problem 4.4 A body of dimensions 1.5 m x 1.0 m x2 m, weighs 1962 N in water. Find its weight
in air. What will be its specific gravity ?

Solution. Given :

Volume of body 1.50 x 1.0 X 2.0 = 3.0 m*
Weight of body in water 1962 N
Volume of the water displaced = Volume of the body = 3.0 m*

Weight of water displaced = 1000 x 9.81 x 3.0 = 29430 N

For the equilibrium of the body

Weight of body in air — Weight of water displaced = Weight in water

Wi — 29430 = 1962
W, = 29430 + 1962 = 31392 N
Wiass:of body _ Weight in air _ 31392 = 3200 ke
g 9.81
Density of the body A O 1066.67
Volume 3.
Sp. gravity of the body = ](:?)?]g? = 1.067. Ans.

Problem 4.5 Find the density of a metallic body which floats at the interface of mercury of
sp. gr. 13.6 and water such that 40% of its volume is sub-merged in mercury and 60% in water.

Solution. Let the volume of the body = V m®

Then volume of body sub-merged in mercury

=30y pavm®
100
Volume of body sub-merged in water
60 . - -MERCURY—
=—xV=06Vm
100

N ) Fig. 4.3
For the equilibrium of the body

Total buoyant force (upward force) = Weight of the body
But total buoyant force = Force of buoyancy due to water + Force of buoyancy due to mercury
Force of buoyancy due to water = Weight of water displaced by body

= Density of water ¥ g ¥ Volume of water displaced

= 1000 x g x Volume of body in water

=
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1

=1000xgx0.6x VN

and Force of buoyancy due to mercury = Weight of mercury displaced by body
= g x Density of mercury x Volume of mercury displaced
= g x 13.6 x 1000 x Volume of body in mercury
=gx13.6x1000x04 VN
Weight of the body = Density x g X Volume of body =pxgx V
where p is the density of the body
For equilibrium, we have

Total buoyant force = Weight of the body
000X gx06xV+136x1000xgx 4 V=pxgxV
or p =600 + 13600 x .4 = 600 + 54400 = 6040.00 kg/m’
Density of the body = 6040.00 kg/m®. Ans.

Problem 4.6 A float valve regulates the flow of oil of sp. gr. 0.8 into a cistern. The spherical float
is 15 cm in diameter. AOB is a weightless link carrying the floar at one end, and a valve at the other
end which closes the pipe through which oil flows intoe the cistern. The link is mounted in a frictionless
hinge at O and the angle AOB is 1357 The length of OA is 20 cm, and the distance between the cenire
of the float and the hinge is 50 cm. When the flow is stopped AO will be vertical. The valve is to be
pressed on to the seat with a force of 9.81 N to completely stop the flow of oil into the cistern. It was
observed that the flow of oil is stopped when the free surface of oil in the cistern is 35 em below the
hinge. Determine the weight of the float.

Solution. Given : olL
Sp. gr. of oil =038 SUPPLY, -
. Density of oil, py = 0.8 x 1000 20—1_‘ F %
= 800 kg/m* 35L: s i, R o
Dia. of float, D=15cm T B e W e
ZAOB = 135°

0A =20 cm
Force, P=981N

OB =50 cm

Find the weight of the float. Let it is equal to W.

When the flow of oil is stopped, the centre of float is shown in Fig. 4.4

The level of oil is also shown. The centre of float is below the level of oil, by a depth *#".
OD  0C+CD _35+h

From ABOD, sin 45° =
OB OB 50
50 xsind5°=35+h
or hh=50x J—- —35=35.355-35=10.355 cm = .00355 m.
NE)

The weight of float is acting through B, but the upward buoyant force is acting through the centre
of weight of oil displaced.

1
Volume of oil displaced = % e+ hx { r =§= ;: 7.5 cm }
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|t

2 x @ x (075)° + .00355 x T x (.075)% = 0.000945 m*
. Buoyant force = Weight of oil displaced
= py % g % Volume of oil
= 800 % 9.81 x .000945 = 7416 N
The buoyant force and weight of the float passes through the same vertical line, passing through B.
Let the weight of float is W. Then net vertical force on float
= Buoyant force — Weight of float = (7416 - W)
Taking moments about the hinge ), we get
Px20=(7416- W) x BD = (7.416 — W) x 50 X cos 45°
or 9.81 x 20 =(7.416 — W) x 35.355

W=7416 - M— =7.416 - 5.55 = 1.866 N. Ans.

» 4.4 META-CENTRE

It is defined as the point about which a body starts oscillating when the body is tilted by a small
angle. The meta-centre may also be defined as the point at which the line of action of the force of
buoyancy will meet the normal axis of the body when the body is given a small angular displacement.

Consider a body floating in a liquid as shown in Fig. 4.5 (a). Let the body is in equilibrium and G is
the centre of gravity and B the centre of buoyancy. For equilibrium, both the points lie on the normal
axis, which is vertical.

MNORMAL AXIS ANGULAR
M DISPLACEMENT

NORMAL AXIS
(a) (b)

Fig. 4.5 Meta-centre

Let the body is given a small angular displacement in the clockwise direction as shown in Fig. 4.5 (k).
The centre of buoyancy, which is the centre of gravity of the displaced liquid or centre of gravity of the
portion of the body sub-merged in liquid, will now be shifted towards right from the normal axis. Let
it is at B, as shown in Fig. 4.5 (#). The line of action of the force of buoyancy in this new position, will
intersect the normal axis of the body at some point say M. This point M is called Meta-centre.

> 4.5 META-CENTRIC HEIGHT

The distance MG, i.e., the distance between the meta-centre of a floating body and the centre of
eravity of the body is called meta-centric height.

L
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» 4.6 ANALYTICAL METHOD FOR META-CENTRE HEIGHT

Fig. 4.6 (a) shows the position of a floating body in equilibrium. The location of centre of gravity
and centre of buoyancy in this position is at & and B. The floating body is given a small angular
displacement in the clockwise direction. This is shown in Fig. 4.6 (b). The new centre of buoyancy is
at B,. The vertical line through B, cuts the normal axis at M. Hence M is the meta-centre and GM is
meta-centric height.

ANGULAR
EID ISPLACEMENT

Al | B A ._
=22FT| o8 TEIEFTA B ==
BI 5
D I c

(c) PLAN OF BODY AT WATER LINE

AAAASRRARARARERARARRRRRAN]
~

ki
e
Fig. 4.6 Meta-centre beight of floating body.

The angular displacement of the body in the clockwise direction causes the wedge-shaped prism
BOB' on the right of the axis to go inside the water while the identical wedge-shaped prism represented
by AOA” emerges out of the water on the left of the axis. These wedges represent a gain in buoyant
force on the right side and a corresponding loss of buoyant force on the left side. The gain is
represented by a vertical force dF, acting through the C.G. of the prism BOB’ while the loss is
represented by an equal and opposite force dF; acting vertically downward through the centroid of
AOA’. The couple due to these buoyant forces dF, tends to rotate the ship in the counterclockwise
direction. Also the moment caused by the displacement of the centre of buoyancy from B to B, is also
in the counterclockwise direction. Thus these two couples must be equal.

Couple Due to Wedges. Consider towards the right of the axis a small strip of thickness dx at a
distance x from ( as shown in Fig. 4.5 (b). The height of strip x X ZBOB’ = x % 0.

[ ZBOB' = ZAQOA’ = BMB' =8}
Area of strip = Height x Thickness = x x 8 x dx
If L is the length of the floating body, then
Volume of strip = Areax L
=xx0xLxdx

Weight of strip = pg x Volume = pgx 0L dx
Similarly, if a small strip of thickness dx at a distance x from O towards the left of the axis is
considered, the weight of strip will be pgx L dx. The two weights are acting in the opposite direction
and hence constitute a couple.
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Moment of this couple = Weight of each strip x Distance between these two weights
= pgx 6L dx [x + x]
=pgr BL dx x 2x = Zpg.x?' OL dx

Moment of the couple for the whole wedge

= [ 2pgx? OL dx (4.1)
Moment of couple due to shifting of centre of buoyancy from B to B,

= Fp X BB,

=Fyx BM x 6 [ BB, = BM x 8if 8 is very small}

=WxBM x>0 { Fp=W} ..(42)

But these two couples are the same. Hence equating equations (4.1) and (4.2), we get
Wx BMx0=]2pgx’ 0 Ldx
W x BM x 0 = 2pg8 | x’Ldx
Wx BM = 2pg | XLdx
Now Ldx = Elemental area on the water line shown in Fig. 4.6 (¢) and = dA
W x BM = 2pg | X*dA.

But from Fig. 4.5 (¢) it is clear that 2 j_rz dA is the second moment of area of the plan of the body
at water surface about the axis Y-¥. Therefore

W x BM = pgl {where I = 2 [ x* dA}
By = P8L
W
But W = Weight of the body

= Weight of the fluid displaced by the body
= pg x Volume of the fluid displaced by the body
= pg x Volume of the body sub-merged in water

=pgxV
R L o (4.3)
pgx¥V ¥V
GM = BM-BG:i—BG
v
Meta-centric height =GM = % - BG. (44)

Problem 4.7 A rectangular pontoon is 5 m long, 3 m wide and {.20 m high. The depth of
immersion of the pontoon is 0.80 m in sea water. If the centre of gravity is 0.6 m above the bottom of
the pontoon, determine the meta-centric height. The density for sea water = 1025 kg,f'm'{‘

Solution. Given :
Dimension of pontoon =imx3imx1.20m
Depth of immersion =0.8 m

=
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Distance AG=06m = 3'"? =¥
Distance AB = 4 x Depth of immersion Bl Ii——{ L& __'}_ ;
=+ x8=04m bl BG}M%sm 'ZMogm
Density for sea water = 1025 kg/m® Al t ]
Meta-centre height GM, given by equation (4.4) is be -
GM = L BG
v 1
where [ = M.O. Inertia of the plan of the pontoon about ¥-¥ axis 50m
=L x5x3Pmt= 23 !
12
¥ = Volume of the body sub-merged in water 7 -1,
= - 3
=3%08%50= 120m PLAN AT WATER SURFACE
B(J’ = AG = AB = D.f’ = 0.4 = 0.2 m Fig. 4(!:;
GM = a3 ® 1 0.2 = 2 0.2=0.9375-0.2=0.7375 m. Ans.
4 12.0 48

Problem 4.8 A uniform body of size 3 m long x2 m wide x 1 m deep floats in water. What is the
weight of the body if depth of immersion is 0.8 m ? Determine the meta-centric height also.

Solution. Given : |-—3.IJ m—s
Dimension of body =3x2x1
Depth of immersion =0.8m -
Find (':'.)Weighl of hr?dy, W ) -
(ii) Meta-centric height, GM
(i) Weight of Body, W |,_3.0"’m__+_+
= Weight of water displaced ' X

= pg ¥ Volume of water displaced

= 1000 x 9.81 x Volume of body in water
= 1000 x9.81 x3x2 x0.8N

A
= 47088 N. Ans. ELEVATION
(ii) Meta-centric Height, GM Fig. 4.8
Using equation (4.4), we get
GM = i - BG
v
where I = M.O.I about Y-Y axis of the plan of the body
3
=1 a2 _ggnt
12
¥ = Volume of body in water
=3x2x08=48m’
BG=AG-AB = E—E =05-04=0.1
2 2
2.0
GM=— -0.1 = 04167 - 0.1 = 0.3167 m. Ans.

4.8
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Problem 4.9 A block of wood of specific gravity 0.7 floats in water. Determine the meta-centric

height of the block if its size is 2 m x 1 m x 0.8 m. v
Solution. Given : l
Dimension of block =2x1x08 ‘ T
Let depth of immersion  =hm ‘ 2.0m
Sp. er. of wood =0.7 '
P8 PLAN !||
Weight of wooden piece = Weight density of wood* x Volume ¥ =
=07x1000x9.81 x2x1x08N __ ! g ]
Weight of water displaced = Weight density of water T gi Em
* Volume of the wood sub-merged in water !A i *
=1000x9.81 x2x1xhN |-— 1.0 —=
For equilibrium, Fig. 4.9
Weight of wooden piece = Weight of water displaced
700 x9.81 x2x1x0.8=1000x9.81x2x1xh
h= 700x981x2x1x08 = 0.7 x0.8=0.56m
1000 x9.81x 2x |
Distance of centre of Buoyancy from bottom, i.e.,
AB = E= CLE:U.ZBm
2 2
and AG=0.82.0=04m
i BG=AG-AB=04-028=0.12m
The meta-centric height is given by equation (4.4) or
GM = E BG
v
1 R B
where [J=— x2x1.0"=—m
12 6
¥V = Volume of wood in water
=2x1xh=2x1x.56=1.12m’
GM = % X é -0.12=0.1488 - 0.12 = 0.0288 m. Ans.

Problem 4.10 A solid cylinder of diameter 4.0 m has a height of 3 metres. Find the meta-centric
height of the cvlinder when it is floating in water with its axis vertical. The sp. gr. of the cylinder
= 0.6.

Solution. Given :

Dia. of cylinder, D=4.0m
Height of cylinder, h=3.0m
* Weight density of wood = p % g, where p = density of wood

= 0.7 x 1000 = 700 kg/m®. Hence w for wood = 700 x 9.81 N/m’.
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Sp. gr. of cylinder =0.6 f— & m——sl
Depth of immersion of cylinder ¥

0.6x3.0=18m

1.8
AB= — =09m
2
3 PLAN ¥
and AG===15m
BG = AG - AB BY AL
=1.5-09=06m A
. . - . Fig. 4.10
Now the meta-centric height GM is given by equation (4.4)
I
GM=— - BG
i
But I'=M.O.L about Y-¥ axis of the plan of the body
=L pt=T x40
o4 64
and W = Volume of cylinder in water
= E D? x Depth of immersion
T ) 3
=— (4= 1.8m
2 (4)
n
= x(4.0)*
M= 06
= %(4.0) x18
4
= Lxﬂ -0.6= —]-—0.6=ﬂ,55—0,6=—0.05 m. Ans.
16 1.8 1.8

— ve sign means that meta-centre, (M) is below the centre of gravity (G).
Problem 4.11 A body has the eylindrical upper portion of 3 m diameter and 1.8 m deep. The lower
portion is a curved one, which displaces a volume of 0.6 m’ of water. The centre of buoyancy of the
curved portion is at a distance of 1.95 m below the top of the cylinder. The centre of gravity of the
whole body is 1.20 m below the top of the cylinder. The total displacement of water is 3.9 tonnes. Find
the meta-centric height of the body.

Solution. Given :

Dia. of body =3.0m

Depth of body =1.8m

Volume displaced by curved portion

= 0.6 m* of water.

Let B, is the centre of buoyancy of the curved surface and G is the centre of gravity of the whole
body.

=
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Then CB; =195m 3.0m
CG=120m T" ‘.T
Total weight of water displaced by body = 3.9 tonnes
= 3.9 x 1000 = 3900 kgf

=3900 x 9.81 N = 38259 N
Find meta-centric height of the body.

Let the height of the body above the water surface x m. Total
weight of water displaced by body

k2
= Weight density of water x [Volume of water displaced] \'f/

= 1000 »x 9.81 = [Volume of the body in water] A
= 9810 [Volume of cylindrical part in water + Volume Ell‘:f:'ﬂ‘.rfﬁ

of curved portion]

= 9810 E x D* x Depth of cylindrical part in water

+ Volume displaced by curved portion}

or 38259 = 9810 [%(3}3x(].8—.x’}+0_6}
o 38250
— By bH= —mm =3,
4()x(18 0+ 06 9810 9

E x 8- =39-06=33

or 1.8 —x= M = (.4668

Tx3Ix3

x=18-.4668 =133 m
Let B, is the centre of buoyancy of cylindrical part and B is the centre of buoyancy of the whole
body.
Then depth of cylindrical part in water = 1.8 — x = 0.467 m
467

CB,=x+ = 1.33 +.2335 = 1.5635 m.

The distance of the centre of buoyancy of the whole body from the top of the cylindrical part is
given as

CB = (Volume of curved portion x CB, + Volume of cylindrical part in water x CB,)
+ (Total volume of water displaced)
_06x195+33x15635 _ L17+5.159
- (06 +33) T 39
Then BG=CB-CG=1623-1.20=.423 m.
Meta-centric height, GM, is given by

GM:i—BG
v

= 1.623 m.

L
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where 1= M.O.L of the plan of the body at water surface about Y-V axis

T 4 T 4. 4
=—xXD'=—x3
64 64 "
¥ = Volume of the body in water = 3.9 m*

.
GM =" %3 _ 42321019 - 423 = 0.596 m. Ans.
64 39

> 4.7 CONDITIONS OF EQUILIBRIUM OF A FLOATING AND SUB-MERGED
BODIES

A sub-merged or a floating body is said to be stable if it comes back to its original position after a
slight disturbance. The relative position of the centre of gravity (G) and centre of buoyancy (B,) of a
body determines the stability of a sub-merged body.

4.7.1 Stability of a Sub-merged Body. The position of centre of gravity and centre of buoy-
ancy in case of a completely sub-merged body are fixed. Consider a balloon, which is completely sub-
merged in air. Let the lower portion of the balloon contains heavier material, so that its centre of
gravity is lower than its centre of buoyancy as shown in Fig. 4.12 (a). Let the weight of the balloon is
W. The weight W is acting through G, vertically in the downward direction, while the buoyant force Fg
is acting vertically up, through 5. For the equilibrium of the balloon W = Fy. If the balloon is given an
angular displacement in the clockwise direction as shown in Fig. 4.12 (a), then W and Fp constitute a
couple acting in the anti-clockwise direction and brings the balloon in the original position. Thus the
balloon in the position, shown by Fig. 4.12 (a) is in stable equilibrium.

Fa

(a) (b) {c)
STABLE EQUILIBERIUM UNSTABLE EQUILIBRIUM NEUTRAL EQUILIBRIUM

Fig.4.12  Stabilities of sub-merged bodies.

(@) Stable Equilibrium. When W = Fj and point B is above G, the body is said to be in stable
equilibrium.

() Unstable Equilibrium. If W = Fj, but the centre of buoyancy (B) is below centre of gravity (G),
the body is in unstable equilibrium as shown in Fig. 4.12 (b). A slight displacement to the body, in the
clockwise direction, gives the couple due to W and F also in the clockwise direction. Thus the body
does not return (o its original position and hence the body is in unstable equilibrium.

(c) Neutral Equilibrium. If Fp= Wand B and G are at the same point, as shown in Fig. 4.12 (c). the
body is said to be in neutral equilibrium.

4.7.2 Stability of Floating Body. The stability of a floating body is determined from the posi-
tion of Meta-centre (M). In case of floating body. the weight of the body is equal to the weight of ligquid
displaced.
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(a) Stable Equilibrium. If the point M is above G, the floating body will be in stable equilibrium as
shown in Fig. 4.13 (a). If a slight angular displacement is given to the floating body in the clockwise
direction, the centre of buoyancy shifts from B to B, such that the vertical line through B, cuts at M.
Then the buoyant force Fj; through B and weight W through G constitute a couple acting in the anti-
clockwise direction and thus bringing the floating body in the original position.

DISTURBING
WA
= W

1 G

e ;
Fa B,

(i)
Fs
(a) Stable equilibrium M is above G {b) Unstable equilibrium M is below (5.

Fig.4.13 Stability of floating bodies.

(£) Unstable Equilibrium. If the point M is below G, the floating body will be in unstable equilib-
rium as shown in Fig. 4.13 (#). The disturbing couple is acting in the clockwise direction. The couple
due to buoyant force F and W is also acting in the clockwise direction and thus overturning the
floating body.

(¢) Neutral Equilibrinm. If the point M is at the centre of gravity of the body, the floating body will
be in neutral equilibrium.

Problem 4.12 A solid cylinder of diameter 4.0 m has a height of 4.0 m. Find the meta-centric height
of the cylinder if the specific gravity of the material of cylinder = 0.6 and it is floating in water with its
axis vertical. State whether the equilibrium is stable or unstable.

Solution. Given : D=4m r 4'[3( _*|
Height, h=4m
Sp. er. =0.6 )
Depth of cylinder in water =8p.gr. xh
=06x40=24m PLAN Ty
Distance of centre of buoyancy (5) from A
or AB = E =12m e
2 T
Distance of centre of gravity (&) from A
or AG:J—Izﬂzlﬂm
2 2

; BG=AG-AB=20-12=08m
Now the meta-centric height GM is given by
i

GM:;—BG
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where /= M.O.L of the plan of the body about Y-} axis

- F T
64 64

W = Volume of cylinder in water

= EED- x D* x Depth of cylinder in water = % x4’x24m’

n 4

— x4 5
i=;ﬂ7=lx4_=L=o.4m?m
V To.,4 16 24 24

GM = é - BG = 04167 - 0.8 = - 0.3833 m. Ans.

~ve sign means that the meta-centre (M) is below the centre of gravity (G). Thus the cylinder is in
unstable equilibrium. Ans.
Problem 4.13 A solid cylinder of 10 cm diameter and 40 cm long, consists of two parts made of
different materials. The first part at the base is 1.0 cm long and of specific gravity = 6.0, The other part
of the cvlinder is made of the material having specific gravity 0.6. State, if it can float vertically in
water.

Solution. Given : D=10cm i3
Length, L=40cm C
Length of 1st part, f,=10¢em | .I
Sp. er.. S, =6.0 i Dam
Density of 1st part, p, = 6 x 1000 = 6000 kg/m* ¥
Length of 2nd part, ,=40-1.0=390cm
Sp. er., S,=06 oy
Density of 2nd part, P, = 0.6 x 1000 = 600 kg/m’ g A
The cylinder will float vertically in water if its meta-centric height GM is I
positive. To find meta-centric height, find the location of centre of gravity 1'@
() and centre of buoyancy (B) of the combined solid cylinder. The distance e s, &
of the centre of gravity of the solid cylinder from A is given as T ;L;-QF 6.0
AG = [(Weight of 1st part x Distance of C.G. of Ist part from A) Fig. 4.15

+ (Weight of 2nd part of cylinder
* Distance of C.G. of 2nd part from A)]
+ [Weight of Ist part + weight of 2nd part]

(E D’ x1.0%6.0x 1}5] +(2 D7 %39.0 % 0.6 x(1.0 x 39#2)]

[Z D x1.0x6.0+ :: D* %39 xU.G]

_ L0x6.0x0.5+39.0x.6 x(20.5)
- 1.0 %60 +39.0 0.6

30+479.7 4827
6.0+234 ~ 204

Cancel % D? in the Numerator and Denominator = = 16.42.

L
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To find the centre of buoyancy of the combined two parts or of the cylinder, determine the depth
of immersion of the cylinder. Let the depth of immersion of the cylinder is /i. Then
Weight of the cylinder = Weight of water displaced

T (1P 20 600 x9.81 + F (12 x6000%9.81 = (112 %~ % 1000 % 9.81
n 100 1 100 3 100
[ hisincm]
or cancelling ; {.])2 b4 H}O(;l[}# throughout, we get

VOx06+1.0x60=h or h=234+60=204
The distance of the centre of the buoyancy B, of the cylinder from A is
AB = hi2 = —23'4 = 14.7
. BG=AG - AB =1642 - 14.70 = 1.72 cm.
Meta-centric height GM is given by
GM = 4 BG
v
where 1= M.O.L of plan of the body about Y-} axis
=L p*=L (10)*em®
64 64
7 = Volume of cylinder in water

=2 pxn=2 102 x294 m?

4 4
I = W — 1 10° 100
—=— 10y /=(10)> x 29.4 = —x = = 0.212
v o6 )/4{ J 16 294 19x294

R GM=0.212-1.72 = - 1.508 cm

As GM is — ve, it means that the Meta-centre M is below the centre of gravity (G). Thus the
cylinder is in unstable equilibrium and so it cannot float vertically in water. Ans.
Problem 4.14 A rectangular ponteon 10.0 m long, 7 m broad and 2.5 m deep weighs 686.7 kN. It
carries on iis upper deck an empty boiler of 5.0 m diameter weighing 588.6 kN. The centre of gravity
of the boiler and the pontoon are at their respective centres along a vertical line. Find the meta-centric
height. Weight density of sea water is 10.104 kN/m’. i

Solution. Given : Dimension of pontoon = 10 x 7 x 2.5 -T-
i L

Weight of pontoon, W, = 686.7 kN G, 50 m

Dia. of boiler, D=50m l G

Weight of boiler, W, = 588.6 kN ‘

w for sea water = 10.104 kN/m’ =23 g 4&1 :"i-i"_”:"

To find the meta-centric height, first determine the common cen- lA
tre of gravity & and common centre of buoyancy B of the boiler and P} ey
pontoon. Let G, and G, are the centre of gravities of pontoon and Fig. 4.16

boiler respectively. Then

L
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o
AG|=2T=],25111 Y

AGE=2.5+%=2.5+2.5=5.ﬂm !

The distance of common centre of gravity G from A is given as
W X AG, + W, X AG,

W; o W’l I 10.0m
686.7 x 1.25 + 588.6 x50
=T (6867+5886)  _oom
Let £ is the depth of immersion. Then
Total weight of pontoon and boiler = Weight of sea water displaced 7.0& |
or (686.7 + 588.6) = w x Volume of the pontoon in water ' e

Fig. 4.17 Plan of the body

= 10.104 % L x b x Depth of immersion gt waterline

12753 =10.104 x 10 x T x h

- 12753
10 x7 x10.104
The distance of the common centre of buoyancy B from A is
AB = £=@ =.9015m
2 2

BG=AG-AB=298 - .9015=2.0785 m=2.078 m

=1.803 m

Meta-centric height is given by GM = é - BG

where I = M.O.L of the plan of the body at the water level along Y-V
= i % 10.0x 73 = Mnﬁ
12 12
¥ = Volume of the body in water
=Lxbxh=100x7x1.857

ka 10 x 49 % 7 49 = 2198 m

vV 12x10x7x1857 12 x1.857

GM = é -BG=2.198-2.078 =0.12 m.

Meta-centric height of both the pontoon and boiler = .12 m. Ans.

Problem 4.15 A wooden cylinder of sp. gr. = 0.6 and circular in cross-section is required to float
in oil (sp. gr. = 0.90). Find the L/D ratio for the cylinder to float with its longitudinal axis vertical
in oil, where L is the height of cylinder and D iy its diamelfer.

Solution. Given :

Dia. of cylinder =D

Height of cylinder =L

Sp. gr. of cylinder, 5,=06

=



148 Fluid Mechanics

Sp. gr. of oil > = 0.9 — |
Let the depth of cylinder immersed in oil = & ! ]
For the principle of buoyancy ~=F=- TR 3
Weight of cylinder = wt. of oil displaced - "Iz T
L 1c]
%DZXLXO.ﬁx IDOOX‘).S]:;DEXIFXD.Q x 1000 x 9.81 5
or Lx06=Ihx09 l
X
06xL 2 i A
h= =— L. E] -
09 3 -
i Fig. 4.18
The distance of centre of gravity G from A, AG = E
The distance of centre of buoyancy B from A,
AB:LL[EL] e
2 213 3
BG = AG — AR = L_L_3L-2L L
2 3 6 6
The meta-centric height GM is given by
GM = = BG
v
T 4 . s 5 T el
where [= ) D™ and ¥ = Volume of cylinder in oil = 7 D" x h
2 2 -}
i=(1D4 ED%;J:,L]_.EJ:_D.E_;& { _.-';:EL}
v 64 4 16 h 6T, A2L 3
3D°
G~ e
2L 6
For stable equilibrium, GM should be +ve or
GM=0 or ok & >0
32L i}
30 L 3x6_ L
or —>— or >—
2L 6 32 D~
L 18 9
or - <— o —
D 32 16
L 9 _3
D 16 4

i L/D < 3/4. Ans.
Problem 4.16 Show that a cylindrical buoy of 1 m diameter and 2.0 m height weighing 7.848 kN
will not float vertically in sea water of density 1030 kg.-’m‘f. Find the force necessary in a vertical
chain attached at the centre of base of the buoy that will keep it vertical.

=
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Solution. Given : Dia. of buoy, D = 1 m

Height , H=20m
Weight, W= 7.848 kN i
= 7.848 x 1000 = 7848 N
Density, p = 1030 kg/m* —

(f) Show the cylinder will not float vertically.

(if) Find the force in the chain. S 55 13
Part I. The cylinder will not float if meta-centric height is —ve. G '
Let the depth of immersion be /i B
Then for equilibrium, Weight of cylinder

= Weight of water displaced

A
= Density x g x Volume of cylinder in water |q_ 0

7848 = 1030 x 9.81 x g D% h Fig. 4.19

=10104.3 x g (12 % h

h= LS = (.989 m.
101043 x
The distance of centre of buoyancy B from A,
h 0589

AB= —= """ =(.494m.
2 2

And the distance of centre of gravity G, from A is AG = 22—0 =1.0m
BG=AG-AB=1.0- 494 = 506 m.

Now meta-centric height GM is given by GM = é -bBG

n o4 = 44
where = — D'=— x(1)"m
64 64 t

and ¥V = Volume of cylinder in water = E D*xh= ; 17 x 989
n
— x1* LB
1 _ &4 _ 64

Y o Epixn Txi1?x989
4 4
:I—X lzx ! = 1
16 989 16 x.989

GM = .063 - 506 = — 0.443 m. Ans.

As the meta-centric height is —ve, the point M lies below G and hence the cylinder will be in
unstable equilibrium and hence cylinder will not float vertically.

= (.063 m
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Part II. Let the force applied in a vertical chain attached at the centre
of the base of the buoy is T to keep the buoy vertical.

Now find the combined position of centre of gravity (G”) and centre of ~
buoyancy (B). For the combined centre of buoyancy, let

h'" = depth of immersion when the force T is applied. Then el h
Total downward force = Weight of water displaced B’
or (7848 + T) = Density of water X g x Volume of eylinder in water l
= 1030 x 9.81 x E DY % i’ | where i = depth of immersion | A
S
W= 7848+ T _ 7848+ T _ 101043 + Tm Fig. 4.20

10104,3xg><f.:~1 10104,3><Ex12 79359

AB’

B E_l[ﬁ'msw]_?ms»fr s
~ 2 20 79359 | 158718

The combined centre of gravity (G") due to weight of cylinder and due to tension T in the chain
from A is

AG" = [Wt. of cylinder x Distance of C.G. of cylinder from A
+ T x Distance of C.G. of T from A] + [Weight of cylinder + T]
7848
— m
7848+ T
7848 (7848 + T)
(7848+T) 15871.8

The meta-centric height GM 1s given by GM = % - B'G

= [TSdEx%+Txﬂ]+ [7848 + T] =

B'G'=AG" - AR’ =

where =£><D4=i><l4=£m4
64 64 64
and V:Eszh'=Exlzx{?ma+r}=ﬁx?848+?‘
4 4 7935.9 4 79359
s
I _ 6 | G 79359
Vv n(7848+T) 16 (7848+T)
4 79359
GM 79359 7848 (7848 +T)
TM = = =5
16 (7848 +T) |(7848+T) 15871.8
For stable equilibrium GM should be positive
or GM > 0

o 79359 B
16(7848+7T) |(7848+7T) 158718

7848 (7848 + T)} y
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7935.9 7848 7848+ T
or - + =10
16(7848+T) (7848+T) 158718
79359 - 16X 7848 (7848+T)
or + >
16 (7848 + T) 158718
-117632 (7848 + T)
or + =
16 (7848 +T) 158718
or (7848 +T) o 117632
158718  16(7848+17)
or (71848 + T > 17632 158718

> 116689473.5
> (10802.3)°
7848 + T > 10802.3
T > 10802.3 — 7848
> 2954.3 N. Ans.

The force in the chain must be at least 2954.3 N so that the cylindrical buoy can be kept in

vertical position. Ans.

Problem 4.17 A solid cone floats in water with its apex downwards. Determine the least apex angle
of cone for stable equilibrium. The specific gravity of the material of the cone is given 0.8,

Solution. Given :
Sp. gr. of cone

0.8

Density of cone,
Let

p = 0.8 x 1000 = 800 kg/m®
[ = Dia. of the cone

K_
d = Dia. of cone at water level PLAN OF
- CONE AT
28 = Apex angle of cone WATER LINE

H = Height of cone
it = Depth of cone in water

]
I

—

G = Centre of gravity of the cone

B = Centre of buoyancy of the cone
For the cone, the distance of centre of gravity from the apex A is

AC = %hcight of cone = %H

also AB = § depth of cone in water = 3 1

Volume of water displaced =1 nrt x h

Volume of cone =L xR’ xn Fig. 4.21
. Weight of cone =800xgx L xnR*x H
Now from AAEF, tan B = BE = £
EA H
R = H tan 8
Similarly, r=htan 8

=
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800 x g x wx H” tan” 0

. Weight of cone =800xgx L xmx(Htan 0)° x H= 3

. Weight of water displaced = 1000 x g x l,_ X T X h

1000 x g X T x i tan” @

= 1000 x g x L x w(h tan 0)* x h =

3.0
For equilibrium
Weight of cone = Weight of water displaced
or 800 x gxmx H tan”® _ 1000 x9.81 XXk’ % tan” O
3.0 3.0
or 800 x H* = 1000 x h’°
| 113
HA: ..1..[.).9..(..]. xj!'—snr-{{- = (ﬂj
800 h 800

For stable equilibrium, Meta-centric height GM should be positive. But GM is given by

GM = i - BG
v
. i
where f= M.O.I. of cone at water-line = P at

1
¥ = Volume of cone in water =E % d* % h

i=1d4/£xEdth
3 4

v 64
2 2 2
=ﬂxd_=3i=ix{2r]z=ir_
16  h 16k 16k 4 h
_3(.‘1't:1n9}2 i
T4 '
=:3;—hl.anzﬂ
and BG=AG-AB=3H-3h=3(H-h)

2 GM = 2htan’ 0 - 3(H - h)
For stable equilibrium GM should be positive or

ih ranlB—'—:(H-h))l} or htan"@—(H-h)>0
or i tan® @ > (H-h or *h tanB+h>H
or h[tan28+1]>h' or 1+tan’0>H/h or S.t:n;:zla:s-f:E
1
H 1000]”3
But — =—] =1.077
h (_800

sec’ @ > 1.077 or cos’ 0> =0.9285

1.077
cos 8 > (1.9635

6> 15°30" or 20>31°
Apex angle (28) should be at least 31°. Ans.

r=htan 0}

L
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Problem 4.18 A cone of specific gravity S, is floating in water with its apex downwards. It has a

2 o3|
diameter ) and vertical height H. Show that for stable equilibrium of the cone H < i|:D 5 :|

Solution. Given :

Dia. of cone =D

Height of cone = H

Sp. gr. of cone = §

Let G = Centre of gravity of cone
B = Centre of buoyancy
20 = Apex angle
A = Apex of the cone

It = Depth of immersion
d = Dia. of cone at water surface

2 j-SMj

fe— o —=]

PLAN OF
CONE AT
WATER LINE

Then AG = s H =
4 A
3 Fig. 4.22
AB=—h
4
Also weight of cone =Weight of water displaced.
1000 S x g x L TR* x H = lUUUKg)(%IErE xh or SR’H=rh
SR°H
h= 5
#
But tan 6 = T
H &
R=Htan 9, r=htan 0
; Sx(Htan®) x H
= ,
(h tan 6)°
. 2 2 3
- SxH tha? OxH _ Sh: or = SH?
h”tan” B h”
or h=(SHH"” =8"H A1)
Distance, BG=AG-AB
3 3 3 3 13 113
=—H-—h=—(H-=—(H-§ whp=nRT o
2 F =y (H~h) 2 ( H) {~h i
3 173
=—H[l-5" w2
Pl J (2)
Also ! = M.O. Inertia of the plan of body at water surface

Dot
64

I n

% = Volume of cone in water = %x;x d*xh==—d* [H.S”S]

=
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m

R 4 -
I 64 d . B
v 1 ®ppen 16HS"
3 4
Now Meta-centric height GM is given as
3d’ :
GM=L -Be=—2 2 _gn
v 16.H.8™" 4
GM should be +ve for stable equilibrium or GM > 0
3d* 3H 3
o st g (7070
3d” 3H
or m > T (] = 5”5) {3)
Also we know R = Htan O and r= s tan 8
R BB
r h d
d=P0_D  ygis - pgn
H H
Substituting the value of d in equation (3), we pet
X
3(Ds?) 1 o3
—( > -5 o 25 S hpa-sm
16.H.5 4 4.H
2 3
2 li3 D-.§
or —'?L}Hz or H2<41_SN3
4(1-5") ( )
1[p?.s]"
or H< E{W} . Ans.

> 4.8 EXPERIMENTAL METHOD OF DETERMINATION OF META-CENTRIC
HEIGHT

The meta-centric height of a floating vessel can be determined, provided we know the centre of
gravity of the floating vessel. Let w is a known weight placed over the centre of the vessel as shown in
Fig. 4.23 (a) and the vessel is floating,

(a) Floating body (b) Tilted body

Fig. 4.23 Meta-centric beight.

=
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Let W= Weight of vessel including w
G = Centre of gravity of the vessel
B = Centre of buoyancy of the vessel
The weight wy is moved across the vessel towards right through a distance x as shown in Fig. 4.23 (b).
The vessel will be tilted. The angle of heel 6 is measured by means of a plumbline and a protractor
attached on the vessel. The new centre of gravity of the vessel will shift to G, as the weight w, has been
moved towards the right. Also the centre of buoyancy will change to B, as the vessel has tilted. Under
equilibrium, the moment caused by the movement of the load w through a distance x must be equal to
the moment caused by the shift of the centre of gravity from G to . Thus
The moment due to change of G=GG, xW=WxGMtan B
The moment due to movement of w, =w, xx
wix = WGM tan B
Hence GM = "1 (4.5)
W tan 0
Problem 4.19 A ship 70 m long and 10 m broad has a displacement of 19620 kN. A weight of
343.35 kN is moved across the deck through a distance of 6 m. The ship is tilted through 6°. The
moment of inertia of the ship at water-line about its fore and aft axis is 75% of M.O.L of the
circumscribing rectangle. The centre of buoyancy is 2.25 m below water-line. Find the meta-centric
height and position of centre of gravity of ship. Specific weight of sea water is 10104 N/nt'.

Solution. Given :

Length of ship, L=70m
Breadth of ship, b=10m
Displacement, W=19620 kN
Angle of heel, 6 =6°

75% of M.O.1. of circumscribing rectangle
10104 N/m* = 10.104 kN/m*

M.0.1. of ship at water-line

w for sea-water

Movable weight, w, = 34335 kN
Distance moved by w, x=6m
Centre of buoyancy = 2.25 m below water surface

Find (i) Meta-centric height, GM
(ii) Position of centre of gravity, G.
(i) Meta-centric height, GM is given by equation (4.5)
_oowpx 34335kN % 6.0
"~ Witan® 19620 kN x tan 6°
_ 34335kN x6.0 — 0.999 m. Ans.
19620 kN = 1051
(i) Position of Centre of Gravity, G

GM:L—BG
v

where [ = M.O.1. of the ship at water-line about ¥-Y
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1
: WATER LINE
: _::_::E: E="" f
2.25
T0m
! - T
| : 1.254
E } B '
Y-
=10 m—=|
Fig.4.24 Fig. 4.25
=T5%0f$ % 70 x 10° = .75 x é x 70 x 10° = 4375 m*
i 2
i VL VeliHE e s e —ORMOL B, T g
Weight density of water  10.104
i = 4l =225 m
v 1941.74

GM = 2.253 - BG or 999 = 2.253 - BG

BG = 2.253 — 999 = 1.254 m.

From Fig. 4.25, it is clear that the distance of & from free surface of the water = distance of B
from water surface — BG

= 2.25 - 1.254 = 0.996 m. Ans.
Problem 4.20 A pontoon of 15696 kN displacement is floating in water. A weight of 245.25 kN is
moved through a distance of 8 m across the deck of pantoon, which tilts the pontoon through an angle
4% Find meta-centric height of the pontoon.

Solution. Given :
Weight of pontoon = Displacement

or W= 15696 kN
Movable weight, w, = 24525 kN
Distance moved by weight w;, x=8m
Angle of heel, B=4"
The meta-centric height, GM is given by equation (4.5)
- CM= % _ 24525kN x 8
Wtan 6 15696 kN x tan 47
= . - = 1.788 m. Ans.
15696 x 0.0699

> 4.9 OSCILLATION (ROLLING) OF A FLOATING BODY

Consider a floating body, which is tilted through an angle by an overturning couple as shown in
Fig. 4.26. Let the overturning couple is suddenly removed. The body will start oscillating. Thus, the

=
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body will be in a state of oscillation as if suspended at the meta-centre M. This is similar to the case of

a pendulum. The only force acting on the body is due to the restoring couple due to the weight W of
the body force of buoyancy Fp.

|
|
2 | |roredann. |
<[AFT.AXS ¥ [<
I

Jlﬂ

Fig. 4.26
Restoring couple = W x Distance GA
=Wx GM sin 0 .. (i)
This couple tries to decrease the angle
Angular acceleration of the body, o = — %
—ve sign has been introduced as the restoring couple tries to decrease the angle 6.
Torgue due to inertia = Moment of Inertia about ¥-¥ x Angular acceleration
-~y
di”

W 2
But lyy= E K
where W = Weight of body, K = Radius of gyration about ¥-Y

Inertia torque = — K =—— — ...(£)

Equating (§) and (if), we get

WxGMsin'B:—EK?' — or GMsinEl:—K 3
g dt” g dr-
For small angle 0, sin@ = 0

MR 29y ED . aregio
g dr g dr

o

g . X g X
Dividing by —, we get d—? +%§—e =0
& dr” K-
The above equation is a differential equation of second degree. The solution is

{GM. fGM. t
8=C, sin Kzg ¥+ C,cos ngx 114

=
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where C| and C, are constants of integration.
The values of C| and C, are obtained from boundary conditions which are
(i) atr=0,0=0
T
EQ

(i) atr= 6=0

where T is the time period of one complete oscillation.
Substituting the |st boundary condition in (iii), we get

0=C;x0+Cyx1 [*rsinB=0,cos0=1}
C,=0
Substituting 2nd boundary conditions in (i), we get
GM. T
0=C, sin £ Be
K- 2

But C, cannot be equal to zero and so the other alternative is

GM.g T

sin =3 x;:ﬂ:sinﬂ: {* sin =0}
M. T 2
& ,,g XxX—=7m or T=2n £ ...(4.6)
K- 2 GM .2

Time period of oscillation is given by equation (4.6).
Problem 4.21 The least radius of gyration of a ship is 8 m and meta-centric height 70 em. Calcu-
late the time period of oscillation of the ship.
Solution. Given :
Least radius of gyration, K = 8 m
Meta-centric height, GM = 70 em = (.70 m
The time period of oscillation is given by equation (4.6).

T=2n E =2n & = 19.18 sec. Ans.
GM.g 0.7 %981

Problem 4.22 The time period of rolling of a ship of weight 29430 kN in sea water is 10 seconds.
The centre of buoyancy of the ship is 1.5 m below the centre of gravity. Find the radius of gyration of
the ship if the moment of inertia of the ship at the water line about fore and aft axis is 1000 m*. Take
specific weight of sea water as = 10100 N/m’.

Solution. Given :

Time period, T =10 sec

Distance between centre of buoyancy and centre of gravity, BG = [.5m
Moment of Inertia, 1= 10000 m*

Weight, W= 29430 kN = 29430 x 1000 N

Let the radius of gyration = K
First calculate the meta-centric height GM, which is given as

GM = BM—BG=VL—BG

=
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where I = M.O. Inertia

and ¥ = Volume of water displaced
_ Weight of ship _ 29430 x1000 _ 20126 m®
Sp. weight of sea water 10104
M = SLLL 1.5=3433 - 1.5 = 1.933 m.
2912.6
Kl
Using equation (4.6), we get r=2n|———-
GM x g
K* 2nK

or

or

=21 =
1933981 1933 x9.81
10 % \/1.933 x 9.81
K= < N = 6.93 m. Ans.

2

HIGHLIGHTS

1. The upward force exerted by a liquid on a body when the body is immersed in the liguid is known as
buoyancy or force of buoyancy.

2. The point through which force of buoyancy is supposed to act is called centre of buoyancy.

3. The point about which a body starts oscillating when the body is tilted is known as meta-centre.

4. The distance between the meta-centre and centre of gravity is known as meta-centric height.

1
5. The meta-centric height (GM) is given by GM = gk BG

where [ = Moment of Inertia of the floating body (in plan) at water surface about the axis Y-¥
¥ = Volume of the body sub-merged in water

BG = Distance between centre of gravity and centre of buoyancy.
6. Conditions of equilibrium of a floating and sub-merged body are :

Equilibrium Floating Body Sub-merged Body
(f) Stable Equilibrium M is above G B is above G
(ii) Unstable Equilibrium M is below B is below G
(fii) Neutral Equilibrium M and G coincide B and G coincide
7. The value of meta-centric height GM, experimentally is given as GM = W“:’x =
an

where  w; = Movable weight
x = Distance through which w, is moved
W= Weight of the ship or floating body including w
0 = Angle through the ship or floating body is tilted due to the movement of w,.
K2
GM = g

8. The time period of oscillation or rolling of a floating body is given by T'=2n

where K = Radius of gyration, GM = Meta-centric height

T = Time of one complete oscillation.
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EXERCISE

(A) THEORETICAL PROBLEMS

1. Define the terms ‘buoyancy” and ‘centre of buoyancy’.

2. Explain the terms ‘meta-centre’ and ‘meta-centric height’.

3. Derive an expression for the meta-centric height of a floating body.
4. Show that the distance between the meta-centre and centre of buoyancy is given by BM = é

where I = Moment of inertia of the plan of the floating body at water surface about longitudinal axis.
¥V = Volume of the body sub-merged in liguid.
5. What are the conditions of equilibrium of a floating body and a sub-merged body ?
6. How will you determine the meta-centric height of a floating body experimentally ? Explain with neat
sketch,
7. Select the correct statement :
{a) The buoyant force for a floating body passes through the
(i) centre of gravity of the body {ii) centroid of volume of the body
(fif) meta-centre of the body (iv) centre of gravity of the sub-merged part of the body
(v) centroid of the displaced volume.
() A body sub-merged in liquid is in equilibrium when :
{#) its meta-centre is above the centre of gravity
(if) its meta-centre is above the centre of buoyancy
(iif) its centre of gravity is above the centre of buoyancy
{iv) its centre of buoyancy is above the centre of gravity
(v) none of these. [Ans. 7 {a) (v}, (B) (h)]
8. Derive an expression for the time period of the oscillation of a floating body in terms of radius of gyration
and meta-centric height of the floating body.
9. Define the terms : mela-centre, centre of buoyancy, meta-centric height, gauge pressure and absolute
pressure.
10. What do you understand by the hydrostatic equation ? With the help of this equation, derive the expression
for the buoyant force acting on a sub-merged body.
11. With neat sketches, explain the conditions of equilibrium for floating and sub-merged bodies.
12. Differentiate between :
(1) Dynamic viscosity and kinematic viscosity, (#1) Absolute and gauge pressure (#ff) Simple and
differential manometers (#v) Centre of gravity and centre of buoyancy.
(Delhi University, Dec. 2002)

(B) NUMERICAL PROBLEMS

1. A wooden block of width 2 m, depth 1.5 m and length 4 m floats horizontally in water. Find the volume
of water displaced and position of centre of buoyancy. The specific gravity of the wooden block is (.7,
[Ans. 84 m®, 0.525 m from the base]
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:JI

13.

15.

16.

18.

. A wooden log of 0.8 m diameter and 6 m length is floating in river water. Find the depth of wooden

log in water when the sp. gr. of the wooden log is 0.7. [Ans. 0.54 m]
A stone weighs 490.5 N in air and 196.2 N in water. Determine the volume of stone and its specific
gravity. [Ans. 0.03 m® or 3 x 10* em?, 1.67]

. A body of dimensions 2.0 m % 1.0 m x 3.0 m weighs 3924 N in water. Find its weight in air. What will be

its specific gravity ? [Ans. 62784 N, 1.0667]
A metallic body floats at the interface of mercury of sp. gr. 13.6 and water in such a way that 30% of its
volume is sub-merged in mercury and 70% in water. Find the density of the metallic body.

[Ans. 4780 kg/m"]

. A body of dimensions 0.5 m x 0.5 m x 1.0 m and of sp. gr. 3.0 is immersed in water. Determine the least

force required to lift the body. [Ans. 4905 N]

. A rectangular pontoon is 4 m long, 3 m wide and 1.40 m high. The depth of immersion of the pontoon is

1.0 m in sea-water. If the centre of gravity is 0.70 m above the bottom of the pontoon, determine the meta-
centric height. Take the density of sea-water as 1030 kghni. [Ans. 0.45 m]
A uniform body of size 4 m long x 2 m wide % 1 m deep floats in water. What is the weight of the body if
depth of immersion is 0.6 m ? Determine the meta-centric height also. [Ans. 47088 N, 0.355 m]
A block of wood of specific gravity 0.8 floats in water. Determine the meta-centric height of the block if
itssizeis3Imx2mx1m. [Ans. 0.316 m]

. A solid cylinder of diameter 3.0 m has a height of 2 m. Find the meta-centric height of the cylinder when

it is floating in water with its axis vertical. The sp. gr. of the cylinder is 00.7. [Ans. 0.1017 m]

. A body has the cylindrical upper portion of 4 m diameter and 2 m deep. The lower portion is a curved one,

which displaces a volume of 0.9 m® of water, The centre of buoyancy of the curved portion is at a distance
of 2.10 m below the top of the cylinder. The centre of gravity of the whole body is 1.50 m below the top
of the cylinder. The total displacement of water is 4.5 tonnes. Find the meta-centric height of the body.
|Ans. 2.387 m]
A solid cylinder of diameter 5.0 m has a height of 5.0 m. Find the meta-centric height of the cylinder if
the specific gravity of the material of cylinder is 0.7 and it is floating in water with its axis vertical. State
whether the equilibrium is stable or unstable., [Ans, — 0.304 m, Unstable Equilibrium]
A solid eylinder of 15 em diameter and 60 em long, consists of two parts made of different materials. The
first part at the base is 1.20 ¢m long and of specific gravity = 5.0. The other parts of the cylinder is made
of the material having specific gravity 0.6. State, if it can float vertically in water.
[Ans. GM = — 5.26, Unstable, Equilibrium]

. A rectangular pontoon 8.0 m long, 7 m broad and 3.0 m deep weighs 588.6 kN. It carries on its upper deck

an empty boiler of 4.0 m diameter weighing 392.4 kN. The centre of gravity of the boiler and the pontoon
are at their respective centres along a vertical line. Find the meta-centric height. Weight density of sea-
water is 10104 N/m®. [Ans. 0.325 m]
A wooden cylinder of sp. gr. 0.6 and circular in cross-section is required to float in oil (sp. gr. 0.8). Find
the L/D ratio for the cylinder to float with its longitudinal axis vertical in oil where L is the height of
cylinder and D is its diameter. [Ans. (L/D)y < 0.8164)
Show that a cylindrical buoy of 1.5 m diameter and 3 m long weighing 2.5 tonnes will not {loat vertically
in sea-water of density 1030 kg/m®. Find the force necessary in a vertical chain attached at the centre of the
base of the buoy that will keep it vertical. [Ans. 10609.5 N

. A solid cone floats in water its apex downwards. Determine the least apex angle of cone for stable equilib-

rium. The specific gravity of the material of the cone is given 0.7. [Ans. 397 7']
A ship 60 m long and 12 m broad has a displacement of 19620 kN. A weight of 294.3 kN is moved across
the deck through a distance of 6.5 m. The ship is tilted through 5°. The moment of inertia of the ship at
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19.

20.

waler line about its force and aft axis is 75% of moment of inertia the circumscribing rectangle. The centre
of buoyancy is 2.75 m below water line. Find the meta-centric height and position of centre of gravity of
ship. Take specific weight of sea water = 10104 N/m’®. [Ans. 1.1145 m, 0.53 m below water surface]
A pontoon of 1500 tonnes displacement is floating in water. A weight of 20 tonnes is moved through
a distance of 6 m across the deck of pontoon, which tilts the pontoon through an angle of 57. Find

meta-centric height of the pontoon. |Ans. 0.9145m]

Find the time period of rolling of a solid circular cylinder of radius 2.5 m and 5.0 m long. The specific
gravity of the cylinder is 0.9 and is floating in water with its axis vertical. [Ans. 0.35 sec]
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A. KINEMATICS OF FLOW

» 5.1 INTRODUCTION

Kinematics is defined as that branch of science which deals with motion of particles without
considering the forces causing the motion. The velocity at any point in a flow field at any time is
studied in this branch of fluid mechanics. Once the velocity is known, then the pressure distribution

and hence forces acting on the fluid can be determined. In this chapter, the methods of determining
velocity and acceleration are discussed.

» 5.2 METHODS OF DESCRIBING FLUID MOTION

The fluid motion is described by two methods. They are —(i) Lagrangian Method, and (if) Eulerian
Method. In the Lagrangian method, a single fluid particle is followed during its motion and its
velocity, acceleration, density, etc., are described. In case of Eulerian method, the velocity, accelera-
tion, pressure, density etc., are described at a point in flow field. The Eulerian method is commonly
used in fluid mechanics.

» 5.3 TYPES OF FLUID FLOW

The fluid flow is classified as :

(i} Steady and unsteady flows ;

(ii) Uniform and non-uniform flows ;
(if7) Laminar and turbulent flows ;
(iv) Compressible and incompressible flows ;
(v) Rotational and irrotational flows : and
(vi) One, two and three-dimensional flows.

5.3.1 Steady and Unsteady Flows. Steady flow is defined as that type of flow in which the fluid
characteristics like velocity, pressure, density, etc., at a point do not change with time. Thus for
steady flow, mathematically, we have

163



164 Fluid Mechanics

()
ar Y ¥,

where (X, ¥y, o) 18 a fixed point in fluid field.
Unsteady flow is that type of flow, in which the velocity, pressure or density at a point changes with
respect to time. Thus, mathematically, for unsteady flow

[a_"] % .
ar s # 0, 3t - # 0 etc.

Ty ¥ e 20
5.3.2 Uniform and Non-uniform Flows. Uniform flow is defined as that type of flow in
which the velocity at any given time does not change with respect to space (i.e., length of direction of
the flow). Mathematically, for uniform flow

av
o =0
[ a:’. ]r = constant

where  dV = Change of velocity
ds = Length of flow in the direction S.
Non-uniform flow is that type of flow in which the velocity at any given time changes with respect
to space. Thus, mathematically, for non-uniform flow

(&) s
ds I = constant

5.3.3 Laminar and Turbulent Flows. Laminar flow is defined as that type of flow in which
the fluid particles move along well-defined paths or stream line and all the stream-lines are straight and
parallel. Thus the particles move in laminas or layers gliding smoothly over the adjacent layer. This
type of flow is also called stream-line flow or viscous flow.

Turbulent flow is that type of flow in which the fluid particles move in a zig-zag way. Due to the
movement of fluid particles in a zig-zag way. the eddies formation takes place which are responsible

(2] -of®) -
=0 (arj.r"._rﬂ.su“&r[a'r KXo P dy =4

v L o Yy da

for high energy loss. For a pipe flow, the type of tlow is determined by a non-dimensional number—
Vv

called the Reynold number,
where D = Diameter of pipe

V = Mean velocity of flow in pipe
and v = Kinematic viscosity of fluid.

If the Reynold number is less than 2000, the flow is called laminar. If the Reynold number is more
than 4000}, it is called turbulent flow. If the Reynold number lies between 2000 and 4000, the flow may
be laminar or turbulent.

5.3.4 Compressible and Incompressible Flows. Compressible flow is that type of flow in
which the density of the fluid changes from point to point or in other words the density (p) is not
constant for the fluid. Thus, mathematically, for compressible flow
p = Constant
Incompressible flow is that type of flow in which the density is constant for the fluid flow. Liquids
are generally incompressible while gases are compressible. Mathematically, for incompressible flow
p = Constant.
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5.3.5 Rotational and Irrotational Flows. Rotational flow is that type of flow in which the
fluid particles while flowing along stream-lines, also rotate about their own axis. And if the fluid
particles while flowing along stream-lines, do not rotate about their own axis then that type of flow is
called irrotational flow.

5.3.6 One-, Two- and Three-Dimensional Flows. One-dimensional flow is that type of
flow in which the flow parameter such as velocity is a function of time and one space co-ordinate only,
say x. For a steady one-dimensional flow, the velocity is a function of one-space-co-ordinate only. The
variation of velocities in other two mutually perpendicular directions is assumed negligible. Hence
mathematically, for one-dimensional flow

w=fix),v=0and w=10
where 1, v and w are velocity components in x, ¥ and z directions respectively.

Two-dimensional flow is that type of flow in which the velocity is a function of time and two
rectangular space co-ordinates say x and y. For a steady two-dimensional flow the velocity is a function
of two space co-ordinates only. The variation of velocity in the third direction is negligible. Thus,
mathematically for two-dimensional flow

u=filx, v), v=fx, y)and w = 0.

Three-dimensional flow is that type of flow in which the velocity is a function of time and three
mutually perpendicular directions. But for a steady three-dimensional flow the fluid parameters are
functions of three space co-ordinates (x, y and z) only. Thus, mathematically, for three-dimensional
flow

u=fi{x,y 2, v=5xy ) and w = fix, v, 2).

» 5.4 RATE OF FLOW OR DISCHARGE (Q)

It is defined as the quantity of a fluid flowing per second through a section of a pipe or a channel.
For an incompressible fluid (or liquid) the rate of flow or discharge is expressed as the volume of fluid
flowing across the section per second. For compressible fluids, the rate of flow is usually expressed as
the weight of fluid flowing across the section. Thus

(i) For liquids the units of Q are m’/s or litres/s
(i) For gases the units of Q is kgf/s or Newton/s
Consider a liquid flowing through a pipe in which
A = Cross-sectional area of pipe
V = Average velocity of fluid across the section
Then discharge Q=AxV. 2451

p» 5.5 CONTINUITY EQUATION

The equation based on the principle of conservation of mass is called continuity equation. Thus for
a fluid flowing through the pipe at all the cross-section, the quantity of fluid per second is constant.
Consider two cross-sections of a pipe as shown in Fig. 5.1.
Let V, = Average velocity at cross-section 1-1
p; = Density at section 1-1
A, = Area of pipe at section 1-1
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and V,, p,. A, are corresponding values at section, 2-2. @ @

Then rate of flow at section 1-1= p,A,V, W

Rate of flow at section 2-2 = ALY, DIRECTION | |

According to law of conservation of mass OF FLOW

Rate of flow at section -1 = Rate of flow at section 2-2
or piA V| = pA,V, D

Equation (5.2} is applicable to the compressible as well as incom- Fig. 5.1 Fluid flowing through
pressible fluids and is called Continuity Equation. If the fluid is in- a pipe.
compressible, then p; = p, and continuity equation (5.2) reduces to

AV, =AY, il 33)

Problem 5.1  The diameters of a pipe at the sections | and 2 are 10 cm and 15 cm respectively. Find
the discharge through the pipe if the velocity of water flowing through the pipe at section [ is
5 m/s. Determine also the velocity at section 2.

Solution. Given :

@
At section 1, D =10ecm=0.1 m j/_/_/_j‘_{
|8 2 T
A= DD = (.1)* = 0.007854 m* __ |p=10cm | D,=15cm
V=15 mfs.
At section 2, Dy=15cm =0.15m
A, =; (.15 = 0.01767 m’ Fig. 5.2

(7) Discharge through pipe is given by equation (5.1)
or O=A, xV
= 0.007854 x 5 = 0.03927 m*/s. Ans.
Using equation (5.3), we have AV, = A,V,
AV, 0.007854
i % ¥y =—Ll= X 5.0 = 2.22 m/s. Ans.
) 274, 001767 N b

Problem 5.2 A 30 cm diameter pipe, conveying water, branches into two pipes of diameters
20 em and 15 cm respectively. If the average velocity in the 30 cm diameter pipe is 2.5 m/s, find the
discharge in this pipe. Also determine the velocity in 15 cm pipe if the average velocity in 20 cm
diameter pipe is 2 m/s.

Solution. Given :

Vy=2.5m/sec
Dy = 30cm

®

Fig. 5.3
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D, =30cm =030 m

A =2 D2=T % 372007068 m?
4 4
V, = 2.5 mis

D,=20cm = 0.20m
Ay =L (27 =L x 4=00314 m?,
4 4

5 =2mls
Dy=15em=0.15m
A, % (.15 =E x 0.225 = 0.01767 m*
Find (i) Discharge in pipe 1 or O,
(ii) Velocity in pipe of dia. 15 cm or V,
Let 0y, O, and (5 are discharges in pipe 1, 2 and 3 respectively.
Then according to continuity equation
Q,=0,+ 04 sk}
(i) The discharge Q, in pipe | is given by
0, = AV, = 0.07068 x 2.5 m’fs = 0.1767 m’/s. Ans.
(if) Value of V,
0, = A,V, = 0.0314 x 2.0 = 0.0628 m’/s
Substituting the values of Q| and @5 in equation (1)
0.1767 = 0.0628 + O,
& 0, = 0.1767 — 0.0628 = 0.1139 m’/s
But L= Ay X V,= 001767 x Vy or 0.1139 = 0.01767 x V;,
_ 01139
3

0.01767
Problem 5.3 Water flows through a pipe AB 1.2 m diameter at 3 m/s and then passes through a
pipe BC 1.5 m diameter. At C, the pipe branches. Branch CD is 0.8 m in diameter and carries one-
third of the flow in AB. The flow velocity in branch CE is 2.5 m/s. Find the volume rate of flow in
AB, the velocity in BC, the velocity in CD and the diameter of CE.

= 6.44 m/fs. Ans.

Solution. Given :

Diameter of pipe AB, Diyp=12m
Velocity of flow through AB, V, ;= 3.0 m/s
Dia. of pipe BC. Dpe=15m

Dia. of branched pipe CD, Dy =08 m
Velocity of flow in pipe CE, Vg = 2.5 m/s
Let the flow rate in pipe AB=( m¥/s
Velocity of flow in pipe BC = Vg m/s
WVelocity of flow in pipe CD = V., mis

=
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—_—F I
12m 15m
Vig= 3 m/sec
Vo= 2.5 m/sec
Fig. 5.4
Diameter of pipe CE=Dq
Then flow rate through CD = 03
and flow rate through CE=0-0/3= 2—5—

(i} Now volume flow rate through AB =Q = V,; X Area of AB
= 3.0 x % (Dyp) = 3.0 X % (1.2)? = 3.393 m¥s. Ans.

(i) Applying continuity equation to pipe AB and pipe BC,
Vg > Area of pipe AB = V- % Area of pipe BC

T 5 i 4
or 3.0 %x— (D) = Ve x— (Dp)*
4i AB) Be 4{3.:)
or 3.0 x (1.2)2 = Vge % (1.5)% [Divide by ﬂ
312
or Vac= sz = 1.92 m/s. Ans.
(7ii}) The flow rate through pipe
ChD=0,= % =% = 1.131 m%/s

0, = Vo % Area of pipe CD xg (J'.)E_,J]2

or 1.131 = Vg x% % 0.82 = 0.5026 V,,
D =ﬂ = 2.25 m/s. Ans.
0.5026

(iv) Flow rate through CE,
0,=0-0,=3393 - 1131 = 2262 m’/s

0, = Vg x Area of pipe CE = V&-% (Deg)

or 2263 = 2.5 xg x (D)
2 b
or I 2263x4 _ 1153 = 1.0735m
) 25T

Diameter of pipe CE = 1.0735 m. Ans.
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Problem 5.4 A 25 cm diameter pipe carries oil of sp. gr. 0.9 at a velocity of 3 m/s. At another
section the diameter is 20 cm. Find the velocity at this section and also mass rate of flow of oil.

Solution. Given :

at section 1, D =25cem=025m
A =2 p2=Z %025 = 0.049 m?
4 4
V=3 m/s
at section 2, Dy=20cm=02m
A, % (0.2)* = 0.0314 m?
V,=?

Mass rate of flow of oil = ?

Applying continuity equation at sections 1 and 2,

or 0.049 x 3.0=0.0314 x V,
V.= w = 4.68 m/s. Ans.
) 0.0314
Mass rate of flow of oil = Mass density x Q=p x A, x V|
S it 6160 = Density of oil
Density of water
Density of oil = Sp. er. of 0il x Density of water
= 0.9 x 1000 kg/m® = 220 Ke
m"
Mass rate of flow = 900 x 0.049 % 3.0 kg/s = 132.23 kg/s. Ans.

Problem 5.5 A jer of water from a 25 mm diameter nozzle is directed vertically upwards. Assuming
that the jet remains circular and neglecting any loss of energy, that will be the diameter at a point 4.5 m
above the nozzle, if the velocity with which the jet leaves the nozzle is 12 m/s.

Solution. Given :

Dia. of nozzle, D, =25 mm = 0.025 m 2 T
Velocity of jet at nozzle, V|, =12 m/s
Height of point A, fi=45m !
JET OF 4.5m
Let the velocity of the jet at a height 4.5 m = V, WATE
Consider the vertical motion of the jet from the outlet of the
nozzle to the point A (neglecting any loss of energy). DIA=25mm
Initial velocity, u=V,=12m/s NOZZLE T

Final velocity, V=V,
Value of g=-981 m/s’and h=4.5m
Using. VZ - u® = 2gh, we get '

V22— 122=2 x (- 9.81) x4.5
Fig. 5.5
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2 =y122 —2x 981 x 4.5 = 144 — 8829 = 7.46 m/s

Now applying continuity equation to the outlet of nozzle and at point A,

we get
AV =41,
“D2xV, 2
o A AV 4™ b mx(0.025)° %12 = 0.0007896
v, v, 4 %746
Let D, = Diameter of jet at point A.

Then A, =g D2 or 0.0007896 =E x D’

0007896 % 4
Dy M = (0.0317 m = 31.7 mm. Ans.
T

» 5.6 CONTINUITY EQUATION IN THREE-DIMENSIONS

Consider a fluid element of lengths dx, dy and oz in the direction of x, vy and z. Let &, v and w are the
inlet velocity components in x, v and z directions respectively. Mass of fluid entering the face ABCD
per second

= p % Velocity in x-direction x Area of ABCD
=pxux(dyxdz)

Then mass of fluid leaving the face EFGH per second = pu dyvdz +ai (pu dvdz) dx
x

Gain of mass in x-direction
= Mass through ABCD — Mass through EFGH per second

= pu dydz - pu dyvdz - ai (pu dydz)dx
X

=- i (pu dvdz) dx
dx

Fd
d
== ™ (pu) dx dvdz [ dydz is constant}
x
Similarly, the net gain of mass in y-direction D H ;
d A :w E ‘ dz
=— — (pv) dxdydz C o
! ’ B AT X
% LA
ad
and in z-direction = - — (pw) dxdyds b dx
o Y Fig. 5.6

Net gain of masses = — i(pu) + i{pv) + L3 (pw) | dxdydz
dx dy dz

Since the mass is neither created nor destroyed in the fluid element, the net increase of mass per unit
time in the fluid element must be equal to the rate of increase of mass of fluid in the element. But mass

=
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of fluid in the element is p. dx. dyv. dz and its rate of increase with time is% (p dx. dy. dz) or

dp
— . dx dy dz.
o
Equating the two expressions,
d d d dp

5= - +—(pw)| dxdydz = —. dxdydz
or 2 (pu) + 2 (pr) 2 (pn)} wisie = 2 auiva
or G (pu) + 9 (pv)+ g (pw) = 0 [Cancelling dx.dy.dz from both sides] ...(5.34)

dJt dx dy dz :

Equation (5.3A4) is the continuity equation in cartesian co-ordinates in its most general form. This
equation is applicable to :
(i) Steady and unsteady flow,
(if) Uniform and non-uniform flow, and
(#ii) Compressible and incompressible fluids.

dp

For steady fluw,a— = () and hence equation (5.34) becomes as
I

d d d
T oY a (00Y 2 i = .(5.3B
E.}JL_(PJ}+3}_(P]+az(|::1f1,] 0 (5.3B)
If the fluid is incompressible, then p is constant and the above equation becomes as
8_u+ﬁ+a_w =1 {54]
dx dy Oz

Equation (5.4) is the continuity equation in three-dimensions. For a two-dimensional flow, the com-
ponent w = () and hence continuity equation becomes as

u kv _o (5.5)

dx dy

5.6.1 Continuity Equation in Cylindrical Polar Co-ordinates. The continuity equation in
cylindrical polar co-ordinates (i.e., r, 8, z co-ordinates) is derived by the procedure given below.

Consider a two-dimensional incompressible flow field. The
two-dimensional polar co-ordinates are r and 8. Consider a fluid ™ +2% . 49 u, + LU
element ABCD between the radii r and r + dr as shown in
Fig. 5.7. The angle subtended by the element at the centre is 6.
The components of the velocity V are u, in the radial direction
and g in the tangential direction. The sides of the element are
having the lengths as

Side AB = rd0. BC = dr, DC = (r + dr) d6, AD = dr.

The thickness of the element perpendicular to the plane of
the paper is assumed to be unity.

Consider the flow in radial direction

Mass of fluid entering the face AB per unit time

= p x Velocity in r-direction x Area

Fig. 5.7

=
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=pxu x(AB x 1) (- Area = AB x Thickness = rd@ x 1)
=pXuX(rddx 1)=p.u,. rdd

Mass of fluid leaving the face CD per unit time
= p X Velocity X Area

= px(u,+%i.dr] ®x(CDx 1) (- Area=CD x 1)
r
du,
=px ur+a—dr X (r + dr)d@ [+ CD = (r + dr) d0]
r
=pxu xXr+ uﬂ.dr+r§—'ﬁdr+ iﬁ(dr)z df
dr Jr

du
= p[ur Xr+u, Xdr+r—=.dr| d0
or
[The term containing (dr)” is very small and has been neglected]
Gain of mass in r-direction per unit time

= (Mass through AB — Mass through CD) per unit time

d
=p. u,. rd6— p{u,mt w,.dr+r a”’ ,dr} 9
r

= p. U, rd® - p. u,. r.do - p{ur.dr+ r %m—} 0
r

du

=-p |:u,.dr+ r—L.dr|. d6
T

| This is written in this form because

=i p|:_r+ aur] r.odr. d8 (r. dB. dr. 1) is equal to volume of
r r element]

Now consider the flow in O-direction
Gain in mass in 8-direction per unit time
= (Mass through BC — Mass through AD) per unit time
= [p x Velocity through BC x Area — p x Velocity through AD x Area]

= {p.ua drx1—p (“a + %.dﬁ] X dr % 1}

=_p[%’.de) drx 1 Eor Area = drisi 1
=- p%l:;l, ﬂ [Multiplying and dividing by r]
r

Total gain in fluid mass per unit time

w, du duy, rdB. dr
= _pl+ 250 e drdB— p—Y (5.54
P{ r ar] - P df r o

=
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But mass of fluid element = p x Volume of fluid element
=p X [rd6 x dr x 1]
=pxXrdd.dr
Rate of increase of fluid mass in the element with time
ap "
=— [p rdf . dr]= L rdB dr ...[3.58)

('.' m‘B .dr. 1 1is the volume of element and is a constant quantity)
Since the mass is neither created nor destroyed in the fluid element, hence net gain of mass per unit
time in the fluid element must be equal to the rate of increase of mass of fluid in the element.
Hence equating the two expressions given by equations (5.5 A) and (5.5 B), we get

—p[“" a;']hdr, oy A& o
2

r aﬁ ro ot
au dug 1 dp
or - . —=— Cancelli dr . dB from both sides
p[ ar} paﬂ rooot [ Eoe gl ]
dp |:u du, } dug 1
or —+p| =+ + —=0 3. 50)
T P B
Equation (5.5 C) is the continuity equation in polar co-ordinates for two-dimensional flow.
ap

For steady flow = = () and hence equation (5.5 C) reduces to

I
p[u_".{.a_u’:_:l.{.p%.]_:{}

rodr a0 r
or uT’+%L? +%L§]: =0
or u, + raau;+%={]
or aa (ru]+ (uH)— {+.-é-a;(r*u,}=r.%“—;-+u,} .{5.5D)

Equation (5.5 D) represents the continuity equation in polar co-ordinates for two-dimensional steady
incompressible flow.

Problem 5.5A Examine whether the following velocity components represent a physically possible
flow ?
u,=rsin 8, uy=2r cos 8.
Solution. Given : u, = rsin 0 and ug = 2r cos 6
For physically possible flow. the continuity equation,

5 (ru,) +% (itg) = 0 should be satisfied.
Now i, =rsin 6
Multiplying the above equation by r, we get

ru, = r* sin 0

=



174 Fluid Mechanics

Differentiating the preceding equation w.r.t. r, we get

% (ru,) = % {J"1 sin 6)
=2rsin 0 (" sin 0 is constant w.r.t. r)
Now Hg = 2r cos B
Differentiating the above equation w.r.t. B, we get
;—B (ug) = ;—B (2r cos 0)
= 2r (- sin 8) (~+  2r is constant w.r.t. 8)
=—2rsin B

ai(ru,h%(uﬁ) =2rsin0-2rsin@=0
r

Hence the continuity equation is satisfied. Hence the given velocity components represent a physi-
cally possible flow,

p 5.7 VELOCITY AND ACCELERATION

Let V is the resultant velocity at any point in a fluid flow. Let u, v and w are its component in x, v and
z directions. The velocity components are functions of space-co-ordinates and time. Mathematically,
the velocity components are given as
u=filx,y.z, n
v =f:‘2':.'t! Mo ”
w=f3(x, v, 2, 1)

and Resultant velocity, V=ui+vji+wk= Jut vt e wt

Leta,, a, and a, are the total acceleration in x, y and z directions respectively. Then by the chain
rule of differentiation, we have
_du  dudy dudy du dz du

= t——t——t—
" dr Ox dt dydt dz dr o1

s
But a'_x = u.2= v andE =w
dt dt dt
du du dut ou Ou |
(I'J = —=ly—4+yV—+ W —F —

dr dx  dy dz ot
dv dv dv dv oy
= +

SuU—+V—+w—

dr dx dy 9 or

r:-'ﬂ—h!a—1'lp+1’a‘fp+l-v%+a—W
oodr ox dy dz O

.:(5.6)

I

Similarly, a,

For steady flow, ? =0, where V is resultant velocity
t



Kinematics of Flow and Ideal Flow 175

du dv dw
or E 03'_ 0 a da——U

Hence acceleration in x, v and 7 directions becomes

dv_ dv av dv (5.7)

Acceleration vector A=ai+aj+ cr:k .(5.8)

5.7.1 Local Acceleration and Convective Acceleration. Local acceleration is defined as
the rate of increase of velocity with respect to time at a given point in a flow field. In the equation given

du dw
by (5.6), the expression—, — or — is known as local acceleration.

dv
at’ ot ot
Convective acceleration is defined as the rate of change of velocity due to the change of position of

du d o
fluid particles in a fluid flow. The expressions other than— Zand L in equation (5.6) are known

A’ ot dr
as convective acceleration.
Problem 5.6 The velocity vector in a fluid flow is given
V = 4x'i — 10x°yj + 21k
Find the velocity and acceleration of a fluid particle at (2, 1, 3) at time t = 1.
Solution. The velocity components u, v and w are u = 4x>, v=— 10x> y, w = 2t
For the point (2, 1, 3), we have x=2, y=land z=3 at time t = 1.
Hence velocity components at (2, 1, 3) are
u=4x(2)° = 32 units
v =—10(2)%(1) = — 40 units
w=2x1=2 units
Velocity vector Vat (2, 1, 3) = 32i — 407 + 2k

or Resultant velocity = \Ju® +v* +w?
=\/322 +(=40)° +2% = /1024 + 1600 + 4 = 51.26 units. Ans.

Acceleration is given by equation (5.6)

du du du  du
a,=u—+v +w

kel ¥ + e <L
dx dy dz  of
dv dv dv  ov

ﬂ =u—+VvV—

_+_
& By kN
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Now from velocity components, we have

du 5 du du du
5—12 gﬁﬂ a—ZﬁUandg_U
dv dv 2 dv _dv
— = =2y, — =— 10x =ll—=
dx by dy ( B‘z Uar
dw dw dw dw
g—u, E—U a_z 0 and af =2.1

Substituting the values, the acceleration components at (2, 1, 3) at time f = | are
a, = 4x° (12x°) + (= 10x7y) (0) + 2t x (0) + 0
= 482" = 48 x (2)° = 48 x 32 = 1536 units
a, = 4x° (- 20xy) + (- 10x7%y) (= 10x%) + 21 (0) + 0
=- 80x'y + 100x"y
— 80 (2)* (1) + 100 (2)* x 1 = — 1280 + 1600 = 320 units.
4 (0) + (= 10x%y) (0) + (20 (0) + 2.1 = 2.0 units

a, =
Acceleration is A=ai+aj+ ak=1536i + 320j + 2K. Ans.
or Resultant A =~J(]5.’5A‘})2 +(320)° +(2)° units

=4/2359296 + 102400 + 4 = 1568.9 units. Ans.

Problem 5.7 The following cases represent the two velocity components, determine the third com-
ponent of vef{u n‘y such that they sati. eﬁ the continuity equation :

(i) u—x‘+; +z’,v-w — ¥ +xy

(ii) v = 2)! w = 2xyz,

Solution. The continuity equation for incompressible fluid is given by equation (5.4) as

du dv Bw
—t—t+—=0
ox a} dz
) 2 2 au
Case 1. H=X"+V +Z — =2
" ox
dv
2 2
v=xy —-yz"+xy =2xy - 2; +x
' y
i du dv . ;
Substituting the values of — and — in continuity equation.
A ¥
dw
21+2w—zz+ r+—»_[}
0z
dw 2 2
or — =-3x-2xy+z ordw=(-3x-2xy+ 1) dz

dz

=
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Integration of both sides gives [dw = [(-3x - 2xy + 2% ) dz

3
Z . .
or W= [—3& —-2xyz+ —J + Constant of integration,

where constant of integration cannot be a function of z. But it can be a function of x and y that is f (x, y).

3
w =[—3xz - 2XJ’I+%] + f(x, y). Ans.

Case 11, V= 2)‘2 . —= 4},'
dy
ow
W= 2.(}-‘2 —H o ln'
dz
S T dv ow o ,
Substituting the values of E.'_ and — In continuity equation. we get
¥ Z
a—u+4_v+ 2xy=10
dx
du
or — =—4y-2xyordu=(-4y - 2xy) dx
dx
.
Integrating, we get u=—dxy- 2}"? +f(y, 2) = — 4xy - Xy + (¥, ). Ans.

Problem 5.8 A fiuid flow field is given by

V= x'yi + y'gj — (2xvz + y2)k
Prove that it is a case of possible steady incompressible fluid flow. Calculate the velocity and accel-
eration at the point (2, 1, 3).

Solution. For the given fluid flow field u = x’y faji = 2xy
X
d
v=yz 5 Sl 2yz
dy
i
w=—2xyz - yz° AR 2xy - 2yz.
oz

For a case of possible steady incompressible fluid flow, the continuity equation (5.4) should be
satisfied.

ie 8_H+ ﬂ+ a_w =0
o dx dy oz .
Substituting the values of a—u, ﬁ and a'_w we get
dx  dy 0z
du dv  dw

— e+ —+— =2xy+ 2yz - 2xy - 2yz =10
dx dy dz o b
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7 .

Hence the velocity field V = x’yi + y'zj — (2xyz + v2°) k is a possible case of fluid flow. Ans.

Velocity at (2, 1, 3)
Substituting the values x=2,v=1and z =3 in velocity field, we get
V= .x‘!}'f + yzgj - (2xyz + ,_vzz) k
=2 xli+1Px3j-2x2x1x3+1x3)%
=4i+ 3j - 21k. Ans.

and Resultant velocity =\/.43 +3° 4+ (=217 =./16 + 9 + 441 = /466 = 21.587 units. Ans.

Acceleration at (2, 1, 3)
The acceleration components 4, a, and a_ for steady flow are

a —u'ai+vE wa—u
T ax dy dz
a -*uiﬂfEerE
YU oy dy 0z
a —ugi+v§£+w§i
J dx dy oz
M= x"’_‘;—',a—iz 2xy, g—;= X% and i—: =0
4 av B'v E'v 5
i = "—=0’—=2 s T = H
raye dx dy % dz ?
W == 1{}-2 - yzr"‘ﬁl‘i = .-2},-2_ ?i:wz_'[zm Z'Z_ 'ai = - 21‘\'"’ 2}'}'
dx dy z

Substituting these values in acceleration components, we get acceleration at (2, 1, 3)
a, = 2y (2xy) + ¥’z (0% = (2xyz + y25) (0)
— 1:3_1;2 ” xz_vzz
=221+ 22 x1*x3=2x8+12
16 + 12 = 28 units
a, = Ay (0) + ¥z (2y2) — (2xyz + yz°) (%)

=27 -2y ey

=2xPx3-2x2x1Px3-1’x3"=18-12-9=—3 units
a, = x% (= 292) + 2 (- 252 - 22 — Qoyz + ¥2°) (- 2xy — 2y2)
- 2yt — 2y" = v + [AY L + 2 + Ay + 2y°)

2% 1Px3-2x2x12x32-12x 3}

+EX2 X P x3+2x2x Px3F+4x2x1Px3+2x%x 12 %37

—24 -36 - 27 + [48 + 36 + T2 + 54]
-24-36-27+48+36+ 72+ 54 =123
Acceleration =a,d+ aj+ ak =281 - 3j + 123K. Ans.
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or Resultant acceleration = .J283 + (— 3)3 +123° = /784 + 9+ 15129

= /15922 = 126.18 units. Ans.

Problem 5.9 Find the convective acceleration at the middle of a pipe which converges uniformly
Srom 0.4 m diameter to 0.2 m diameter over 2 m length. The rate of flow is 20 lit/s. If the rate of flow
changes uniformly from 20 I/s to 40 I/s in 30 seconds, find the total acceleration at the middle of the
pipe at 15th second.

Solution. Given :

Diameter at section 1, D,=04m;D,=02m,L=2m,Q=2015s=0.02ms as one litre

=0.001m* = 1000 ¢cm?

Find (i) Convective acceleration at middle i.e., at A when Q = 20 I/s.

(if) Total acceleration at A when ( changes from 20 //s to 40 {/s in 30 seconds.

Case 1. In this case, the rate of flow is constant and equal to 0.02 m*/s. The velocity of flow is in
x-direction only. Hence this is one-dimensional flow and velocity components in y and z directions are
zeroorv=1_0,z=0.

du
Convective acceleration = ua_v only (i)
: . du . : :
Let us find the value of u and -a—- at a distance x from inlet 1

X
The diameter (D) at a distance x from inlet or at section X-X is given by, T
0.4-0.2 0.4m

D =04- 2 XX
=(04-0.1x)m _l_

The area of cross-section (A,) at section X-X is given by,

A=Zp2= % 04 - 0.1 0?

4
Velocity (u) at the section X-X in terms of ( (i.e., in terms of rate of flow)
= L = 2 = Q = 4Q
Area A, T _2 w(04-0.1x"
g ot D.I'
4
L7 1.273 0 (0.4 - 0.1 x) > m/
= A= g 2L (A~ 1) Sals (1)

. du
To find F we must differentiate equation (i) with respect to x.
x

dut d -2

TR [1.273 @ (0.4 -0.1 x)™7]
=1273 0 (-2){(0.4-0.1 X7 % (—0.1) [Here Q is constant]
=0.2546 0 (0.4 - 0.1 x)"" il

Substituting the value of u and g—u in equation (i), we get
x

Convective acceleration = [1.273 @ (0.4 — 0.1 ) %] x [0.2546 Q@04-010"
=1.273 % 0.2546 x Q% x (0.4 - 0.1 x)*
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= 1.273 x 0.2546 x (0.02)> x (0.4 - 0.1 x)* [ -+ 0 =0.02 m*s]
~.Convective acceleration at the middle (where x = 1 m)
1.273 x 0.2546 % (0.02)* x (0.4 — 0.1 x 1) m/s?
1.273 % 0.2546 x (0.02)* x (0.3) m/s”
= 0.0048 m/s*. Ans.

Case 1I. When ¢ changes from 0.02 m/s to 0.04 m>/s in 30 seconds, find the total acceleration
at x=1 m and t = 15 seconds.

Total acceleration = Convective acceleration + Local acceleration at + = 15 seconds.

The rate of flow at t = 15 seconds is given by

0=0, +% x 15 where 0, = 0.04 m*/s and @, = 0.02 m™/s

0.04 - 0.02
=0.02 +£T) % 15= 0.03m’s

du
The velocity (1) and gradient [E J in terms of (2 are given by equations (i) and (iii) respectively
> : : o
- Convective acceleration = u. i
X

=[1.273 Q (0.4 - 0.1 )] x [0.2546 Q (0.4 - 0.1 1))
=1.273 x0.2546 0* x (04 - 0.1 x 1)
- Convective acceleration (when 0 = 0.03 m/s and x= 1 m)
=1.273 x 0.2546 x (0.03)* x (0.4 - 0.1 x 1)"*
=1.273 x 0.2546 x (0.03)* x (0.3) > m/s’

=0.0108 m/s’ we(iV)
du d 5
i = R 2 — o
Local acceleration Yy [1.273 0 (0.4 - 0.1 x)7]
| - u from equation (i) is u = 1.273 O (0.4 - 0.1 _t')_zj
=1.273 x(04 - 0.1 x) % x g—?

[ -+ Local acceleration is at a point where x is constant but Q is changing]
Local acceleration (at x = | m)

5 0@
=1273x (0.4 -0.1 x 1)2x —
ar
T T T [..a_Q_ QE—Q!_”~“4'“-“2=U-_M]
=103 X "ot ! 30 30
= 0.00943 m/s* (V)

Hence adding equations (iv) and (v), we get total acceleration.

.. Total acceleration = Convective acceleration + Local acceleration
= 0.0108 + 0.00943 = 0.02023 m/s>. Ans.

=
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p 5.8 VELOCITY POTENTIAL FUNCTION AND STREAM FUNCTION

5.8.1 Velocity Potential Function. It is defined as a scalar function of space and time such

that its negative derivative with respect to any direction gives the fluid velocity in that direction. It is

defined by & (Phi). Mathematically. the velocity, potential is defined as ¢ = f'(x. y, z) for steady flow

such that

L
dx

V= o {3:9)

u=

E
where i, v and w are the components of velocity in x, y and z directions respectively.

The velocity components in cylindrical polar co-ordinates in terms of velocity potential function are
given by

0
i =8
or
1 ;
uaz—@ -{3.94)
r df
where u, = velocity component in radial direction (i.e., in r direction)
and 1y = velocity component in tangential direction (i.e.. in 0 direction)
- N . . . du dv  odw
The continuity equation for an incompressible steady flow is a—+ B_+ 5 =).
X v 4

Substituting the values of 1, v and w from equation (5.9), we get

9 _ﬂ] 9 (_% i[_a_‘bj_
ax[ dx +ay[ ay]+az dz =0

' %0 9
or —_—t —t+— = (. -(53.10
dx® oyt 9zt J
Equation (5.10) is a Laplace equation.
o : ¢ 9%
For two-dimension case, equation (5.10) reduces to 3 + o =) {5.11)
x v

If any value of ¢ that satisfies the Laplace equation, will correspond to some case of fluid flow.

Properties of the Potential Function. The rotational components® are given by

il
o 2lox oy

* Please, refer to equation (5.17) on page 192.

=
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Substituting the values, of w, v and w from equation (5.9) in the above rotational components, we
aet

oo t[2(_ 2 _i[_ai]'_i'_ 2% , 2%

v 2 [ ox | dy) dy x| 2 | dxdy dvox

o -1'1[_@]_1[_@)4£_ﬂ+ﬂ

YT 2 | 9z dr /)  dx z) ] T | dzdx  odxdg

1o a¢] af a)| 1] 2% 9%

d_ = | —] —— ] — —— o | —_—
= e 2 _&y( dz B'z[ ay]_ 2 ayaz+ azayJ

2’0 _ 3¢ 9’0 _ d'¢
dxdy - dvdx " dzox - dxdz

It & is a continuous function, then

etc.

0, =wn=mn =0
When rotational components are zero, the flow is called irrotational. Hence the properties of the
potential function are :
1. If velocity potential (§) exists, the flow should be irrotational.

2. If velocity potential (¢) satisfies the Laplace equation, it represents the possible steady incom-
pressible irrotational flow.

5.8.2 Stream Function. Itis defined as the scalar function of space and time, such that its partial
derivative with respect to any direction gives the velocity component at right angles to that direction. It
is denoted by y (Psi) and defined only for two-dimensional flow. Mathematically, for steady flow it is
defined as y = f (x, y) such that

dy ;
ox (5.12)
and a—w =—u
dy
The velocity components in cylindrical polar co-ordinates in terms of stream function are given as
J d
W, = P d and uy = 2% ..(5.124)
r do ar
where u = radial velocity and uy = tangential velocity
_— N— , ; wo. du dv
The continuity equation for two-dimensional flow is —+— = (.

dx  dy

=
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Substituting the values of u and v from equation (5.12), we get

d dy d [ dw 'y Ay
O A0 PG 3 N 7 L P
dx [ dy ] dy [ dx ) . dxdy  dxdy

Hence existence of  means a possible case of fluid flow. The flow may be rotational or irrotational.

; . 1(dv du
The rotational component @, is given by ., = — ——h
- 21dx  dy

Substituting the values of « and v from equation (5.12) in the above rotational component, we get

&L i[ﬂ)_i[_‘?’_‘i’] _1{oy v
T 2laxlax) oy dy 2| ax® 9y’

) a° d
For irrotational flow, 0, = (). Hence above equation becomes as 3 lij +a—1|i =1
X e

which is Laplace equation for y.

The properties of stream function (y) are :

1. If stream function (W) exists, it is a possible case of fluid flow which may be rotational or
irrotational.

2. If stream function () satisfies the Laplace equation, it is a possible case of an irrotational flow.
5.8.3 Equipotential Line. A line along which the velocity potential ¢ is constant, is called
equipotential line.

For equipotential line ¢ = Constant
dy=0
But ¢ = flx, y) for steady flow
da  d¢
dp= —dx+—2dy
¢ dx dy -
do do }
= — udx — vdy ooy Ly
= { dx dx
= = (udx + vdy).
For equipotential line, dd =0
or —(udx + vdy) = 0 or udx + vdy =0
& _ B (5.13)
dx v
dy

But = Slope of equipotential line.

dx
5.8.4 Line of Constant Stream Function

y = Constant
dy=0

But dy = a—wdx+a—wdy=+udr—ud_v { a—“’:v;a—w=—u}
dx dy

=
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For a line of constant stream function
=dy=0o0rvdx—udy=10
d
or 9 Y (5.14)
dx u

dy . ;
But d_ is slope of stream line.
X

From equations (5.13) and (5.14) it is clear that the product of the slope of the equipotential line and
the slope of the stream line at the point of intersection is equal to — 1. Thus the equipotential lines are
othogonal to the stream lines at all points of intersection.

5.8.5 Flow Net. A grid obtained by drawing a series of equipotential lines and stream lines is called
a flow net. The flow net is an important tool in analysing two-dimensional irrotational flow problems.

5.8.6 Relation between Stream Function and Velocity Potential Function

From equation (5.9),

we have u:—ﬁandv=—a—¢]
dx dy
d
From equation (5.12), we have u = —a—w and v = o
y dx
Thus, we have u =_3_¢=_a_l|1 and 1!:—@=a—w
dx dy dy  ox
Hence 99— = B_qr
dx  dy
P 1 B )
and E? . —ﬂ E '
dy dx
Problem 5.10 The velocity potential function (§) is given by an expression
i 1
¢ = —%—12 +ﬂ+y2

(i) Find the velocity components in x and v direction.
(it) Show that @ represents a possible case of flow.

3 3
Solution. Given : = _%_ T ANl 3
The partial derivatives of ¢ w.r.t. x and v are
do v’ 3x’y
— = ——=2x+ 4y
ox 3 3
3 2 ; 3
a L L I s a)

dy 3 3
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(i) The velocity components u and v are given by equation (5.9)

J ? 3y |y )
2 _[_{T_m%}%m_ﬁ

2

"= i + 2x — xzy. Ans.
3
do 3’ %’ xy' X z X
= ——=—| = —+2 - ——2y= ——=—2y.
Ty 3 8 3 8 ° W ¥
Ans.
(#i) The given value of ¢, will represent a possible case of flow if it satisfies the Laplace equation, i.e.,
9 LN 9’ 9% _o
ax? ay
From equations (1) and (2), we have
Now a[b = vy1’f3 2y +x v
ox
2
2 ? =—2 + 2xy
dx”
do 2, X
and —— =—ay 44—+ 2y
dy } 3 :
a—i—’- =—2xy+2
dy
0 0%
Fye) %" =-2+20)+(-2xy+2)=0

Laplace equation is satisfied and hence @ represent a possible case of flow. Ans.

Problem 5.11 The velocity potential function is given by ¢ = 5 (x* — y°).
Calculate the velocity components at the point (4, 3).

Solution. 0=50x"-y)
0
— = 10x
ox
do
— = - 10y.
dy }
But velocity components 1 and v are given by equation (5.9) as
d9 _
u=—-—=-10
dx :
Y == 8_¢ — (= 10y) = 10y
dy

The velocity components at the point (4, 5), ie.,atx =4, y=5
i=-10 % 4 = - 40 units. Ans.
v =10 x 5 = 50 units. Ans.
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Problem 5.12 A stream function is given by y = 5x — 6y.
Calculate the velocity components and also magnitude and direction of the resultant velocity at any

point.
Solution. Y= 5x- 6y
N _ s o
ox dy

But the velocity components ¥ and v in terms of stream function are given by equation (5.12) as

W= — a_lp' = — (= 6) = 6 units/sec. Ans.

dy
E'lp' 5 unitsfsec. Ans.
T oo
Resultant velocity =i +v7 = 6> + 5% = /36 +25 =61 = 7.81 unit/sec

Direction is given by, tan0 = £=§ = ().833
u

5 8= tan"' 833 = 39° 48’. Ans.
Problem 5.13 If for a two-dimensional potential flow, the velocity potential is given by

=x(2y-1I
determine the velocity at the pm}fP { 4,(51 De-jermine also the value of stream function v at the point P.
Solution. Given : d=x(2y-1)
(1) The velocity components in the direction of x and y are
da d
u= _a_x___ [x(2y-1)]=-[2y-1]=1-2y
do d

5= @y Dl=- 2= 2
At the point P (4, 5),ie,atx=4,y=15
u=1-2x5=—9 units/sec
v=-2x4=—8 units/sec

Velocity at P =—9i-§j
or Resultant velocity at P =197 +8% = 81+ 64 = 12.04 units/sec = 12.04 units/sec. Ans.

{i1) Value of Stream Function at P

vy

We know that — =—u==(1-2y)=2y-1 (i)
dy

and N (i)
dx

Integrating equation (i) w.r.t. v, we get

1
.[dllf = I{Zy— 1) dy or = % — v + Constant of integration.

=
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The constant of integration is not a function of y but it can be a function of x. Let the value of
constant of integration is k. Then

W=y -y+k (i)
Differentiating the above equation w.r.t. "x’, we get
oy 2%k
dx  dx
But from equation (i), a_qr ==2x
dx
d dk
Equating the value of _W. we get — =—2x.
X dx
. . " 2.].': 2
Integrating this equation, we get k = [ = 2xdx = - T =—x.

Substituting this value of k in equation (iif), we get y = yl -y- x°. Ans.
Stream function Wy at P (4,5) = 5° - 547 =25 -5 - 16 = 4 units. Ans.

Problem 5.14 The stream function for a two-dimensional flow is given by yw = 2xy, calculate the
velocity at the point P (2, 3). Find the velocity potential function ¢.

Solution. Given : W= 2xy
The velocity components ¢ and v in terms of W are
dyr d
H= —— = — 2xy)=-2x
dy dy !
dy d
v —=— (2xy) = 2.
dx  dx =

At the point P (2, 3), we get u = — 2 X 2 = — 4 units/sec
v =2 x 3 = 6 units/sec

Resultant velocity at P =Ju3 +vi = -sz +6° = /16 +36 =+/52 = 7.21 units/sec.
Velocity Potential Function ¢

d
We know _4) =—pu=-(—2x)=2x ]
dx
dd z
1 = y=-2y W {]]
dy ’
Integrating equation (i), we get
[ d¢ =] 2xdx
or = 2; +C=2+C .ii)
where C is a constant which is independent of x but can be a function of v.
% _ac

Differentiating equation (fif) w.r.t. *y’, we get — =

dv  dy

=
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But from (if), a'_lb =-2y
dy
dC
— 2 1
dy 4
: z ; 2y? 2
Integrating this equation, we get C = Tes 2y dy=- =5 ==y

Substituting this value of C in equation (ii7), we get § = x —~y Am.
Problem 5,15 Sketch the stream lines represented by y = x° + y°.
Also find out the velocity and its direction af point (1, 2).

Solution. Given : y=x+y
The velocity components i and v are A
u=-M_ 2 2oy 2
dy dy
]

dy d -

i SO AP ¥ = 2x 4 UNITS/SEC

dx  ox .

Fig. 5.9

At the point (1, 2), the velocity components are
u=-2x2=-4 unitsfsec
v=2x1 =2 units/sec

Resultant velocity = Juz +yi = J(_q.}z +22

=+/20 = 4.47 units/sec
1

v

2
and tnf= —=—=—
¥ 4 2

B=tan'.5=26"34
Resultant velocity makes an angle of 26” 34° with x-axis.
Sketch of Stream Lines

= r2+y Fig. 5.10
Let y =1, 2,3 and so on.
Then we have 1=x% +}-‘

2=.1r2+_1;2

3=_t2+}-'2

and so on.

Each equation is a equation of a circle. Thus we shall get concentric circles of different diameters
as shown in Fig. 5.10.
Problem 5.16 The velocity components in a two-dimensional flow field for an incompressible
Sluid are as follows :

i
y

= + 2x - .1.'3}' and v = A'_\.-‘z -2y- X3

obtain an expression for the stream function .
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Solution. Given : u=y13+ 2x - X%y
v =axyt -2y - X3
The velocity components in terms of stream function are

a_ll.f == _"}rz _ 2]." —_ _1’31{3
dx
a—w =_I;=—y313—21'+.r2y '“(
dy
Integrating (i) w.r.t. x, we get y = [ (xp* = 2y — x/3) dx
2.2 4
X'y i
= — 2 —_ + k.‘ P
o Ve T T s ¢

where k is a constant of integration which is independent of x but can be a function of y.
Differentiating equation (ii7) w.r.t. y, we get

2 1
ai = il —2.\'+a—k =2y -2x+ a—k
dy 2 dy dy
But from (if), W . P Beh
dy
Comparing the value of a—v we get .1'2_',-' -2x +3_k =— y3f3 -2+ ,xzy
dy dy
dk 3
—==y13
dy :
3 =yt =y
Integrating, we oet k= I -y 3 dy= ——=
g 8 g (= ¥7/3) d) ix3 12
Substituting this value in (iif), we get
- 3 4 4
X’y
= —2xy — — —=—, Ans.
L 2 .4 12 12 s

Problem 5.17  In a two-dimensional incompressible flow, the fluid velocity components are given by
Ww=x—-4yandv=—-y-4x
Show that velocity potential exists and determine its form. Find also the stream function.

Solution. Given : u=x—-4y and v=-y-4x
ﬁ=I and a—v=—l
ox dy

a_‘u{.ﬁzl_]:lj
dx  dy

Hence flow is continuous and velocity potential exists.
Let ¢ = Velocity potential.

if)

i)
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Let velocity components in terms of velocity potential is given by

a—d') =—pu=-{(x—-4y)=—x+4y
dx

and a—¢=—l'=—[—}'—4.x}=}'+4r
dy

5

Integrating equation (i), we get 6 = — +4xy + C

where C is a constant of integration, which is independent of x.
This constant can be a function of y.
Differentiating the above equation, i.e., equation (iif) with respect to “v’, we get

do aC

— =0+4+—

dy dy

But from equation (iif), we have ? =vy+4x
v

Equating the two values of @, we get
y

JC aC

dy+—=v+4x or — =y
dy 2 dy
Integrating the above equation, we get
C = L + Cl
2

where C| is a constant of integration, which is independent of x and y.

5
-

L y
Taking it equal to zero, we get C = =

Substituting the value of C in equation (ii{), we get
2 2
X y
G=——+4xv+—. Ans.
2 T2

Value of Stream functions
Let y = Stream function
The velocity components in terms of stream function are

ai
dx

=yv=-—y-4x

and a—w=—u=—{x—4}-‘)=—_r+4}'
dy
Integrating equation (iv) w.r.t. x, we get
4x°
=—yw———+k
x ’ 2

where k is a constant of integration which is independent of x but can be a function of y.

(i)

)]

(i)

(iv)

(V)

Lvi)
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Differentiating equation (vi) w.r.L. y, we gel a_l|1 =-x-0+ a—k
dy dy
: dys
But from equation (v), we have El_ =—x+4y
v
Equating the two values of a—w. we get —x +a—k =—x+4y or B_k =4y
dy dy dy

: : 4y’
Integrating the above equation, we get k =%= 2}-‘2
Substituting the value of k in equation (vi), we get

W=-yx - 2+ Zyz. Ans.
» 5.9 TYPES OF MOTION

A fluid particle while moving may undergo anyone or combination of following four types of
displacements :
(i) Linear Translation or Pure Translation,
(i) Linear Deformation,
(i) Angular Deformation, and
(iv) Rotation.

5.9.1 Linear Translation. It is defined as the movement of a fluid element in such a way that it
moves bodily from one position to another position and the two axes ab and cd represented in new
positions by a’h” and ¢’d” are parallel as shown in Fig. 5.11 (a).

5.9.2 Linear Deformation. Itis defined as the deformation of a fluid element in linear direction
when the element moves. The axes of the element in the deformed position and un-deformed position
are parallel, but their lengths change as shown in Fig. 5.11 (b).

Y Y
T [’
|
a’ -
d s o] b d
I —
. + Ls
a _T——h a___.j_|.‘!_..h ;
. ﬂ’_._.'_' — __b
0 c X — b
0 e’
{a) LINEAR TRANSLATION {b) LINEAR DEFORMATION
Y
g d
Wd o
a gt
a’\:';'\t"—r' b
|
o e A X

(c) ANGULAR DEFORMATION (d) PURE ROTATION
Fig. 5.11. Displacement of a fluid element.
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5.9.3 Angular Deformation or Shear Deformation. It is defined as the average change in
the angle contained by two adjacent sides. Let AB; and A8, is the change in angle between two
adjacent sides of a fluid element as shown in Fig. 5.11 (¢), then angular deformation or shear strain
rate

I
=% [AB, + AB,]

Now ﬂﬁl-ﬂxg—&andéﬂ,za_u A_y=.EE

Tox Ar ox *dy Ay oy
Angular deformation = % [AB, + AB,]

or Shear strain rate = l ﬁ+ a_u «{3.16)
2| dx dy

5.9.4 Rotation. It is defined as the movement of a fluid element in such a way that both of its
axes (horizontal as well as vertical) rotate in the same direction as shown in Fig. 5.11 (d). It is equal

l[av du

IDE El_ - a—] for a two-dimensional element in x-y plane. The rotational components are
x dy
m LB g
©o2lox oy
I (ow dv
W, =— - ~{5:17)
= [ dy BZJ

TR
LA dz  dx

5.9.5 Vorticity. Itis defined as the value twice of the rotation and hence it is given as 2.
Problem 5.18 A fluid flow is given by V = 8xi — 10x°yj.
Find the shear strain rate and state whether the flow is rotational or irrotational.

Solution. Given : V= 8x% - 10x7yj

du » du
u=8x, — =24y, — =0
dx dy
and V=— lﬂxzy. ﬁ = — 20xy, i =— 10x°
dx dy
(i) Shear strain rate is given by equation (5.16) as

= —;-[-g—;—-}--gf:]:% (— 2U.T}F+ U] - — ]0,‘3,. Ans:

=
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(ii) Rotation in x - y plane is given by equation (5.17) or
1 [dv  du
W, = — =
21dx  dy
As rotation @, # 0. Hence flow is rotational. Ans.
Problem 5.19 The velocity components in a two-dimensional flow are
w=y/3+2x—xyandv = xy° -2y — x'/3.
Show that these components represent a possible case of an irrotational flow.

]:%(—zmw—0)=—i&w

Solution. Given : w=yf3+ 2x— vy
dut
—=2-2xy
ax ’
a i ¥ i
L) . T S
dy 3
Also V= _r_\-'z -2y - 13
d
LA 2xy -2
dy
a\-' il 3.1’1 e T: "3
x - g =
; 2 ; & g .. du dv
(i) For a two-dimensional flow, continuity equation is 8_+ 8_ =0
x  dy

d
Substituting the value of k] and E, we get
dx dy

du ov
— Yt — =2 2y + 2xv=2=0
E)x+a_x-‘ e

It is a possible case of fluid flow.

(i) Rotation, o, is given by @, = L o) 1 [ -x) - (" =-x)]=0
: 21dx  dy 2

Rotation is zero, which means it is case of irrotational flow. Ans.

b 5.10 VORTEX FLOW

Vortex flow is defined as the flow of a fluid along a curved path or the flow of a rotating mass of
fluid is known a *Vortex Flow’. The vortex flow is of two types namely :

1. Forced vortex flow, and

2. Free vortex flow.
5.10.1 Forced Vortex Flow. Torced vortex flow is defined as that type of vortex flow, in
which some external torque is required to rotate the fluid mass. The fluid mass in this type of flow,

rotates at constant angular velocity, @. The tangential velocity of any fluid particle is given by
V=X r ..{5.18)
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where r = Radius of fluid particle from the axis of rotation.
CENTRAL AXIS

. B

e _:‘:;, LiQuID

VERTICAL -~ (it
CYLINDER | —

(a) CYLINDER IS STATIONARY (b) CYLINDER IS ROTATING

Fig.5.12 Forced vortex flow.

Hence angular velocity @ is given by

!_'i
m = — = Constant. ..{5.19)
r

Examples of forced vortex are :

1. A vertical cylinder containing liquid which is rotated about its central axis with a constant
angular velocity m, as shown in Fig. 5.12.

2. Flow of liquid inside the impeller of a centrifugal pump.

3. Flow of water through the runner of a turbine.

5.10.2 Free Vortex Flow. When no external torque is required to rotate the fluid mass, that
type of flow is called free vortex flow. Thus the liquid in case of free vortex is rotating due to the
rotation which is imparted to the fluid previously.

Examples of the free vortex flow are :

1. Flow of liquid through a hole provided at the bottom of a container.

2. Flow of liquid around a circular bend in a pipe.

3. A whirlpool in a river.

4. Flow of fluid in a centrifugal pump casing.

The relation between velocity and radius, in free vortex is obtained by putting the value of external
torque equal to zero, or, the time rate of change of angular momentum, i.e., moment of momentum
must be zero. Consider a fluid particle of mass “m” at a radial distance r from the axis of rotation,
having a tangential velocity v. Then

Angular momentum = Mass % Velocity =m x v

Moment of momentum = Momentum X r=mx v xr

Time rate of change of angular momentum = a— (mvr)
I

For free vortex ai (mvr) =10
1

; Constant =
Integrating, we get mvr = Constant or vir = ——— = Constant -{5.20)

m
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5.10.3 Equation of Motion for Vortex Flow. Consider a fluid element ABCD (shown
shaded) in Fig. 5.13 rotating at a uniform velocity in a horizontal plane about an axis perpendicular to
the plane of paper and passing through 0.
Let r = Radius of the element from 0.
AB = Angle subtended by the element at 0.
Ar = Radial thickness of the element.
AA = Area of cross-section of element.
The forces acting on the element are :
(i) Pressure force, pAA, on the face AB.

. a.p N
(if) Pressure force, p+a— Ar| AA on the face CD. Gw ’
r r
v

1
my

(#ii) Centrifugal force, acting in the direction away

r

from the centre, O. Fig. 5.13
Now, the mass of the element = Mass density x Volume
=pxAA x Ar
Centrifugal force = pAAAr i-
r
Equating the forces in the radial direction, we get
[p+a—pm] AA — pAA = pAAAr r.
or r
dp p
or — Ar AA = pAAAr i
ar P r
; 2 . dp v
Cancelling Ar x AA from both sides, we get a— = — «+(5.21)
r r

Equation (5.21) gives the pressure variation along the radial direction for a forced or free vortex
dp dp

flow in a horizontal plane. The expression e is called pressure gradient in the radial direction. As—
r

5
is positive, hence pressure increases with the increase of radius “r'.
The pressure variation in the vertical plane is given by the hydrostatic law, i.e.,
d o
0z

In equation (5.22), z is measured vertically in the upward direction.
The pressure, p varies with respect to r and z or p is a function of r and z and hence total derivative
of p is
dp = a—pdr+ a—pdz,
dr dz
ap

d
Substituting the values of — from equation (5.21) and &

from equation (5.22), we get
dr dz
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2
dp=p— dr— pgdz i (5.23)
r
Equation (5.23) gives the variation of pressure of a rotating fluid in any plane.
5.10.4 Equation of Forced Vortex Flow. For the forced vortex flow, from equation (5.18),
we have
V=X
where  © = Angular velocity = Constant.
Substituting the value of v in equation (5.23), we get

20
w-r

dp=px

dr — pg dz.
;

Consider two points 1 and 2 in the fluid having forced vortex flow as shown in Fig. 5.14.
Integrating the above equation for points 1 and 2, we get

2 2 2
Ldp = j] pe” rdr — Lpgc.fz :
2 7? = !
r 2 5
o (p2—pi) = |po’ —| - pg [2]} o
2, R e 2
R e
( ) pl’l}2 [ 3 -,] [ | = [ %
o 2= P = o -rnl-pglaa-z M B 3y
: EeeiAis
= % [0°r,” - o] - pg [z, - 2] ijJu,
2 WOV =08 1 J
= g [vf -v1-pg [z — 2] { v’— mr’} Fig. 5.14
1 = o

If the points 1 and 2 lie on the free surface of the liquid, then p, = p, and

hence above equation becomes
0= % [""22 = ":2] -pglz;—z]
or pg -zl = }21 Iv,? = vl
1 2
or [z,- 2,1 = — [ - 7).
2g
o i » B ~ B Fig. 5.15
If the point 1 lies on the axis of rotation, then v; = @ % r; = @ % 0 = 0. The above
equation becomes as
z 1 2 1-’2:
Zq = = — y, =
2 1 23 2 28
vt o xn?
Let Z,—z; = Z, then we have Z = =— = ——— ..{5.24)

2g

2g
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Thus £ varies with the square of r. Hence equation (5.24) is an equation of parabola. This means
the free surface of the liquid is a paraboloid.

Problem 5.20 Prove that in case of forced vortex, the rise of liguid level at the ends is equal to
the fall of liquid level at the axis of rotation.

Solution. Let R = radius of the cylinder.
(-0 = Initial level of liquid in cylinder when the cylinder is not rotating.
.. Initial height of liquid = (h + x)
2. Volume of liquid in cylinder = nR* x Height of liquid
= tR* X (h + X) D)

Let the cylinder is rotated at constant angular velocity @. The liquid will rise at the ends and will fall
at the centre. T ii

Let v = Rise of liquid at the ends from O-0O

x = Fall of liquid at the centre from (-0,
Then volume of liquid

= [Volume of cylinder upto level B-B]
— [Volume of paraboloid]
= [?tﬂ'2 % Height of liquid upto level B-B]

'

T
|

nR*
- I:T * Height of paraboloid

2
=R X (h+x+y) - X (X +¥) ®AXIS OF
ROTATION
! : R Fig. 5.16
=MR X h+ TR (x+y) - X{x+y)
TR’ )
=nR*x h s (x+y) (i)

Equating ({) and (if), we get

-

R (h + x) = TR* x h +% (x4 y)

: 2
or TR + TR*x = TR* X h +% X+ s ¥
,  TR? R’ R’ nR’
or mR°x-—x=——y or —x=——7y o0or x=y
2 2 2

or Fall of liquid at centre = Rise of liquid at the ends.

Problem 5.21 An open circular tank of 20 cm diameter and 100 cm long contains water uplo a
height of 60 cm. The tank is rotated about its vertical axis at 300 r.p.m., find the depth of parabola
Jormed at the free surface of water.

Solution. Given :

Diameter of cylinder =20 cm

_®

Radius, R = 1) cm
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Height of liguid, H =60 cm
Speed, N =300 r.p.m.
Angular velocity, @2 o ARTXHO 31 41 sadrsee
60 60
Let the depth of parabola =Z
, . w’r,’
Using equation (5.24), = 5 =—, where ry=R
g
252 2 2
R 31,
=iS = (3141) x{10) = 50.28 cm. Ans.
2g 2 %981

Problem 5.22 An open circular cylinder of 15 em diameter and 100 cm long contains water upto
a height of 80 cm. Find the maximum speed at which the cylinder is to be rotated about its vertical
axis so that ne water spills,

Solution. Given :

Diameter of cylinder =15 cm
5
. Radius, R= I? =75 cm
Length of cylinder, L=100cm
Initial height of water = 80 cm.
Let the cylinder is rotated at an angular speed of  rad/sec, when the water is about to spill. Then
using,
Rise of liquid at ends = Fall of liquid at centre
But rise of liquid at ends = Length - Initial height
=100 - 80 = 20 cm
Fall of liguid at centre = 20 cm
Height of parabola =20+ 20=40cm
Z =40 cm
R’ w’(75)°
Using the relation, z= ,we gerdp= 25
2g 2x 981
2= 40 x2 x 981 =1395.2
7.5%7.5
m = {13052 = 37.35 rad/s
2nN
oo Speed, N is given b n=——0o
P 2 ¥ 60
- LS L R
2n 2xm

Problem 5.23 A cylindrical vessel 12 cm in diameter and 30 cm deep is filled with water upto the
top. The vessel is open at the top. Find the quantity of liquid left in the vessel, when it is rotated about
its vertical axis with a speed of (a) 3000 r.p.m., and (b) 600 r.p.m.

Solution. Given :

Diameter of cylinder =12 cm
Radius, R=6cm
Initial height of water =30 cm

=
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Initial volume of water = Area x Initial height of water

% x 12% % 30 em® = 3392.9 cm”?

(a) Speed, N = 300 r.p.m.
=B AN _ s 5 radls
60 60

@’R* (3141)° x6°
2g 2 x 981

As vessel is initially full of water, water will be spilled if it is rotated. Volume of water spilled is
equal to the volume of paraboloid.

= 18.10 cm.

Height of parabola is given by Z =

But volume of paraboloid = [Area of cross-section x Height of parabola] + 2
=Bl oot JBI0 . 00555 i
4 2 4 2

Volume of water left

[nitial volume - Volume of water spilled
3392.9 — 1023.53 = 2369.37 cm”’. Ans.

(H) Speed, N = 600 r.p.m.
w= i = b = 62.82 rad/s
60 60

w’R® _ (62.82)° x 6
2¢  2x981
As the height of parabola is more than the height of cylinder the shape of imaginary parabola will be
as shown in Fig. 5.17.
Let r = Radius of the parabola at the bottom of the vessel.
Height of imaginary parabola
= 7240 - 30 = 42.40 cm.
Volume of water left in the vessel
= Volume of water in portions ABC and DEF
= Initial volume of water
— Volume of paraboloid AOF
+ Volume of paraboloid COD.
Now volume of paraboloid

Height of parabola, L= = 7240 cm.

AOF = % x D? x Height of parabola

= E 1222 _ 409412 cm®  IMAGIRARY | IMAGINARY
4 CYLINDER PARABOLA
For the imaginary parabola (COD), o = 62.82 rad/sec Fig. 5.17
Z=424 cm

r= Radius at the bottom of vessel

L
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Using the relation L get 42.4 = 62.82° xr°
28 2 %981
62.82 % 62.82

r= +2L079 = 4.59 cm

Volume of paraboloid COD

= % *® Area at the top of the imaginary parabola > Height of parabola

= % x 7t x 42.4 :% ¥ 7t x 4.59% x 42.4 = 1403.89 cm”

Volume of water left = 3392.9 — 4094.12 + 1403.89 = 702.67 em”. Ans.
Problem 5.24 An epen circular cylinder of 15 cim diameter and 100 cm long contains water upto
a height of 70 cm. Find the speed at which the cylinder is to be rotated about its vertical axis, so that
the axial depth becomes zero.
Solution. Given :

Diameter of cylinder =15 cm

. Radius, R= g =7.5cm

Length of cylinder = 100 cm

Initial height of water =70 cm.

When axial depth is zero, the depth of paraboloid = 100 cm.

2n2
Using the relation, Z= R , we get
2g
{oo= B X713~
2 x9.81

2 100 x2 x9.81
n=—

7.5%7.5
i 100x 2 x9.81 _ 44292 = 59.05 rad/s
75%x75 7.5
2nH
. Speed, N is gi b m=—-
pee is given by s
or N= S0 xa & PR = 563.88 r.p.m. Ans.
2n 2n

Problem 5.25 For the problem (5.24), find the difference in total pressure force (i) at the bottom
of evlinder, and (ii) at the sides of the cylinder due to rotation.
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Solution. (i) The data is given in Problem 5.24. The difference in total pressure force at the
bottom of cylinder is obtained by finding total hydrostatic force at the bottom before rotation and after
rotation.

Before rotation, force = pgAE

where p = 1000 kga"m"’, A = Area of bottom =% D? =% ¥ (0715}2 1112, h=70cm=0.70 m

Force = 1000 % 9.81 X; % (0.15)° x 0.7 N = 121.35 N

After rotation, the depth of water at the bottom is not constant and hence pressure force due to the
height of water, will not be constant. Consider a circular ring of radius r and width dr as shown in
Fig. 5.19. Let the height of water from the bottom of the tank upto free surface of water at a radius

2.2 = | - T
S wr |
2g i
Hydrostatic force on ring at the bottom, £ |
dF = pg x Area of ring x Z E i 100 &M
2.2 = |
= 1000 x 9.81 x 2mrdr x bl = |
2g 2 |
a2 = , =
=9810 x 2 x mr x X dr
2g 15 cm—>
Total pressure force at the bottom
" o r° .
=JJF=I 0810 x 2 x mur x dr
0 2y
0.075 @’
=] 19620 7% 21" dr
&
8 Fig. 5.19
From Problem 5.24, w = 59.05 rad/s
R=75cm=.075m.
Substituting these values, we get total pressure force
19620 x 7 % (59.05)° |:rd ]‘m
2 x9.81 4 i
2 4
_ 19620 x 1 % (59.05) x (.075) — 86.62 N

29381

Difference in pressure forces at the bottom
121.35 — 86.62 = 34.73 N. Ans.
(if) Forces on the sides of the cylinder

Before rotation = pgAh
where A = Surface area of the sides of the cylinder upto height of water
= nD x Height of water = 1t x .15 % 0.70 m* = 0.33 m*

L
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h

C.(. of the wetted area of the sides

% » height of water = Dzﬂ =0.35m

Force on the sides before rotation = 1000 x 9.81 x 0.33 x 035 = 1133 N
After rotation, the water is upto the top of the cylinder and hence force on the sides

= 1000 x 9.81 x Wertted area of the sides x % ® Height of water

=98|[}an><1.0><% ><].U=9BIUXTEX.[5><%=23[|.43N

Difference in pressure on the sides
2311.43 - 1133 = 1178.43 N. Ans.

5.10.5 Closed Cylindrical Vessels. If a cylindrical vessel is closed at the top, which contains
some liquid, the shape of paraboloid formed due to rotation of the vessel will be as shown in Fig. 5.20
for different speed of rotations.

Fig. 5.20 (a) shows the initial stage of the cylinder, when it is not rotated. Fig. 5.20 (6) shows the
shape of the paraboloid formed when the speed of rotation is ®,. If the speed is increased further say
5, the shape of paraboloid formed will be as shown in Fig. 5.20 (¢). In this case the radius of the
parabola at the top of the vessel is unknown. Also the height of the paraboloid formed corresponding
to angular speed m, is unknown. Thus to solve the two unknown, we should have two equations. One
equation is
o3’
= ¥
The second equation is obtained from the fact that for closed vessel, volume of air before rotation

is equal to the volume of air after rotation.
Volume of air before rotation = Volume of closed vessel — Volume of liquid in vessel

A

T X Z

Volume of air after rotation = Volume of paraboloid formed = >

— = — =] s

ST e

Fig. 5.20

Problem 5.26 A vessel, cylindrical in shape and closed at the top and bottom, contains water uplo
a height of 80 cm. The diameter of the vessel is 20 cm and length of vessel is 120 cm. The vessel is
rofated at a speed of 400 r.p.m. about its vertical axis. Find the height of paraboloid formed.
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Solution. Given :

Initial height of water = 80 cm
Diameter of vessel =20 cm
. Radius, R=10cm
Length of vessel =120 cm
Speed, N =400 r.p.m.
m = i = 2m X400 = 41.88 rad/s
60 60

When the vessel is rotated, let 2

= Height of paraboloid formed
r = Radius of paraboloid at the top of the vessel

= 0.894

This is the case of closed vessel.
Volume of air before rotation = Volume of air after rotation
& X pPxL-Epxg0=nPxZ
4 4 2
where Z = Height of paraboloid, r = Radius of parabola.
or Epxizo-Epxsi=ntxZ
4 4 2
or T D x(120-80)= & D? x40 =nix Z
4 4 i
or gx2ﬁ2x4ﬂ=40ﬁ0xn=nrzx%
27 = 4000 x 7t =2 = 8000
T
2.9 5 2 2.2
T 7e m_r —_— 4188 xr _ 4188 xr
2 2g 2 x 981
1 Z
0.894
Substituting this value of r in (i), we pet E
Z_ 7= 8000 g
0.894
7% = 8000 x 0.894 = 7152
Z=+T7152 = 84.56 cm. Ans. 120

IInd Method
Let Z, = Height of paraboloid, if the vessel would not have been
closed at the top, corresponding to speed,

N = 400 r.p.m.
or = 41.88 rad/s
Then 7= Wk = Has X 10 = 89.34 cm.

2g 2x981

!
l

.(i)
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Half of Z, will be below the initial height of water in the vessel

7, _ 8934

i.e., AO = = —— =44 67 cm
2 2

But height of paraboloid for closed vessel
=C0=CA+ A0 = (120 - 80) + 44.67 cm
=40 + 44.67 = 84.67 cm. Ans.

Problem 5.27 For the data given in Problem 5.26, find the speed of rotation of the vessel, when
axial depth of water is zero.

Solution. Given : - — :'_H‘1
Diameter of vessel =20 cm =
.. Radius, R=10cm =
Initial height of water = 80 ¢m T 5 -
Length of vessel = 120 cm 120 =
Let w is the angular speed, when axial depth is zero. 80 —
When axial depth is zero, the height of paraboloid is 120 ¢m and | B
radius of the parabola at the top of the vessel is r, 3+ A

2 2 322 - |
. Using the relation, 72=27 or120=2 il Fig. 5.23

2g 2% 980

@ =2 x 980 x 120 = 235200 (D)

Volume of air before rotation = Volume of air after paraboloid
TR* % (120 — 180) = Volume of paraboloid

5 Z
=My X —
2
'.'XZ 2
or nx 102x40= 2 =X 120
2 >
or Z Tl x40 x2 _ 8000 — 66.67
120 120

Substituting the value of rin equation (i), we get
®” % 66.67 = 235200

W= 20 = 59.4 rad/s
'|| 06.67

Speed N is given by @ = ZLN
60
or N = DX = Sl = 567.22 r.p.m. Ans,
2n 2n

Problem 5.28 The cylindrical vessel of the problem 5.26 is rotated at 700 r.p.m. about its vertical
axis. Find the area uncovered at the bottom of the rank.
Solution. Given :

Initial height of water = &0 cm
Diameter of vessel =20 cm
Radius, R=10cm

Length of vessel 120 cm

=
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Speed, N =700 r.p.m.
@ = 2:(?’ = ZXEXTO0 55 46 radls:

If the tank is not closed at the top and also is very long, then the height of parabola corresponding
to o = 73.3 will be

w* xR* 733 x10°
2xg 2 %980

=274.12 cm

From Fig. 5.24,
X+ 120+ x, = 27412
or X+ x,=274.12 = 120 = 154.12 cm  ...(i)
From the parabola, KOM, we have
wi? B3 xad

120 + x,) = = i
( e T 2 %980 o

For the parabola, LON, we have

o’ r:z 73.3% xr;

Xy = = «..{EiD)
‘T2 2 x 980 (
Now, volume of air before rotation = Volume of air after rotation
Volume of air before rotation = mR* x (120 — 80) = & x 10° x 40 = 12566.3 cm’ (V)
Volume of air after rotation = Volume of paraboloid KOM — volume of paraboloid LON
120 +
=nr12x——{ 3 al) —nrzzx% (V)

Equating (fv) and (v), we get

m (1204 %) o X

12566.3 = b
2 2
Substituting the value of r,* from (ii) in (vi), we get
120+ x, ) x 2x 980 (120 + 2 4
Vo ML i 204x) w4y
733 2 2
2x980 % (120 + x
*+ From (i), | = ( : 1)
(73.3)
or 12566.3 = 0.573 (120 + xl}: _ 115-"3_2)( x

Substituting the value of x| from (iii) in the above equation

133 %2\ 13
2 % 980 2 " 2x980

=0.573 (120 + 2.74 1,2 =43 % ry> X 1y
=0.573 [1207 +2.74* r,' + 2 x 120 x 2.74 1" - 4.3 1,°

12566.3 = (0.573 [120 4
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= 0.573 [14400 + 7.506 r," + 657.6 r,7] - 4.3 "

125663 i
963 _ 21930 = 14400 + 7.506 ry' + 657.6 ry” — 4.3 1y’
0.573 =
or r,t (7.506 — 4.3) + 657.6 r,” + 14400 — 21930 = 0
or 3.206 1, + 657.6 r," — 7530 = 0

,  —657.6£,/657.6" —4 x(-7530) x (3.206)
=

B 2 x3.206

—657.6 + /432437.76 + 96564.72
6.412

= OOVOE VIR _  5isul e 08
6.412

Negative value is not possible
ry’ = 10.87 em?
. Area uncovered at the base = '.I'Cr31 =1t % 10.87 = 34.149 cm®. Ans.
Problem 5.29 A closed cylindrical vessel of diameter 30 cm and height 100 cm contains water
upto a depth of 80 cm. The air above the water surface is at a pressure of 3.886 Nfcm®. The vessel is
rotated at a speed of 250 r.p.m. aboul its vertical axis. Find the pressure head at the bottom of the
vessel : {a) at the centre, and (b) at the edge.

Solution. Given :
Diameter of vessel = 30 cm
-, Radius, R=15cm
Initial height of water, H = 80 cm
Length of cylinder, L=100cm Tmn
Pressure of air above water = 5.886 N/cm’ 80
or p=5.886 x 10° — l
m-

Head due to pressure, h=plpg

5.886 x 10°

= ——— = 6 m of water

1000 % 9.81

Speed, N = 250 r.p.m.
gy gy SEXERO s 18t
6l 60

Let x; = Height of paraboloid formed, if the vessel is assumed open at the top and it is very long.

@’ R*  2618° x15°
2 2 x 981

Then we have Xy = = 78.60 cm ()

Let ry is the radius of the actual parabola of height x,
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2 2 bl
Then e == =0.35 (i)

The volume of air before rotation
= TR (100 - 80) = 7 % 15 x 20 = 14137 cm®
Volume of air after rotation = Volume of paraboloid EOF

E % bt :ﬂ:rl2 X Xy
But volume of air before and after rotation is same.
14137 = % X Tery % X
But from (i), x,=035r7

14137 = % x 1r,2 % 035 r,2

s 2X14137
= ————— =1
LT ax035

ry = (25714)" = 12.66 cm
Substituting the value of r| in (if), we get

X, = 0.35 x 12,66 = 56.1 cm
Pressure head at the bottom of the vessel

(a) At the centre. The pressure head at the centre, f.e., at H = Pressure head due to air + OH

=6.0+ (HL - LO) [~ OH=LH- LG}
B0 AR  HL=100cm=1m
=60+ (1.0-05
LO=x,=56lcm=.561m
= 6.439 m of water. Ans.
(b) At the edge, i.e., at G = Pressure head due to air + height of water above G
= 6.0 + AG = 6.0 + (GM + MA) = 6.0 + (HO + x))
= 6.0+ HO +0.786 {+ x, =78.6 cm = 0.786 m}

= 6.0 + 0.439 + 0.786

v HO=LH - LO=100-561
=439cm=0439m

= 7.225 m of water. Ans.

Problem 5.30 A closed cylinder of radius R and height H is completely filled with water. It is
rotated about its vertical axis with a speed of @ radians/s. Determine the total pressure exerted by
water on the top and bottom of the cylinder.

Solution. Given :

Radius of cylinder =R
Height of cylinder =H
Angular speed =w
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As the cylinder is closed and completely filled with water, the rise of water level at the ends and
depression of water at the centre due to rotation of the vessel, will be prevented. Thus the water will
exert force on the complete top of the vessel. Also the pressure will be exerted at the bottom of the
cylinder.

Total Pressure exerted on the top of cylinder. The top of cylinder
is in contact with water and is in horizontal plane. The pressure variation
at any radius in horizontal plane is given by equation (5.21)

or dp _pv _po’r

=pw’r (v v=wxr}
dr r r

Integrating, we get

fdp:fpwzm‘r or p= =~Emr’

Consider an elementary circular ring of radius r and width dr on the top
of the cylinder as shown in Fig. 5.26.
Area of circular ring = 2nrdr
Force on the elementary ring = Intensity of pressure X Area of ring
= p X 2xrdr

= % ®°r" X 2mrdr. { p= % (!]?r:}

Total force on the top of the cylinder is obtained by integrating the above equation between the
limits () and R.
g _e_ 3z _P. 2 R 4
Total force or Fy= Em r Xerrdr—E{o x2m | ridr
0 th

P2 rd ! p R?
To'x2n | —| =T o’ x2nx—
2 4 . 2 4

2
asBE ...(5.25)
4

Total pressure force on the bottom of cylinder, F
= Weight of water in cylinder + total force on the top of cylinder

p

=pgXEREXH+Eﬁ12XJtR4=ngTtR2XH+FT ...(5.26)

p = Density of water.
Problem 5.31 A closed cylinder of diameter 200 mm and height 150 mm is completely filled with
water. Calculate the total pressure force exerted by water on the top and bottom of the cylinder, if it
is rotated about its verfical axis ar 200 r.p.m.
Solution. Given :

Dia. of cylinder = 200 mm = 0.20 m
Radius, R=0.Im
Height of cylinder, H=150 mm = 0.15 m
Speed, N = 200 r.p.m.
Angular speed, = Lol = m = 20.94 rad/s

60 60
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Total pressure force on the top of the cylinder is given by equation (5.25)

1000

FT=%xm2xan4 x 20.94% x 7 x (0.1)* = 34.44 N. Ans.

Now total pressure force on the bottom of the cylinder is given by equation (5.26) as
Fp=pg X nR*x H + F;
= 1000 x 9.81 x 1 x (0.1)* x 0.15 + 34.44
=46.22 + 34.44 = 80.66 N. Ans.

5.10.6 Equation of Free Vortex Flow. For the free vortex, from equation (5.20), we have
v x r= Constant = say ¢

or v=-—

Substituting the value of v in equation (5.23), we get
a3 >

dp:vadr-pga‘;’.sz r"’cxr

2
dr — pg dz = [.’J-><C—3 dr - pg dz
r
Consider two points | and 2 in the fluid having radius r, and r, from the central axis respectively as

shown in Fig. 5.27. The heights of the points from bottom of the vessel is z, and z,.
Integrating the above equation for the points 1 and 2, we get

o= 5 ar [

or Pr=0 = pc3 J r dr - pg jhdz
I 1

]

2 ritt : pt‘z 2 2
Pt'h|: D) ] -pglz-2l= _2 [ra "=r “1-pglzz-2]
1

M L
—%L—z__:}—llﬂ[zz_zl]“_g[i_z_i_z]_pg[zz_m}

A 2 1

) Y

g[vf ~vi|-pg[z. - 2]
Dividing by pg, we get

a

Pr=P _Vi—0" —[23—51]

pg 2g
or ﬁq.i{-zl = P_ + 2 +2, {52?}
pg 28 pg  2g

Equation (5.27) is Bernoulli’s equation. Hence in case of free vortex
flow, Bernoulli’s equation is applicable.

=
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Problem 5.32 In a free cylindrical vortex flow, at a point in the fluid at a radius of 200 mm and
at a height of 100 mm, the velocity and pressures are [0 m/s and 117.72 kN/m™ absolute. Find the
pressure at a radius of 400 mm and at a height of 200 mm. The fluid is air having density equal to

1.24 kg/m’.
Solution. At Point 1 : Given :
Radius, ry =200 mm = 0.20 m
Height, Z; =100 mm = 0.10 m
Velocity, v, = 10 m/s
Pressure, py = 117.72 kN/m* = 117.72 x 10* N/m*
At Point 2 : r, =400 mm =04 m

2, =200 mm = 0.2 m
Py = pressure at point 2
p = 1.24 kg/m®
For the free vortex from equation (5.2()). we have
v X r= constant or v r; = vy,
vpxn  10x0.2

v, = = =5mis
) r 0.4
Now using equation (5.27), we get
ﬂ'i‘v—!_ +Z| = p—2+£ +Z-3
g 2¢ P 28
But p = 1.24 kg/m®
7. 3 2 2
PRI =2 i
124 %981 2x938l pg  2x981
p.  117.72x10° 107 5°
or = = +

= + 0.1 = e
pg  124x981  2x981 2 %981

9677.4 + 5.096 + 0.1 - 1.274 - 0.2 = 9676.22
,=9676.22 % pg = 9676.22 x 1.24 x 9.81

117705 N/m” = 117.705 x 10* N/m®

117.705 kN/m? (abs.) = 117.705 kN/m>. Ans.

=
=

(B) IDEAL FLOW (POTENTIAL FLOW)

P 5.11 INTRODUCTION

Ideal fluid is a fluid which is incompressible and inviscid. Incompressible fluid is a fluid for which
density (p)remains constant. Inviscid fluid is a fluid for which viscosity (W) is zero. Hence a fluid for
which density is constant and viscosity is zero, is known as an ideal fluid.

d i g ;
The shear stress is given by, T= 11 d_u Hence for ideal fluid the shear stress will be zero as p =0

for ideal fluid. Also the shear force (which is equal to shear stress multiplied by area) will be zero in

L
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case of ideal or potential flow. The ideal fluids will be moving with uniform velocity. All the fluid
particles will be moving with the same velocity.

The concept of ideal fluid simplifies the typical mathematical analysis. Fluids such as water and air
have low viscosity. Also when the speed of air is appreciably lower than that of sound in it, the
compressibility is so low that air is assumed to be incompressible. Hence under certain conditions,
certain real fluids such as water and air may be treated like ideal fluids.

p 5.12 IMPORTANT CASES OF POTENTIAL FLOW

The following are the important cases of potential flow :
(i) Uniform flow, (ii) Source flow,
(ifi) Sink flow, (iv) Free-vortex flow,
(v) Superimposed flow.

» 5.13 UNIFORM FLOW

In a uniform flow, the velocity remains constant. All the fluid particles are moving with the same
velocity. The uniform flow may be :
(i) Parallel to x-axis (i) Parallel to y-axis.
5.13.1 Uniform Flow Parallel to x-Axis. TFig. 5.27 (a) shows the uniform flow parallel to

x-axis. In a uniform flow, the velocity remains constant. All the fluid particles are moving with the
same velocity.

u

v

v

¥

yYs_ T

Fig. 5.27 ()

Let U/ = Velocity which is uniform or constant along x-axis
i and v = Components of uniform velocity U/ along x and y-axis.
For the uniform flow, parallel to x-axis, the velocity components 1 and v are given as

u=Uand v=10 «.(5.28)
But the velocity u in terms of stream function is given by,
U= a_\lf
dy
and in terms of velocity potential the velocity u is given by,
_ o
oy
i DM .(5.29)
dy  dx
v _d

Similarly, it can be shown that v = — ..(5.294)

dx oy

But # = U from equation (5.28). Substituting ¥ = [/ in equation (5.29), we have
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dy _ db
=t =_1 <453
U A (5.30)
or U:a—wanda]soU=a—¢
dy ¥

First part gives dy = U dy whereas second part gives dp = U dx.

Integration of these parts gives as
Yy=Uy+ Ciand p=Ux+ C,

where C, and C, are constant of integration.

Now let us plot the stream lines and potential lines for uniform flow parallel to x-axis.

Plotting of Stream lines. For stream lines, the equation is
y=Uxy+C

Let y = (), where y = (). Substituting these values in the above equation, we get
0=Ux0+Cyor C;=0

Hence the equation of stream lines becomes as ¥
y="U.y 531
The stream lines are straight lines parallel to x-axis and at a Stream lines
distance y from the x-axis as shown in Fig. 5.28. In equation
(5.31). U. v represents the volume flow rate (i.e., m"'!s) be-
tween x-axis and that stream line at a distance y. 4 y=4 J y, “Ux4=4U
Note. The thickness of the fluid stream perpendicular to the 3 y=3 l w. =Ux3=3U
plane is assumed to be unity, Then y % 1 or y represents the area of 2 y=2 Wl D —
flow. And L' . y represents the product of velocity and arca. Hence 4 2
U. y represents the volume flow rate. = ¥, =Uxis= U_
0 y=0 A X
Plotting of potential lines. For potential lines, the equation is Fig. 5.28
b=U.x+C, ...(5.32)

Let ¢ =0, where x = 0. Substituting these values in the above equation, we get C, = (.
Hence equation of potential lines becomes as
h="0U.x

The above equation shows that potential lines are straight lines parallel to y-axis and at a distance of
x from y-axis as shown in Fig. 5.29.

Fig. 5.30 shows the plot of stream lines and potential lines for uniform flow parallel to x-axis. The
stream lines and potential lines intersect each other at right angles.

¥ Ly

Potential lines

Potential
lines tream lines

bg="n

oL
T
b
\

o =
.. 1 //‘V‘i
o = e / W3
noon|n
= wz
-] =y
0 1 2 3 4 X 0 v=0 X

Fig. 5.29 Fig. 5.30
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5.13.2 Uniform Potential Flow Parallel to y-Axis. Fig. 5.31 shows the uniform potential

flow parallel to y-axis in which U/ is the uniform velocity along y-axis.
h A A A A

Fig. 5.31
The velocity components u, v along x-axis and y-axis are given by
u=0and v=U +:(5.33)

These velocity components in terms of stream function (y) and velocity potential function () are
given as

oy do
=t (534
" E}y 8.1; ( )
dy  do
d P e e e Bk
o l dx dy ; .

But from equation (5.33), v = U, Substituting v = U in equation (5.35), we get

U= N _ 99 or U=—a—‘van::lalsn:ﬂﬂf=ﬁ‘B
oxr dy dx dy
First part gives dy = — U dx whereas second part gives dp = U dy.
Integration of these parts gives as
y=-U.x+Candp=Uy+C, [ 3.36)
where C, and C, are constant of integration. Let us now plot the stream lines and potential lines.
Plotting of Stream lines. For stream lines, the equation is y = U.x + C,
Let w = 0, where x = 0. Then C; = 0.
Hence the equation of stream lines becomes as W= - U.x L33
The above equation shows that stream lines are straight lines parallel to y-axis and at a distance of x from
the y-axis as shown in Fig. 5.32. The —ve sign shows that the stream lines are in the downward direction.

¥
Stream lines

Potential lines

"
Wa
W

ll_(:{]
\ -
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Plotting of Potential lines. For potential lines, the equation is ¢ = U.y + C,

Let ¢ = 0, where y = 0. Then C, = 0.

Hence equation of potential lines becomes as ¢ = U.y w(5.38)
The above equation shows that potential lines are straight lines parallel to x-axis and at a distance of

v from the x-axis as shown in Fig. 5.32.

» 5.14 SOURCE FLOW

The source flow is the flow coming from a point (source) and
moving out radially in all directions of a plane at uniform rate.
Fig. 5.33 shows a source flow in which the point O is the source
from which the fluid moves radially outward. The strength of a
source is defined as the volumc flow rate per unit depth. The unit - -
of strength of source is m s, It is represented by g. un:e/

Let w, = radial velocity of flow at a radius r from the source 0 {S}

¢ = volume flow rate per unit depth
r = radius

The radial velocity u, at any radius r is given by,

q Fig. 533  Sowrce flow (Flow away

w, = S -.:(5.39) from source)

The above equation shows that with the increase of r, the radial velocity decreases. And at a large
distance away from the source, the velocity will be approximately equal to zero. The flow is in radial
direction, hence the tangential velocity uy = 0.

Let us now find the equation of stream function and velocity potential function for the source flow.
As in this case, uy = 0, the equation of stream function and velocity potential function will be obtained

from u,.

Equation of Stream Function
By definition, the radial velocity and tangential velocity components in terms of stream function are

given by

1 dyr dyr ;
=—— and u,=- — See eguation (5.124

"= o8 nd iy I [ q ( ]|

But u,= I [See equation (5.39)]
2nr
low. . g
raod 2ur

or dy=r.-L q0=L 49
2nr 2

Integrating the above equation w.r.t. 0, we get

Y= ’Zi *x 8+ C,, where C, is constant of integration.

Let w =0, when 8 =0, then C, = 0.
Hence the equation of stream function becomes as
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i =
=1 g . (5.40)
v n
In the above equation, g is constant.
The above equation shows that stream function is a function of 8. For a given value of 8, the

stream function Y will be constant. And this will be a radial line. The stream lines can be plotted by

having different values of 6. Here 0 is taken in radians. *f':g— A 4
Plotting of stream lines v 3 % t=g
When 6=0,y =10 3 W P
T q & q gﬁd__‘ = .a’/l‘\' Stream lines
8 = 45° = — radians, Wy = — . —=— unils 2 are radial
4 Vo E Ty v A
n = 8=0 3
8 = 90° = = radians, =i.£=i units =9 =X 5 =0
2 2r 2 4 z
3 in 3
0= 135°=-In radians,w:zq—.?nz-i units ‘I’=%xq
T
The stream lines will be radial lines as shown in Fig. 5.34.
3
Equation of Potential Function \,,:35
By definition, the radial and tangential components in Fig.5.34  Stream line for
terms of velocity function are given by source flow.
1 o
", = a—q] and u, = —.% [See equation (5.9A4)]
r r
But from equation (5.39), u, = 9
2mr
Equating the two values of u,, we get
d
L SpSRT
dr  2mr 2mr
Integrating the above equation, we get
e q .
j do = j 2—-d7 Potential lines
nr are ircle
or o= i‘[ ld,- [ 4, isacunstanttcrm]
2rd r 2n P
i i
= — log, r . A541)
om e

In the above equation, ¢ is constant.

The above equation shows, that the velocity potential function is
a function of r. For a given value of r, the velocity function ¢ will be
constant. Hence it will be a circle with origin at the source. The
velocity potential lines will be circles with origin at the source as
shown in Fig. 5.35.

Let us now find an expression for the pressure in terms of
radius.

Fig. 5.35 Potential lines for source.
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Pressure distribution in a plane source flow

The pressure distribution in a plane source flow can be obtained with the help of Bernoulli's equa-
tion. Let us assume that the plane of the flow is horizontal. In that case the datum head will be same
for two points of flow.

Let p = pressure at a point | which is at a radius r from the source at point |
u, = velocity at point |
Py = pressure at point 2, which is at a large distance away from the source. The velocity will
be zero at point 2. [Refer to equation (5.39)]
Applying Bernoulli's equation, we get

P B o e ABTR) M
peg 22 pg ps 2g
el
or p-py)=- >
q

But from equation(5.39), w,= —
2nr

Substituting the value of i, in the above equation, we get

o (pY(a)
(P =po) [2]'[21::-]

2
=P ..(5.42)
8nr
In the above equation, p and g are constants,
The above equation shows that the pressure is inversely proportional to the square of the radius
from the source.

p 5.15 SINK FLOW

The sink flow is the flow in which fluid moves radially
inwards towards a point where it disappears at a constant rate.
This flow is just opposite to the source flow. Fig. 5.36 shows
a sink flow in which the fluid moves radially inwards towards
point 0, where it disappears at a constant rate. The pattern of
stream lines and equipotential lines of a sink flow is the same
as that of a source flow. All the equations derived for a source
flow shall hold to good for sink flow also except that in sink
flow equations, g is to be replaced by (- g).

Problem 5.33 Plot the stream lines for a uniform flow of :
(i) 5 m/s parallel to the positive direction of the x-axis and Fig.5.36 Sink flow
(ii) 10 m/s parallel to the positive direction of the y-axis. (Flow toward centre)

Solution. (i) The stream function for a uniform flow parallel to the positive direction of the
x-axis is given by equation (5.31) as

y=Uxy

The above equation shows that stream lines are straight lines parallel to the x-axis at a distance v

from the x-axis. Here U/ = 5 m/s and hence above equation becomes as
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Y= 3y
For y=10, stream function y =0
For y= 0.2, stream function =5 x 0.2 = 1 unit
For y= 04, stream function y =35 X 0.4 = 2 unit
The other values of stream function can be obtained by substituting the different values of y. The
stream lines are horizontal as shown in Fig. 5.36 (a).

YA
o8 y=08 =
°e y=06 V=3
041 y=04 =2
4 y=02 =t
¢ y=0 T %
Fig. 5.36 (a)

(1) The stream function for a uniform flow parallel to the positive direction of the y-axis is given by
equation (5.37) as
y=-Uxx
The above equation shows that stream lines are straight lines parallel to the y-axis at a distance x
from the y-axis. Here U/ = 10 m/s and hence the above equation becomes as

Yy=-10xx

The negative sign shows that the stream lines are in the downward direction.
For x=10, the stream function =10

For x= 0.1, the stream function w=-10x0.1 =- 1.0 unit
For x= 0.2, the stream function y=-10x0.2 =- 2.0 unit
For x= 0.3, the stream function Wy =-10x0.3 = - 3.0 unit

The other values of stream function can be obtained by substituting the different values of x. The
stream lines are vertical as shown in Fig. 5.36 (b).

y — '-"lJ ]
=] - |
1] i Ul 1]
A = S
L L r
! ™~ !
= = =1 =1
n ] i i
» E » =

0 01 02 03
Fig. 5.36 (b)
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Problem 5.34 Determine the velocity of flow at radii of 0.2 m, 0.4 m and 0.8 m, when the water
is flowing radially outward in a horizontal plane from a source at a strength of {2 m/s.

Solution. Given :

Strength of source, g = 12 m?/s

The radial velocity u, at any radius r is given by equation (5.39) as

ur e i
2mr
12
When r= 0.2 m, i, = ——— = 9.55 mfs. Ans,
2nx 0.2
12
When r= 04 m, i, = — = 4,77 mfs. Ans.
2 x 04
12
When r= 0.8 m, #, = ——— = 2.38 mfs. Ans.
21 x 0.8

Problem 5.35 Two discs are placed in a horizontal plane, one over the other. The water enters at
the centre of the lower disc and flows m?’iah’y outward from a source of strength 0.628 m’/s. The
pressiure, at a radius 50 N‘j‘lm, is 200 kN/m~. Find :
(i) pressure in kN/m™ at a radius of 500 mm and
(ii) stream function at angles of 30° and 60° if w= 0 at @ = 0~
Solution. Given :
Source strength, g = 0.628 m?s
Pressure at radius 50 mm, p, = 200 kN/m? = 200 x 10* N/m?
(i) Pressure at a radius 500 mm
Let  p, = pressure at radius 500 mm
(u,), = velocity at radius 50 mm
(u,), = velocity at radius 500 mm
The radial velocity at any radius r is given by equation (5.39) as

L
2nr
When r=50mm=0.05m., (u) = —9'623 = 1.998 m/s = 2 m/s
2 x0.05
When r=500mm=05m, (u),= ﬂ =(0.2 m/s
2 x05

Applying Bernoulli’s equation at radius 0.05 m and at radius 0.5 m,

or —+
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200x10° 2° _ p, +0.22

or + =
1000 2 1000 2
or 200+ 2=-L2_ 4002
1000
or P2 _ 202 - 0.02 = 201.98
1000
& Py = 201.98 x 1000 N/m* = 201.98 kN/m?> Ans.
(i) Stream functions at 8 = 30° and 8 = 60°
For the source flow, the equation of stream function is given by equation (5.40) as
w = - @, where @ is in radians
2
When 8 = 30°, = s ® 30xw ( 0=30"= Hxy radians]
2n 180
= 0.0523 m¥s. Ans.
When 6 = 60°, = D528 OOK 0 e s

2 180

> 5.16 FREE-VORTEX FLOW

Free-vortex flow is a circulatory flow of a fluid such that its stream lines are concentric circles.
For a free-vortex flow, uy X r = constant (say C)
Also, circulation around a stream line of an irrotation vortex is

M=2mrXug=2nxC (v rxug=0C)
where ug = tangential velocity at any radius r from the centre.
T
iy = e

The circulation [ is taken positive if the free vortex is anticlockwise.
For a free-vortex flow, the velocity components are

HB:EL and u, =10

nr '
Equation of Stream Function
By definition, the stream function is given by
iy = —alp' and u = lg-w—-
ar r do
In case of free-vortex flow, the radial velocity (u,) is zero. Hence equation of stream function will
be obtained from tangential velocity, ug. The value of uy is given by

r

2nr
Equating the two values of ug, we get

[See equation (5.124)]

Hy

L
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oy I r
o~ o dy=-—d
dr  2mr roey 2mr "

Integrating the above equation, we get
Jd\p’:j—Ldr=[—LJ ldr
2nr 2n/4r

r
poe Y= [— EJ log,r ( % is a constant tenn) ...(5.43)

The above equation shows that stream function is a function of
radius. For a given value of r, the stream function is constant. Hence
the stream lines are concentric circles as shown in Fig. 5.37.

Equation of potential function. By definition, the potential
function is given by,

gy = -}_-g—g- and  w, = %‘g [See equation (5.94)]

r . .
Here u, = 0 and uy = o Hence, the equation of potential Fig. 5.37
nr

function will be obtained from ug.
Equating the two values of ug, we get

%g—ﬁ = ZI;rr or dbp=r. . .db = % do
Integrating the above equation, we get
Idtb = J-Ldﬁ o e Dbl (5.44)
2n 2n 2n

The above equation shows that velocity potential function is a function of 8. For a given value of 8,

potential function is a constant. Hence equipotential lines are radial as shown in Fig. 5.38.

Velocity potential
lines

=]

Fig. 5.38 Potential lines are radial.
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p 5.17T SUPER-IMPOSED FLOW

The flow patterns due to uniform flow, a source flow, a sink flow and a free vortex flow can be
super-imposed in any linear combination to get a resultant flow which closely resembles the flow
around bodies. The resultant flow will still be potential and ideal. The following are the important
super-imposed flow :

(i) Source and sink pair

(if) Doublet (special case of source and sink combination)
(ifi} A plane source in a uniform flow (flow past a half body)
(iv) A source and sink pair in a uniform flow

(v) A doublet in a uniform flow.

5.17.1 Source and Sink Pair. Fig. 5.39 shows a source and a sink of strength ¢ and (- q)
placed at A and B respectively at equal distance from the point € on the x-axis. Thus the source and
sink are placed symmetrically on the x-axis. The source of strength g is placed at A and sink of
strength (— ¢g) is placed at B. The combination of the source and the sink would result in a flownet
where stream lines will be circular arcs starting from point A and ending at point B as shown in
Fig. 5.40.

¥
A - B
0 X
/ $ RS,
%‘ " "'JL‘ . Sink (- q)
Source (g)
Fig.5.39 Source and sink pair.
Stream
lines
Source Sink

A

Fig. 5.40 Stream lines for source-sink pair.
Equation of stream function and potential function
Let P be any point in the resultant flownet of source and sink as shown in Fig. 5.41.
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Px.,y)
{r.8)

Fig.5.41
Let r, 8= Cylindrical co-ordinates of point P with respect to origin O
x,v = Corresponding co-ordinates of point P
ry, 8, = Position of point P with respect to source placed at A
15, 8, = Position of point P with respect to sink placed at B
ot = Angle subtended at P by the join of source and sink i.e., angle APB.
Let us find the equation for the resultant stream function and velocity potential function. The

equation for stream function due to source is given by equation (5.40) as y, = qi ! whereas due to
-0
sink it is given by y, = ( g 2} . The equation for resultant stream function (y) will be the sum of
these two stream function.
Y=+,
QB - B'; )
e Al +[—q = ]:—q(ﬂz “BI]
2n n 2n
= % Lo [+ o=0,- 0, In triangle ABP, 0, + o + (180° - 8,)
=180" .. o=86,-8)]
e ...(5.45)
2n

The equation for potential function due to source is given by equation (5.41) as ¢, = 21 log . rand
T

due to sink it is given as ¢, = ;_q log,.r>. The equation for resultant potential function (@) will be the
L

sum of these two potential function.
: b=0,+0,

o —q
=—log r + | —|log.r,
I ge’l (2“:) g-:'..
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= % [log,r, - log ;] = % log, [r—]) +{(5:46)
n

To prove that resultant stream lines will be circular arc passing through source and sink
The resultant stream function is given by equation (5.45) as

—g.o
n

"P= or %(Bz—ﬁlj { [1=9:-91}

For a given stream line W = constant. In the above equation the term Zi is also constant. This
o

means that (B, — 8,) or angle o will also be constant for various positions of P in the plane.

To satisty this, the locus of P must be a circle with AB as chord, having its centre on y-axis, as
shown in Fig. 5.40.

Consider the equation (5.45) again as

w:%a:é—%(ﬁz-(ﬂ]] (v oa=0,-0)
q
=— 'B o 9’5
2r e )
or O -g)=""
q
Taking tangent to both sides, we get
2 tan O, — tan 0, 2
tan (8, — 0, = tan | L | or —m T TTT) _ gy [ZTY (i)
B q l+tan B, .tan 6, q
But tan B, = and tan 8, = + ..(5.464)
X+a x—a
Substituting the values of tan 8, and tan 6, in equation (i),
e
X 2
{Ht;) (x yﬂ) —_— ﬂ‘l’]
(x+a) (x—a) =
y(x=a)=y(x+a) 2 ] |
or s =tan | —— ;
x—at+y- q 1Y
o 2 |
or 227;})}'2 = tan ‘_] :
X" =0 +_\r q 91 BE :
or —20‘}' = g N
a4y ot 2y a a | |
q ! &
Fig. 5.41 (a)
or C-a+ y2 — 2ay cot (21‘5_141)
4

=
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3 2
or P y + 2ay cot ﬂ] =0
q
5 2 2 2
or X7+ ¥y 4+ 2ay cot (ﬂ] —a =10
q
or P }'2 + 2ay cot [zn—wj + a’ cot? [M—WJ =i c:!:)l2 [Zit_lp') —at=0
q q q

or

P
L&)
+
| —
b -
+
[~}
g
A
]
= ‘E
by MR
i
Il

a* + a* cot® [21:_141)
q

a [1 + cot” [_Zmu]]
q
a® cosec’ (Z:rzw) { | + cot’ [Zn_q.l] = cosec’ [M_wﬂ
q q d
or x2+[y+acc-t (m_WJ] {a coscc(zmp)-l .(5.47)
q o

. : . ; ; ; ; 2y
The above is the equation of a circle® with centre on y-axis at a distance of + g cot [ W) from
q

2
the origin, The radius of the circle will be & cosec ( m"),
{‘f

Similarly, it can be shown that the potential lines for the source-sink pair will be eccentric non-
intersecting circles with their centres on the x-axis as shown in Fig. 5.41 (b).

y Potential lines

7

Sink

Fig. 5.41 (k) Potential lines for source sink pair (Potential lines are eccentric
non-intersecting circles with their centres on x-axis).

*The equation X+ y* =" is the equation of a circle with centre at origin and of radius ‘a’.
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Problem 5.36 A source and a sink of strength 4 m*/s and 8 m*/s are located at (- 1, 0) and (1, 0)
respectively. Determine the velocity and stream function at a point P (1, 1) which is lving on the
flownet of the resultant stream line.

Solution. Given :

Source strength, g, =4 m’/s
Sink strength, 4= 8 m?/s
Distance of the source and sink from origin, ¢ = | unit.

The position of the source, sink and point P in the flow field is shown in Fig. 5.42.
From Fig. 542, it is clear that angle 6, will be 90" and angle 8, can be calculated from right angled
triangle ABP.

0
The equation for stream function due to source is given by equation (5.40) as y, = ‘flzx_l
n
. L [ - _ _qz XBE . § . . . .
whereas due to sink it is given by Wy, = 2— The resultant stream function Wy is given as
T
Y=y, +
L 3]
Px.y)
(1.1)
¥
Source
-=1.0)
8 B2
1 u -x
A o] B
Sink
|"_B=1 — a=1 I U:UJ
x—]
Fig. 5.42
= Q’1XB|+[‘Q‘3X92)=%XBJ _ 42 %8, ()
2n n 2n 2n
Let us find the values of 8, and 8, in radians. From the geometry, it is clear that the traingle ABP is
a right angled triangle with angle 8, = 90° = % XW= % radians.
BP 1
Also tan @, = —=—=0.5
' AB 2
or 8, = tan ' 0.5 = 26.56° = 26.56 x % radians = 0.463

Substituting these values in equation (i},

y=2d w0463 T2 4T
2n 2n 2

=
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T 8§ m 3
o 0.463 — i (2 g, =4 m’s, g, = 8 m%/s)

=0.294 — 2.0 = — 1.706 m*/s. Ans.

To find the velocity at the point P, let us first find the stream function in terms of x and y co-
ordinates. The stream function in terms of 8, and 8, is given by equation (7) above as

y = ¢ %8, ¢, %0,
21 2n
The values of 8, and B, in terms of x, y and a are given by equation (5.464) as
tan 6, = Y and tan 8, = Y
X+a © (x—a)
or 8, = tan' Y and 8, =tan"' Y
x+a B (x—a)
Substituting these values of 8, and 8, in equation (i), we get
= gapt LG oyt Y
2 x+a 2n x—da
d
The velocity component u = a—w and v=- _'4’_
y dx
dy
] P T
dy | 2n r+a 2n x—a
= f—1>< ! — X ! —g—lx L —X !
da i + L s
n '+[y] (x+a) 2n ,+[y] (x-a)
x+a x—a
x+a) , x—a)
_q (x+a) " 1 % (x—a) i 1

T 2n (x+a) +) (x+a) 2nm (x—a)’ +y* (x—q)

_ 4 (x+a) 4 (x—a)
21 (v +a) +y? 2m(x i) +y°
At the point P(1, 1), the component u is obtained by substituting ¥ = | and y = | in the above
equation. The value of a is also equal to one.

@ 141 g (-1

H=

=

2 (1417 +1° 21 (1=1) +1°

= ﬂi_ﬁx[}:‘f_'xz 2 x% = (0.2544 m/s

25 2x 2r 5 o

L
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dy
Now ==
1 dx
:---i q—ltan"' 2 ---q—gtan'I 2
dx | 2w x+a 2xm x—-a
. 4 -1
=__2q,_ I 1)(J’( }Exl-g-z_x 1 2)(J’( )le
:r:l_'_[_y_) (x+a) T 1+( ¥ ] (x—a)
i x+a x—a
r 2 2
R R S N Tt M
_21'5(.:+a}'+y2 (x+a)” 2% (x—a) +y° (x—a)
=q_| }.‘ _ﬁ -".‘
n {x+a}2+y: 2n [x—a): +y°
At the point P(1, 1),
p= 2y I, 1-q—2x ! (a=1
2 (1+1) +1° 2 (1-1)" +1°
sl G5,
2Zn 5 2n 1
1 g 4 1 "
) o 4,1 8 60701272 = - 1.145 mis?
2n 5 2 2k 5 2m

The resultant velocity, V = yfu’ +v? = J0.25443 +(-1145)" = 1.174 m/s. Ans.

Problem 5.37 For the above problem, determine the pressure at P(1, 1) if the pressure at infinity
is zero and density of fluid is 1000 kg/m’.

Solution. Given :

Pressure at infinity, Po=10

Density of fluid, p = 1000 kg/m*

The velocity™® of fluid at infinity will be zero. If V|, = velocity at infinity, then V, = 0.

The resultant velocity of fluid at P(1, 1) = 1.174 m/s (calculated above)
or V= 1.174 m/fs.

Let p = pressure at P(1, 1)

Applying Bernoulli’s theorem at point at infinity and at point P, we get

vy v?
W _p vV
P 2g pg 2g
e vl V2
or 0+{}=£+— or 0=£+— or D=£+—
pg  2g pg  2g p 2
v 11742
or A ..l (-+ V=1.174 m)s)
P 2 2
* From equation (5.39), the velocity at a distance “r" from source or sink is given by u, = 2i At infinity,
nr

r is very very large hence velocity is zero.
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2 2
or p:—%xp=—w = - 689.14 N/m°. Ans.
5.17.2 Doublet. It is a special case of a source and sink pair (both of them are of equal strength)
when the two approach each other in such a way that the distance 2a between them approaches zero
and the product 2a . g remains constant. This product 2a . g is known as doublet strength and is
denoted by .
Doublet strength, L=2a.q +.{5.48)

Let g and (— ¢) may be the strength of the source and the sink respectively as shown in Fig. 5.43.

Let 2a be the distance between them and P be any point in the combined field of source and sink.

Fig. 5.43
Let 0 is the angle made by P at A whereas (8 + 80) is the angle at B.
Now the stream function at P,

y=22_12 g.50=-2 5o ...(5.49)
2Zr 2nm 2rn
From B, draw BC L on AP. Let AC = ér, CP = rand AP = r+ &r. Also angle BPC = 80. The angle
80 is very small. The distance BC can be taken equal to r x 80. In triangle ABC, angle BCA = 90" and
hence distance BC is also equal to 2a . sin 8. Equating the two values of BC, we get

rx o0 =2a.sin8

2a.s5in @
r

50 =

Substituting the value of 80 in equation (5.49), we get
o Zasin B
2m r

y=-

~ Lx sin @
2 r

In Fig. 5.43, when 2a — 0, the angle 86 subtended by point P with A and B becomes very small.
Also 8r — 0 and AP becomes equal to r. Then

[ 2a.g = from equation (5.48)] ...(5.50)

. PD vy
sinf= —==—
AP r
Also APP=AD*+ PD* or =i+

Substituting the value of sin 8 in equation (5.50), we get

=
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ooy 1 y ny

= - M W= T = i I‘2=X1+‘r‘z
Ve o T T T o (x* +y7) ( =
..[5.504)
or 1’2+JJE= —u—}, or J.'Z'l']’z"‘ 24 =0
2y 2my

The above equation can be written as

x4 _vz +2xXyx H + [ H ]_ —( H ] =0 {Adding and subtracting [ H J-}
dmy | 4wy dmy 4y

or >4 (y+LJh = (L)h ~ 45T
4y 4y

. The centre of the

The above is the equation of a circle with centre [0, %J and radius
pial]

circle lies on y-axis at a distance of

from x-axis. As the radius of the circle is also equal to H 3
4y -+
hence the circle will be tangent to the x-axis. Hence stream lines of the doublet will be the family of
circles tangent to the v-axis as shown in Fig. 5.44.

Stream lines are circles
tangent to x-axis with
centre on y-axis

X-axis

Stream lines
v lines

Fig.5.44 Stream lines for a doublet.

Potential function at P
Refer to Fig. 5.43. The potential function at P is given by
[

h= 2 B log , (r+ &r) + [‘ i] log r |Refer to equation (5.41)]
b3 ¢ 2n “

=
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q .q q r+dr) g or
:Elog,(r+8;)-Elug‘,rz—n]ng(( 7 ]:Emgf[l-'-T]

- ' L lAs ﬁ_r is a small quantity. Hence [EJ becomes ncgligiblc]

r r

But in Fig. 543, from triangle ABC, we get 23_1‘ =cos 6
a
& Or=2a cos 0
Substituting the value of dr, we get
o 2acos @
n r
L cos B
2 r
In Fig. 5.43, when 2a — 0, the angle 80 becomes very small.
Also 8r — 0 and AP becomes equal to r. Then
AD «x

cos = —==
AP r

Also APP = AD* + PD*or P = x* + yz
Substituting the value of cos 8 in equation (5.52), we get

b= LX{£]XL=£X1

r r 2 r*

[ 2a x ¢ = 1 from equation (i)] ...(5.52)

X 2
=Lx71 ~ [ P =2+
2n {_r‘ + y“J

or Lay=B o o 2ey-FBEEop
’ 2n o ’ 2n o
The above equation can be written as
2 2 2
P NN (N Y () =0 Adding and subtracting L
2n ¢ 4md 4 4md
2 2
or R +y = F_ ...(5.53)
4ndp 4nd
The above is the equation of a circle with centre [ ———, 0 | and radius [ ~=— |. The centre of the
4ng 4nd
circle lies on x-axis at a distance of ﬁ from y-axis. As the radius of the circle is equal o the
T

distance of the centre of the circle from the y-axis, hence the circle will be tangent to the y-axis.

X
* Expansion of log, (| +x)=x+ = + ...

L
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Hence the potential lines of a doublet will be a family of circles tangent to the y-axis with their centres
on the x-axis as shown in Fig. 5.45.
Potential lines or
Potential lines i lines are circles

with centre on x-axis
but tangent to y-axis

Fig.5.45 Potential lines for a doublet.
Problem 5.38 A point P(0.5, 1) is situated in the flow field of a doublet of strength 5 m’/s.
Calculate the velocity at this point and also the value of the stream function.
Solution. Given : Point P(0.5, 1). This means x = 0.5 and v = 1.0
Strength of doublet, H=35 m?/s
(i) Velocity at point P
The velocity at the given point can be obtained if we know the stream function (). But stream
function is given by equation (5.504) as
g B
2n {xz + yE]
The velocity components « and v are obtained from the stream function as

= a—\l{z.i[— “ X'—lJ—":|

dy dy 2 (x2 + yz)
= - i A i % ( S o is a constant tcn‘n)
2w a} (_‘.r' + }-"'} 2r

-2y? 1 =2y +x+y?  xP-y?

3 + - o [
(.t3+y2)- (_t.E +}'_} {Iz_i_y:)z (xz +}’3}-

and 1.:-3_‘“=_i[_ix;}

=
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_waf vy J_m| 2xy
S 2m 8.r|:[x3 +_\=2)} 2n |i{xl _,_}.3]1}

Substituting the values of =35 m?/s, x = (.5 and v = 1.0, we get the velocity components as

.. x? Fy _3 u w3 0‘?"3 = _0.382

and . —2xv -2x05x1]_ 5 [ —lz]=_[}'509
1 +y° [U 52 +1? ) 125
Resultant velocity, V= -"'u +v? J [}182 (}.509}2 = 0.636 m/s. Ans.

(it) Value of stream function at paint P
yo By 5. W0 5 1
2n(x*+y%)  2m (05%+1%) 2m 125

= — 0.636 m%/s. Ans.

Solution in polar co-ordinates

The above question can also be done in r, 8 (i.e., polar) co-ordinates. The stream function in r, 8

co-ordinates is given by equation (5.50) as
U sinB

=-—x

V= 2m r
and velocity components in radial and tangential directions are given as
1 Xa_‘iu 1 d [_L amﬂ}
" r 98 rad

2K T
= lx[—i]xli(sinﬂ}

(i)

r In r ade
[ 2L is a constant term and also r is constant w.r. t. B]
T
=2 ]q cos «(H)
2n
and uﬂz—aﬂ=__{_iq]
r

(P gne) [l g
= [znmnﬁ)ar[r} o sin B ( I}.rz

sin @
v ———isaconstant w.r.t. r
2m

s B S ..(ifi)

L
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Now r=ofxt 47 24050 +1° =125
. y 1 X 0.5
sinf= —=—— = 0.894 and cos B = —=—= = 0.447
rooA125 ro 4125

Substituting the values of r, sin 8 and cos 8 in above equations (i), (if) and (iii), we get

Losin® 5 0894

T~ Tom r 2x J125

= — 0.636 m%/s. Ans.

a,:—LxL,xcosE):—ix : x 0.447 = - 0.2845 m/s
2n 2n (1.25)
and Uy = I xsmﬂz > x@ = - 0.569 m/s

T A2 2m 125

. [og: 3
Resultant velocity, V= yu, +ug

= J(=0.2845)" + (- 0.569)" = 0.636 m/s. Ans.

5.17.3 A Plane Source in a Uniform Flow (Flow Past a Half-Body). Fig. 5.46 (a) shows
a uniform flow of velocity U and Fig. 5.46 (b) shows a source flow of strength g. When this uniform
flow is flowing over the source flow, a resultant flow will be obtained as shown in Fig. 5.46. This
resultant flow is also known as the flow past a half-body. Let the source is placed on the origin 0.
Consider a point P(x, v) lying in the resultant flow field with polar co-ordinates r and 8 as shown in
Fig. 5.46.

(q)

(a) Uniform flow (b) Source flow

Half body Point P{x , y)

Fig.5.46 Flow pattern resulting from the combination of a uniform flow and a source.
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The stream function (W) and potential function (¢) for the resultant flow are obtained as given
below :

Y = Stream function due to uniform flow + stream function due to source

=U.y+ Lo ..(5.54)
2n
=U.rsin 0+ 21 ) (** y=rsin 0) ..(5.544)
bid
and @ = Velocity potential function due to uniform flow + Velocity potential function due to source
=U..1'+ilng,.r=U.rcos€I+ilogrr ..(5.548)
2n 2n

The following are the important points for the resultant flow pattern :

(i} Stagnation point. On the left side of the source, at the point & lying on the x-axis, the velocity of
uniform flow and that due to source are equal and opposite to each other. Hence the net velocity of the
combined flow field is zero. This point is known as stagnation point and is denoted by 5. The polar co-
ordinates of the stagnation point § are r¢ and 7, where ry is radial distance of point § from 0.

The net velocity (or resultant velocity) is zero at the stagnation point §.

u,.:lﬂ:l—g—[U.rsinB+iGJ [ w=U+rsinB+iB]
rdd raoe 2m 2n

lI:-'.f.r{:o.‘;ﬁl+i] =U.cos 0+ i,
r 2r 2nr

At the stagnation point, 8 = 1 radians (180°) and r = r; and net velocity is zero. This means u, = ()
and vy = (). Substituting these values in the above equation, we get

0=U.cos 180° + q [ u,=0,0=180° and r = ry]
2
=-U+ or U= 4
21, 2
of 5
or Fe= —— e & % b
57 2nU )

From the above equation it is clear that position of stagnation point depends upon the free stream
velocity U and source strength g. At the stagnation point, the value of stream function is obtained
from equation (5.54A) as

_ : q
y=U.rsinB+— .6
n
For the stagnation point, the above equation becomes as

: o, 4
=U.r,sin 180° + — x 0
W, r, sin Eg

[*- At stagnation point, 8 = 1 radians = 180 and r = rg]

L. . . ...(5.56)
i 2

The above relation gives the equation of stream line passing through stagnation point. We know
that no fluid mass crosses a stream line. Hence a stream line is a virtual solid surface.
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(if) Shape of resultant flow. At the stagnation point 5, the net velocity is zero. The fluid particles
that issue from the source cannot proceed further to the left of stagnation point. They are carried
along the contour BSB’ that separates the source flow from uniform flow. The curve BSB’ can be
regarded as the solid boundary of a round nosed body such as a bridge pier around which the
uniform flow is forced to pass. The contour BSB’ is called the half body, because it has only the
leading point, it trails to infinity at down stream end.

The value of stream function of the stream line passing through stagnation point § and passing over

the solid boundary (i.e., curve BSB') is ¢ = %
Thus the composite flow consists of :
(1) flow over a plane half-body (i.e., flow over curve BSB’) outside y = % and
(2) source flow within the plane half-body.
The plane half-body is described by the dividing stream line, Wy = —g-
But the stream function at any point in the combined flow field is given by equation (5.54) as
q

=U.yv+—8
¥ T 2n

If we take y = % in the above equation, we will get the equation of the dividing stream line.

Equation of the dividing stream line (i.e., equation of curve BSB") will be

9.y.y+ L gorv.y=9-9 g= z(._ﬂj
2 2 2 2= 2 It
or y= i[l—gj {557
22U b8

From the above equation, the main dimensions of the plane half-body may be obtained. From this
equation, it is clear that y is maximum, when 0 = 0.

Hence At8 =10, vy is maximum and y,,, = 9 the maximum ordinate
T
At = E. yi= i[] -—.lj =L ... the ordinate above the origin
2 -o2U 2 n) 4U
q T - :
At O =m, y=—|1-—|=0 ... the leading point of the half-body
2U n
3 in
Apgs 2T y= i[l = J: -4 . the ordinate below the origin.
2 2U 2n 4U

The main dimensions are shown in Fig. 5.47.

(iii) Resultant velocity at any point

The velocity components at any point in the flow field are given by
_loy 1 d

u, = —=——[U.rsin8+iﬁ}
r o rdo 2n
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= lIiU.i"-.:cns(3'-+-i]= U’.-.:-:ns(-:l—i-i
2nr

r 2

Ordinate above the origin

Leading
point

-
Ymax ~ 20

Plane half-body

Fig. 5.47

The above equation gives the radial velocity at any point in the flow field. This radial velocity is due

to uniform flow and due to source. Due to source the radial velocity is 2i Hence the velocity due
mr

to source diminishes with increase in radial distance from the source. At large distance from the

source the contribution of source is negligible and hence free stream uniform flow is not influenced

by the presence of source.

d d .
g =— a—q::—a[[f.rsm B+E‘IEB}

=-[U.sinB+0]=-UsinB [ 2i9 is constant w.r. 1. r]
n

Resultant velocity, V= 1|'uf + ué

(iv) Location of stagnation peint
At the stagnation point, the velocity components are zero. Hence equating the radial and tangential
velocity components to zero, we get

w,=0 or UcosB+-1 =0 or UcosB=— -1
2nr 2nr
or rcos@=-—1— But rcos@=x
2nl
x=-_1
2nu
When  uy=0 or —Usin@=0 or sin® =0 as U cannot be zero
or 0=0 or 7 But y=rsin 0 SLoy=0

Hence stagnation point is at (-ﬁ,ﬂ] . the leading point of the half-body.
i
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(v) Pressure at any point in flow field
Let  p, = pressure at infinity where velocity is U
p = pressure at any point P in the flow field, where velocity is V
Now applying the Bernoulli’s equation at a point at infinity and at a point P in the flow field, we get

P U _p VU VI p PP

pe 2¢ pg 2 2¢ 22 pg pg  Pe
The pressure co-efficient is defined as
P= Py
l pUz
2

pg U2 B VI
2g 2g Us g
I T — Yo P—Pg=PE

23_23

C, =

2y 2
”—"’——1{1] (5.58)

Problem 5.39 A uniform flow with a velocity of 3 m/s is flowing over a plane source of strengih
30 m/s. The uniform flow and source flow are in the same plane. A point P is situated in the flow
field. The distance of the point P from the source is 0.5 m and it is at an angle of 30° to the uniform
flow. Determine : (i) stream funciion af point P, (ii) resultant velocity of flow at P and (iii) location
of stagnation point from the source.

Solution. Given : Uniform velocity, U = 3 m/s ; source strength, ¢ = 30 m%/s ; co-ordinates of

point P are r = 0.5 m and 6 = 30°.
(i) Stream function at point P
The stream function at any point in the combined flow field is given by equation (5.544)

w:U.rsinB-v-iB
2n

at point P, r = 0.5 m and 6 = 30° or % * T radians.

Source

—{ 1.59m

Fig. 5.48

=

Stream function at point P,

v =3 x 0.5 x sin 30° + Ex(ﬂxn)
2 \180
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= 0.75 + 2.5 = 3.25 m%s. Ans.
(i) Resultant velocity at P
The velocity components anywhere in the flow are given by

W= la—w=i-a—[u.rsin9+i9}
rdg rado n

l[U’.rc-:vsEi'-r-i]zU.-::os(-fl+i

r n 2nr
30
=3 xcos 30" + ——— (v At P, r=0.5, 8=30° g=30)
2 x 0.5
=2.598 + 9.55 = 12.14
and Uy = -aa;_w=—a%[b’.rsinﬁ+i.ﬁ}

~UsinB+0=~-0UsinB
- 3xsin30°=-1.5

Resultant velocity, V= 1|'uf + ué
= 12147 +(=15)" = 12.24 m/s. Ans.

(iii) Location of stagnation point
The horizontal distance of the stagnation point § from the source is given by equation (5.55) as

4 . 30 _ {55 m Ans

rg=——=
2nll 2mx3

The stagnation point will be at a distance of 1.59 m to the left side of the source on the x-axis.
Problem 5.40 A uniform flow with a velacity of 20 m/s is flowing over a source of strength 10 m*/5.
The uniform flow and source flow are in the same plane. Obtain the equation of the dividing stream
line and sketch the flow paitern.

Solution. Given : Uniform velocity, U = 20 m/s ; Source strength, ¢ = 10 m>/s

(i) Equation of the dividing stream line

The stream function at any point in the combined flow field is given by equation (5.544)

l|J=U.rsinB+iB
2n

=2{]xrsinﬁ+;—09 (*+ U=20m/s and g = 10 m?*/s)
by

The value of the stream function for the dividing stream line is y = g Hence substituting = % in

the above equation, we get the equation of the dividing stream line.

i:ZI:I."sin~El+-[£8
2 2n

10
2

10
=20r si — =1
or Or sin 0 + i B ( g = 10)

L
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or 5=20rsin8+£9=20}=+ﬂﬂ (* rsinB=y)
2n 2n
2{]}*=5—£B
2n
& g2 10 9 ws. @ (i)
20 2m 20 4r

The above relation gives the equation of the dividing stream line.
From the above equation, for different values of 0 the value of y is obtained as :

Value of 8 Value of y from (i) Remarks
0 0.25 m Max. half width of body
; 0.125 m The +ve ordinate above the origin
T 0 The leading point
3?“ - 0.125 m The —ve ordinate below the origin
2w -025m The max. —ve ordinate

(if) Sketch of flow patrern
For sketching the flow pattern, let us first find the location of the stagnation point. The horizontal
distance of the stagnation point § from the source is given by the equation,
_ 9 _ 10
2rly 2mx 20

Hence the stagnation point lies on the r-axis at a distance of 0.0795 m or 79.5 mm from the source
towards left of the source. The flow pattern is shown in Fig. 5.49,

=0.0795 m

5

m

5
125Wh

\SIC

:.’_%

Fig. 5.49

Problem 5.41 A uniform flow with a velocity of 2 m/s is flowing over a source placed at the
origin. The stagnation point occurs al (- 0.398, 0). Determine :
(i) Strength of the source, (ii) Maximum width of Rankine half-body and
(iii) Other principal dimensions of the Rankine half-body.
Solution. Given :
Uniform velocity, U=2mls
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Co-ordinates of stagnation point = (- 0.398, 0)

This means r, = 0.398 and stagnation point lies on x-axis at a distance of (.398 m towards left of

origin. The source is placed at origin.
(i) Strength of the source
Let g = strength of the source

We know that b= -
T 2nU
or g=2nU xr,=2mx2 %0398 = 50014 m*s = 5 m%s. Ans.

(i) Maximum width of Rankine half-body
The main dimensions of the Rankine half-body are obtained from equation (5.57) as

;,:1[]_2]
22U Tt

The value of v is maximum, when 8 = (.

5
}Imﬂi:i(l-E]1i= = = ].25 m
2U T 2l 2x2
Maximum width of Rankine body =2 x v . =2 x 1.25 = 2.5 m. Ans.
(iii) Other Principal dimensions of Rankine half-body

Using equation (5.57), we get

\,;i[]ggj
U n
)
Ap i y= L 1—x2/ =i[1_l}=i=i=g_625m
2 22U i U 2] 4U 4x2

The above value gives the upper ordinate at the origin, where source is placed.
Width of body at origin = 2 x (1.625 = 1.25 m
At the stagnation point, the width of the body is zero.

125 m
0.625m

0.398 |

| Origin
Stagnation {Source is placed here)

point

Rankine half-body

Fig. 5.50

=
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5.17.4 A Source and Sink Pair in a Uniform Flow (Flow Past a Rankine Oval Body).
Fig. 5.51 (a) shows a uniform flow of velocity [V and Fig. 5.51 (&) shows a source sink pair of equal
strength. When this uniform flow is flowing over the source sink pair, a resultant flow will be obtained
as shown in Fig. 5.51 (¢). This resultant flow is also known as the flow past a Rankine oval body.

Source Sink

u (+q) \J//(—ql
—— 0 x
—_ . Sink
-__I

1 |
{a) Uniform flow Source I a | a
(b) Source and sink pair
VA
I Rankine Oval Body
I
! P(x, y)
| Z I :
| ! o LEA)
—— ! P :
— ! - 1
— By N8 NN
oiffc 0 : 5, ”

flow

5,
i mn
= a a
Unihrm\

x:

(c)
Fig. 5.51

Let U/ = Velocity of uniform flow along x-axis
¢ = Strength of source
(- g) = Strength of sink
2a = Distance between source and sink which is along x-axis.

The origin  of the x-y co-ordinates is mid-way between source and sink. Consider a point P(x, v)
lying in the resultant flow field. The stream function () and velocity potential function (¢) for the
resultant flow field are obtained as given below :

Wy = Stream function due to uniform flow + stream function due to source
+ stream function due to sink

= "punjform flow + wsource + wslnk

q (-q)
=UXxy+ =0, +—x8,
Uy Zne' 2r 9

(where 8, is the angle made by P with source along x-axis and 8, with sink)
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=UX}’+ﬁ—ﬁ = U)(}l+il’ﬂ]_ej)
2 2n 2n -
=Uxrsin@+ zi (8, - 85) (+ y=rsin8)..(5.59)
i
and ¢ = potential function due to uniform flow + potential function due to

source + potential function due to sink
= q]unifurm fow T ¢'eumn:r.' + q’sml&

a (—q)
=Uxx+ v log,r + v log,ry
=UxrcosB+ Zi llog.r, — log,rs] (~~ x=rcosB)
T
= ercusB+{—}[]ngfr—':| .(5.60)
2n r

The following are the important points for the resultant flow pattern :

(@) There will be two stagnation points §; and S5, one to the left of the source and other to the right
of the sink. At the stagnation points, the resultant velocity (i.e., velocity due to uniform flow, velocity
due to source and velocity due to sink) will be zero. The stagnation point §, is to the left of the source
and stagnation point 5, will be to the right of the sink on the x-axis.

Let x, = Distance of the stagnation points from origin O along x-axis.

Let us calculate this distance x.

For the stagnation point §,,

(i) Velocity due to uniform flow = {J

- ' ' e 2
(if) Velocity due to source = q - The velocity at any radius due to source = =
2n (x5 ~a) For §,, the radius from source = (x; —a)
(iii) Velocity due to sink = S [+ At S5, the radius from sink = (xg + a)]
2n (x5 +a)

At point §,, the velocity due to uniform flow is in the positive x-direction whereas due to source and
sink are in the —ve x-direction.

B A
2n(xg—a) 2m(xg+a)

The resultant velocity at §; = U/

But the resultant velocity at stagnation point §; should be zero.

q q
s % =0
2n(xs—a) 2x(xs+a)

q q
U= =
o 2r(xg—a) 2m(x5+a)
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:i{ L ]zi{twa)—ux-a)}:i 2
2r | (xg—a) (xg+a)| 2r| (xg—a)(xs+a) | 2n (,\';—az)

or xé—az:uqéf-
nl/
or .r§=a3+ £=a3[l+ 4 ]
nl/ nal/
- : q
xe=a || 1+ L{5.61)
S [ '.'I:aU]

The above equation gives the location of the stagnation point on the x-axis.

(&) The stream line passing through the stagnation points is having zero velocity and hence can be
replaced by a solid body. This solid body is having a shape of oval as shown in Fig. 5.51. There will
be two flow fields, one within the oval contour and the other outside the solid body. The flow field
within the oval contour will be due to source and sink whereas the flow field outside the body will be
due to uniform flow only.

The shape of solid body is obtained from the stream line having stream function equal to zero. But
the stream function is given by equation as

W =UXrsin 6+ - (8, -6,
in -
For the shape of solid body,y =0

0=Uxrsin 8+ - (8, -0,
2n }

" q q
Ux B=—-— (0B, -8,)=— (8,-08
or r sin 211:(] 5) 21‘r{ 2 —8))
EL—B
. (6, _1] ..(5.62)
2 UsinB

From the above equation, the distances of the surface of the solid body from the origin can be
obtained or the shape of the solid body can be obtained. The maximum width of the body (v,,.) will
be equal to OM as shown in Fig. 5.52.

Fig. 5.52

=
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From triangle AOM, we have

tan 0, = ﬂ
A0
or OM = AO tan 8, = a tan B,
or Vmax = @ tan B, (" OM = y,..) ...(5.63)
Let us find the value of 8,.
When the point P lies on M, then r= OM, 6 =90° = %
and 0,=180°-0,=7 -0, [Refer to Fig. 5.52]
[~ AM =BM .. Angle ABM = Angle BAM = 0,]

Substituting these values in equation (5.62), we get

g ((n-0,)-8,) 4 (x-20,)

oM =— T _—
2F L/ sin in u
2
g(m—126,)
o Yo = = [where OM = y,,,]
or 2nlly . = g(n - 28,) or 27U n- 20,
q
or gglzn_m or glzi_nu."'max
q 2 q
Substituting this value of 8, in equation (5.63), we get
Vonax = @ tan {E—M} = a cot [RU}F‘“E”‘ } ..{5.64)
2 q q

From the above equation, the value of v, is obtained by hit and trial method till L.H.S. = R.H.8. In

max

this equation [M] is in radians.
4
The length and width of the Rankine oval is obtained as :
LEI‘Igth, L = 2 X -ts
=2xa [1+ 7 ] YoXxg=ada [1+L) ..{3.65)
nall nal/
and Width, B =2 XY
= 2a cot (EU}—’“”"J ..(5.66)
q

Problem 5.42 A uniform flow of velocity 6 m/s is flowing along x-axis over a source and a sink

2 . . . s 2 4
which are situated along x-axis. The strength of source and sink is 15 m™/s and they are at a distance
of 1.5 m apart. Determine :

L
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(i) Location of stagnation points, {ii) Length and width of the Rankine oval
(iii) Equation of profile of the Rankine body.
Solution. Given : Uniform flow velocity, U = 6 m/s
Strength of source and sink, g=15 m°/s
Distance between source and sink, 2a=15m

1.5
a=—=075m
2

(i) Location of stagnation points  (Refer to Fig. 5.51)
For finding the location of the stagnation points, the equation (5.61) is used.

X,=a (1+i)=0.?5 pe— 2 o ygem
nall - mx075x6

The above equation gives the distance of the stagnation points from the origin. There will be two
stagnation points.

The distance of stagnation points from the source and sink = x, — a = 1.076 — (.75 = 0.326 m. Ans.

(i) Length and widih of the Rankine oval

Length, L=2xx =2x1.076=2.152m.

Width, B =2 %X ¥ )

Let us now find the value of y, .

Using equation (5.64), we get

Uy X 6 %
Vimax = @ cot [m} = (.75 cot (%J = (1.75 cot (0.4n .'i"rnux}
' q :

= 0.75 cot (O.ahr Vs x%]

< max

180
[ (0.47 v, ) is in radians and hence (0.47 v, } x — will be in dcgmcs}
b
= 0.75 cot (72 X yy.)°
The above equation will be solved by hit and trial method. The value of x, = 1.076. But x, is equal
to length of major axis of Rankine body and y,_ . is the length of minor axis of the Rankine body. The
length of minor axis will be less than length of major axis. Let us first assume v = 0.8 m. Then

Fo L.H.S. R.H.S.
0.8 0.8 0.75 cot (72 x 0.8)° = 0.75 cot 51.6° = 0.475

0.7 0.7 0.75 cot (72 > 0.7)° = 0.75 cot 50.4° = 0.577

0.6 0.6 0.75 cot (72 x 0.6)Y = (.75 cot 43.2° = 0.798

0.65 0.65 0.75 cot (72 % 0.65)° = 0.75 cot 46.8° = 0.704

0.67 0.67 0.75 cot (72 % 0.67)° = 0.75 cot 48.24" = 0.669 = 0.67

From above it is clear that, when y,,, = 0.67, then L.H.§. = R H.5.
Yy = 0.67 m
Substituting this value in equation (i), we get
Width, 8=2 xy_.. =2 x 067 = 1.34 m. Ans.
(iii) Equation of profile of the Rankine body
The equation of profile of the Rankine body is given by equation (5.62) as

L
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q (8,-6) 15(8,-6,) 0.398(6,-6,)
2 Usin® 2t 6 xsin B - sin B

5.17.5 A Doublet in a Uniform Flow (Flow Past a Circular Cylinder). Fig. 5.53 (a)
shows a uniform flow of velocity U in the positive x-direction and Fig. 5.53 (/) shows a doublet at the
origin. Doublet is a special case of a source and a sink combination in which both of equal strength
approach each other such that distance between them tends to be zero. When the uniform flow is
flowing over the doublet, a resultant flow will be obtained as shown in Fig. 5.53 (¢). This resultant
flow is known as the flow past a Rankine oval of equal axes or flow past a circular cylinder.

. Ans.

{a) Uniform flow

(b) Doublet
Potential lines Stream lines
R
E— e
X
y=0 5 S 4 - y=o
o 31 SQ
(c)
Fig. 5.53

The stream function (W) and velocity potential function (¢) for the resultant flow is obtained as
given below :

W

stream function due to uniform flow + stream function due to doublet
Uxy+ (i sin El')

2nr

[Stream function due to doublet is given by equation (5.50) as = — 2L sin O
r
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=U><rxs.'1|18—LsinB (v wy=rsinB)
2mr
= [er—ij sin @ ..{5.67)
2nr
and 0 = Potential function due to uniform flow + potential function due to doublet
= Ui L 80
2n r
56
[me equation (5.52), potential function due to doublet = ;—nx il ]
r
i cos@
=Uxrcos B+ —x (> x=rcos 8)
2n r
= (UKr+L) cos 0 ...{5.68)
2nr

Shape of Rankine oval of equal axes

To get the profile of the Rankine oval of equal axes, the stream line y is taken as zero. Hence
substituting W = 0 in equation (5.67), we get

{}:[er— H )sinB
2nr

This means either sin@=0 or Uxr——— =0
2rr
(i) If sin 8 = 0, then 8 = 0 and £ m i.e., a horizontal line through the origin of the doublet. This

horizontal line is the x-axis.

(iny If U:-(r-—”—:ﬂ.thcner:Lorrz:—p—
2nr 2nr 2nl)
or r= i a constant as | and U are constant.
2nl/

Let this constant is equal to R.

p= L:R
\ 2nU

This gives that the closed body profile is a circular cylinder of radius R with centre on doublet. The
dividing stream line corresponds to W = 0. This stream line is a circle of radius K. The stream line W = () has
two stagnation points §; and 5,. At §,, the uniform flow splits into two streams that flow along the

u

circle with radius R = ol the two branches meet again at the stagnation point 5, and the flow
n

continues in the downward direction. The uniform flow occurs outside the circle whereas the flow
field due to doublet lies entirely within the circle. The stream function for the composite flow is given
by equation (5.67) as
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H jsinﬁ:b’(r— H Jsinﬂ
2nr 2rlr

=U[r—£] 40 [ L:R:) (5.69)
r 2nl/

Velocity Components (u, and ug)

q;:(b'xr—

The velocity components at any point in the flow field are given by,

2 2
ur:l@_\pzli U r—R— sin © =1U r-R cos B
r oo rdf r r r

=U [I—R—;] cos 8 ...{3.70)
2
2 2°
and uez—a—w=—i v oo s sin@ |=-U 1+R—,| sin O
or dr ro re
R:
=—U[l+ :]sinﬂ «(5.71)
r

Resultant velocity, V= 1|'L|rf + ué (5.72)

On the surface of the cylinder, r=R

RZ
u,=U {l - RE} cos B [+ In equation (5.70), r = R]
=0
R2
and 119=—U|i1+R3j| 8in @ =—-20 sin O +(5:73)

—ve sign shows the clockwise direction of tangential velocity at that point. The value of uy is
maximum, when 8 = 90° and 270°.

At B =0° or 180°, the value of ity = (0. Hence on the surface of the cylinder, the resultant velocity
is zero, when 0 = 0° or 180°. These two points on the surface of cylinder [i.e., at 8 = (7 and 1807]
where resultant velocity is zero, are known as stagnation points. They are denoted by §, and §,.
Stagnation point §; corresponds to @ = 180° and §, corresponds to 8 = (°.

Pressure distribution on the surface of the cylinder

Let Py = pressure at a point in the uniform flow far away from the cylinder and towards the
left of the cylinder [i.e., approaching uniform flow]
U/ = velocity of uniform flow at that point
p = pressure at a point on the surface of the cylinder
V' = resultant velocity at that point on the surface of the cylinder. This velocity is equal to
g as u, is zero on the surface of the cylinder.

L
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o V=ug=-20sin8
Applying Bernoulli’s equation at the above two points,

Poi Y- B ¥
pg 2¢ pg 2g

py U _ p  [-2Usine]

or —+ [ V=ug=-2U sin 0]
pg 282 P8 2g ¢
2 e
i P U _p 4U7sin" 6
P 2 p 2
| 2 245508
or Popy U AT a0 L ogri o 4anh)
p 2 2 2
or P=Po _|_45in%0
ipul
2
But ;;—Pn is a dimensionless term and is known as dimensionless pressure co-efficient and is
pU’
2
denoted by C,.
c,=2P _ | _4sin?0
A W
5 P
Value of pressure co-efficient for different values of 0
Value of € Value of C,
0 | -45in°0 =1-0=1
.3 1y 4
30° I-4sin"30°=1-4x|=| =l=-==1-1=0
2 4
90° 1-4sin®90°=1-4x1=1-4=-3
150° ]-45i113150°=1-4><:]t—=l—l-:0
180° 1-4sin® 180°=1-0=1

At 8= 0 and 180°, there are stagnation points §, and §, respectively.

At 8= 30" and 150°, the pressure co-efficient is zero.

At 8= 90°, the pressure co-efficient is — 3 (i.e., least pressure)

The variation of pressure co-efficient along the surface of the cylinder for different values of 8 are
shown in Fig. 5.54.
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The positive pressure is acting normal to the surface and towards the surface of the cylinder
whereas the negative pressure is acting normal to the surface and away from the surface of the

cylinder as shown in Fig. 5.55.

1_
f \\ /ﬂ
it +
| T |
0 30° 60° | 900 | 120° | /150° 180°
_1—
_2_ =
V.
-3
Fig. 5.54
—ve
pressure
u +ve
— prassure
Vi Sy a0
—_—
S —" 5,
Y
Fig.5.55

Problem 5.43 A uniform flow of 12 m/s is flowing over a doublet of strength 18 m°/s. The doublet
is in the line of the uniform flow. Determine :
(i) shape of the Rankine oval (ii) radius of the Rankine circle
(iii) value of stream line function at Rankine circle
(iv) resultant velocity ai a poinl on the Rankine circle at an angle of 30° from x-axis
{v) value of maximum velocity on the Rankine circle and location of the point where velocity is madx.
Solution. Given : U=12m/s; p=18 m’fs

(i) Shape of the Rankine oval
When a uniform flow is flowing over a doublet and doublet and uniform flow are in line, then the

shape of the Rankine oval will be a circle of radius = ,fﬁ . Ans.
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(if) Radius of the Rankine circle

R:r:J H = L = 0.488 m. Ans.
2l 2ex12

(itf) Value of stream line function at the Rankine circle

The value of stream line function () at the Rankine circle is zero i.e., W= 0.

(iv) Resultant velocity on the surface of the circle, when 8 = 30°

On the surface of the cylinder, the radial velocity (u,) is zero. The tangential velocity (ug) is given

by equation (5.73) as
ug=—2Usin 6 = — 2 x 12 x sin 30° = - 12 m/s. Ans.

—ve sign shows the clockwise direction of tangential velocity at that point.
Resultant velocity, V=qful +u; =40° +(—12]3 = 12 m/s. Ans.

(v) Maximum velocity and its location
The resultant velocity at any point on the surface of the cylinder is equal to uy. But 1y is given by,

Ug=—-2U sin 8
This velocity will be maximum, when 6 = 90°.
Max. velocity =-2U0=-2%12 == 24 mfs. Ans.

Problem 5.44 A uniform flow of 10 m/s is flowing over a doublet of strength 15 m*/s. The doublet
is in the line of the uniform flow. The polar co-ordinates of a point P in the flow field are 0.9 m and 30°.
Find : (i) stream line function and (ii) the resultant velocity at the point.

Solution. Given: U=10m/s; u =15 m?/s cr=10.9mand 8 = 30°.

Let us first find the radius () of the Rankine circle. This is given by

R:J H = 1o =(.488 m
2l 2rx10

The polar co-ordinates of the point P are 0.9 m and 30°,
Hence r = 0.9 m and 6 = 30°.
As the value of r is more than the radius of the Rankine circle, hence point P lies outside the
cylinder.
(i) Value of stream line function at the point P
The stream line function for the composite flow at any point is given by equation (5.69) as
P(0.9 m, 307 )
P

P
- W

Fig. 5.56
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w=U[r-—Rszinl':}
r

0.488°

10 [0.9 - ] sin 30°(v r=0.9 m, R = 0.488 and 6 = 30°)

10(0.9 — 0.2646) x % = 3,177 m%/s. Ans.

(if) Resultant velocity at the point P
The radial velocity and tangential velocity at any point in the flow field are given by equations (5.70)

and (5.71) respectively.
R’ 0.488°
u,=U[l— 1]C059=IU[I— 3 ]cusm”:ﬁllmf’s
re 0.9

+ve sign shows the radial velocity is outward.

R 0.488°
and u9=—U[I+ 1] sin @ =—10 [I+ 97 ]sin30°=—6.4? m/s
r g

—ve sign shows the clockwise direction of tangential velocity.

Resultant velocity,
V= 1|'iu,2 + ué
= /6.1 1% + (—6.4?): =,/37.33 + 4486

= 8.89 m/s. Ans.

HIGHLIGHTS

1. If the fluid characteristics like velocity, pressure, density etc. do not change at a point with respect to
time, the fluid flow is called steady flow. If they change w.r.L time, the fluid flow is called unsteady
flow,

ov

Or [—5;] = 0 for steady flow and [%{-) # () for unsteady flow.

2. If the velocity in a fluid flow does not change with respect to space (length of direction of flow), the
flow is said uniform otherwise non-uniform. Thus,
dv

[-a-—) = () for uniform flow and [%] # 0 for non-uniform flow.
A

3. If the Reynolds number in a pipe is less than 2000, the flow is said to be laminar and if Reynold number
is more than 4000, the flow is said to be turbulent.

4, For compressible flow, p# constant
For incompressible flow, p = constant.

5. Rate of discharge for incompressible fluid (liquid), @ = A x v,

6. Continuity equation is written as A v, = A, = Ay,
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7. Conlinuity equation in differential form,

a_t: + E+ a—w = ) for three-dimensional flow
dr dv dz
du . .
— 4+ — = 1) for two-dimensional flow.
de  dy
8. The components of acceleration in x, y and z direction are
L e
¥ dx dy dz ot

dv v dv  dv
a, =H—+V—t+W—F—

Y dx oy dz ot

9. The components of velocity in x, y and z direction in terms of velocity potential (¢) are

10

11.

d
M =-ﬁ, pz__¢ and w=— E
dx dy dz
The stream function (y) is defined only for two-dimensional flow. The velocity components in x and
S : d
y directions in terms of stream function are u = — o and v = ﬂ

Angular deformation or shear strain rate is given as

Shear strain rate = L ﬁ + ﬁ
2|ldx dy

12. Rotational components of a fluid particle are

13.
14.

15.

i S ; dj
16. The pressure variation along the radial direction for vortex flow along a horizontal plane, a—p= p—
r

17. For the forced vortex flow, £= — = ——=

oo Lo _dul o _1ldw dv .m_i[a_"_a_‘"]
Tl Ayl Y 2lay 9zt z2ler

Vorticity is two times the value of rotation.
Flow of a fluid along a curved path is known as vortex flow. If the particles are moving round in curved
path with the help of some external torque the flow is called forced vortex flow. And if no external
torque is required to rotate the fluid particles, the flow is called free-vortex flow.
The relation between tangential velocity and radius :

for forced vortex, v=wmXr,

for free vortex, v X r= constant.

3
v

ap

and pressure variation in the vertical plane a— =— pg.
iz

=}
8

"1'“
EIu.l
%

v

where Z = height of paraboloid formed
@ = angular velocity.
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18.

19.
20.

21.

10.

11.

For a forced vortex flow in a open tank.

Fall of liquid level at centre = Rise of liquid level at the ends.

In case of closed cylinder, the volume of air before rotation is equal to the volume of air after rotation.
If a close cylindrical vessel completely filled with water is rotated about its vertical axis, the total
pressure forces acting on the top and bottom are

Fr= B o nR*
4
and Fg = Fp + weight of water in cylinder

where Fj; = Pressure force on top of cylinder
Fp = Pressure force on the bottom of cylinder
® = Angular velocity
R = Radius of the vessel

p = Density of fluid = i.
4

2 2
For a free vortex flow the equation is B L= P2yt y Z.
pg 28 pg 28

EXERCISE

(A) THEORETICAL PROBLEMS

. What are the methods of describing fluid flow ?
. Explain the terms :

(i) Path line, (#f) Streak line,
(fif) Stream line, and (fv) Stream tube,
Distinguish between :

() Steady flow and un-steady flow, (i) Uniform and non-uniform flow,
(fif) Compressible and incompressible flow,

(iv) Rotational and irrotational flow, (v} Laminar and turbulent flow.
Define the following and give one practical example for each :

(i) Laminar flow, (i1) Turbulent flow,
(fif) Steady flow, and {fv) Uniform flow.

. Define the equation of continuity. Obtain an expression for continuity equation for a three-dimensional

flow, (RG.P.V, § 2002)

. What do you understand by the terms : (/) Total acceleration, (i) Convective acceleration, and

(fif) Local acceleration ? (Delhi University, Dec. 2002)

. (a) Define the terms :

(i) Velocity potential function, and (i) Stream function.
(b) What are the conditions for flow to be irrotational ?

. What do you mean by equipotential line and a line of constant stream function ?

(¢t} Describe the use and limitations of the flow nets.
(h) Under what conditions can one draw flow net ?
Define the terms :
(i) Vortex flow, (i) Forced vortex flow, and (ifi) Free vortex flow.
Differentiate between forced vortex and free vortex flow.
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12.

14.

15.
16.
17.

18.

19,

20.

21.

23.

24.

Derive an expression for the depth of paraboloid formed by the surface of a liquid contained in a
cylindrical tank which is rotated at a constant angular velocity @ about its vertical axis.

. Derive an expression for the difference of pressure belween two points in a free vortex flow. Does the

difference of pressure satisfy Bernoulli’s equation ? Can Bernoulli’s equation be applied to a forced
vortex flow ?
Derive, from first principles, the condition for irrotational flow. Prove that, for potential flow, both the
stream function and velocity potential function satisfy the Laplace equation.
Define velocity potential function and stream function.
Under what conditions can one treat real fluid flow as irrotational (as an approximation).
Define the following :

(i) Steady flow, (i) Non-uniform flow,
(iif) Laminar flow, and (iv) Two-dimensional flow.
{ar) Distinguish between rotational flow and irrotational flow. Give one example of each
(b)) Cite two examples of unsteady, non-uniform flow. How can the unsteady flow be transformed to
steady flow ? (JLN.T. University, § 2002)
Explain uniform flow with source and sink. Obtain expressions for stream and velocity potential
functions.
A point source is a point where an incompressible fluid is imagined to be created and sent out evenly
in all directions. Determine its velocity potential and stream function.
(f) Explain doublet and define the strength of the doublet
(i) Distinguish between a source and a sink.

. Sketch the flow pattern of an ideal fluid flow past a cylinder with circulation.

Show that in case of forced vortex flow, the rise of liquid level at the ends is equal to the fall of liquid
level at the axis of rotation.
Differentiate between :
() Stream function and velocity potential function
{ff) Stream line and streak line and
(iff) Rotational and irrotational flows.

(B) NUMERICAL PROBLEMS

The diameters of a pipe at the sections 1 and 2 are 15 cm and 20 c¢m respectively. Find the discharge
through the pipe if velocity of water at section 1 is 4 m/s, Determine also the velocity at section 2.
[Ans. 0.07068 m*/s, 2.25 m/s]

. A 40 cm diameter pipe, conveying water, branches into two pipes of diameters 30 cm and 20 cm

respectively. If the average velocity in the 40 cm diameter pipe is 3 m/s. Find the discharge in this pipe.
Also determine the velocity in 20 em pipe if the average velocity in 30 cm diameter pipe is 2 m/s.
[Ans. 0.3769 m'/s, 7.5 m/s]

. A 30 cm diameter pipe carries oil of sp. gr. 0.8 at a velocity of 2 m/s. At another section the diameter is

20 em. Find the velocity at this section and also mass rate of flow of oil. [Ans. 4.5 m/s, 113 kgfs]
The velocity vector in a fluid flow is given by V = 241 — 5x7yj + 4rk.
Find the velocity and acceleration of a fluid particle at (1, 2, 3) at time, 1 = 1.

[Ans. 10.95 units, 16.12 units]
The following cases represent the two velocity components, determine the third component of velocity
such that they satisfy the continuity equation :
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10.

11.

13.

13.

14.

185.

16.

17.

18.

(N u= 4.!‘21 v=4xyz (fHu= 4x* + Ixy,w= 11 —4xy — 2yz.

Ans. (i) w=—Bxz — 2xz* +f(x,y) (ff)v=—8xy— j}.’_ + 3_1.'.21 +f(x, z)]

Calculate the unknown velocity components so that they satisfy the following equations :
(Hu=2270v=2xz,w=? (iDu=2C+2y,w=z —daz+2yz,v="2 [Ans. (i) w = — lxz - x°z]

27’

. A fluid flow is given by : V = xy%i — 2yz%j — [zy3 --3—) k.

Prove that it is a case of possible steady incompressible fluid flow.
Calculate the velocity and acceleration at the point [1, 2, 3]. [Ans. 36.7 units, 874.50 units]

. Find the convective acceleration at the middle of a pipe which converges uniformly from 0.6 m diameter

to 0.3 m diameter over 3 m length. The rate of flow is 40 lit/s. If the rate of flow changes uniformly from
40 lit/s to 80 lit/s in 40 seconds, find the total acceleration at the middle of the pipe at 20th second.
[Ans. .0499 m/s” ; .11874 m/s°]

. The velocity potential function, ¢, is given by ¢ = x* — y*. Find the velocity components in x and y

direction. Also show that ¢ represents a possible case of fluid flow. |Ans. u =2x and v = - 2y]

. For the velocity potential function, ¢ = x* — v, find the velocity components at the point (4, 5).

[Ans. 1 =8, v =— 10 units]
A stream function is given by : y = 2x — Sy, Calculate the velocity components and also magnitude and
direction of the resultant velocity at any point. [Ans. u = 5, v = 2, Resultant = 5.384 and 0 = 21° 48]
If for a two-dimensional potential flow, the velocity potential is given by @ ¢ = 4x{3y — 4), determine the
velocity at the point (2, 3). Determine also the value of stream function w at the point (2, 3).

) -3‘ 2
[Ans.élo units, y = 6x° -4 (Ey' - 4_51).— IS}

The stream function for a two-dimensional flow is given by y = 8xy, calculate the velocity at the point

pi4, 5). Find the velocity potential function ¢. [Ans. i = — 32 units, v = 40 units, § = 4% — 447

Sketch the stream lines represented by y = xy. Also find out the velocity and its direction at point (2, 3).
[Ans. 3.60 units and 8 = 567 18.6" or 123° 427]

For the velocity components given as : & = ay sin xy, v = ax sin 1y,

Obtain an expression for the velocity potential function. [Ans. ¢ = a cos xy]

A fluid flow is given by : V.= 10x7f - 8¢%yj.

Find the shear strain rate and state whether the flow is rotational or irrotational. [Ans. — 8xy, rotational]

The velocity components in a two-dimensional flow are :
=8y - B yiand v=—8u + )
%] 3

Show that these velocity components represent a possible case of an irrotational flow.
du dv

Ans. —+—=0, w_ =
dy

An open circular cylinder of 20 cm diameter and 100 cm long contains water upto a height of 80 cm. It
is rotated about its vertical axis. Find the speed of rotation when :

(f) no water spills, (if) axial depth is zero. [Ans. (f) 267.5] r.p.m., (i) 422.98 r.p.m.]
A cylindrical vessel 15 cm in diameter and 40 cm long is completely filled with water. The vessel is open

at the top. Find the quantity of water left in the vessel, when it is rotated about its vertical axis with a
speed of 300 r.p.m. [Ans. 4566.3 cmz]
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20.

21.

23.

24,

29,

30.

I

33.

. An open circular cylinder of 20 cm diameter and 120 em long contains water upto a height of 80 cm. It

is rotated about its vertical axis at 400 r.p.m. Find the difference in total pressure force (f) at the bottom
of the cylinder, and (#) at the sides of the cylinder due to rotation.  [Ans. (/) 14.52 N, (i) 246545 N]
A closed cylindrical vessel of diameter |5 cm and length 100 cm contains water upto a height of 80 cm.
The vessel is rotated at a speed of 500 r.p.m. about its vertical axis. Find the height of paraboloid
formed. [Ans. 56.06 cm]
For the data given in question 20, find the speed of rotation of the vessel, when axial depth is zero.
[Ans.891.7 r.pm.|

. If the cylindrical vessel of question 20, is rotated at 950 r.p.m. about its vertical axis, find the area

uncovered at the base of the tank. [Ans, 20.4 cmz]
A closed cylindrical vessel of diameter 20 cm and height 100 cm contains water upto a height of 70 cm. The
air above the water surface is at a pressure of 78.48 kN/m®. The vessel is rotated at a speed of 300 r.p.m.
about its vertical axis. Find the pressure head at the bottom of the vessel ; (a) at the centre, and (k) at
the edge. [Ans. (q) 8.4485m (h) B.9515m]
A closed cylinder of diameter 30 cm and height 20 cm is completely filled with water. Calculate the total
pressure force exerted by water on the top and bottom of the cylinder, if it is rotated about its vertical

axis at 300 r.p.m. [Ans. Fr=3924 N, Fp=531 N]
. In a free cylindrical vortex flow of water, at a point at a radius of 150 mm the velocity and pressure are
5 m/fs and 14.715 N/em®. Find the pressure at a radius of 300 mm. |Ans. 15.65 N!cmz]

. Do the following velocity components represent physically possible flows 7

u=x 47 +5v=y +7, w=dnz. [Ans. No.]
State if the flow represented by = 3x + 4y and v = 2x — 3y is rotational or irrotational. [Ans. Rotational]

. A vessel, cylindrical in shape and closed at the top and bottom, contains waler uplo a height of

700 mm. The diameter of the vessel is 200 mm and length of vessel is 1.1 m. Find the speed of
rotation of the vessel if the axial depth of water is zero.

Define rotational and irrotational flow. The stream function and velocity potential for a flow are given
by :
y=2xy, b= oy
Show that the conditions of continuily and irrotational flow are satisfied.
For the steady incompressible flow, are the following values of u and v possible 7
(i) w=dxy+ }-'1. v =bxy + 3xand (i) u= 2 + _vl, v=—dxy. [Ans. () No, (i} Yes]

. Define two-dimensional stream function and velocity potential. Show that following stream function :

W=6r—4y+Txy+9

represents an irrotational flow. Find its velocity potential, [Ans. dp=4dx+ 6y 3554 S,Sy: +C]
Check if ¢ = x° — v* + y represents the velocity potential for 2-dimensional irrotational flow. If it does,
then determine the stream function y. [Ans. Yes, W = — 2xy + x]

If stream function for steady flow is given by y = (yl — x%), determine whether the flow is rotational or
irrotational. Then determine the velocity potential ¢. [Ans. Irrotational, & = — 2xy 4+ (]

. A pipe (1) 450 mm in diameter branches into two pipes (2) and (3) of diameters 300 mm and 200 mm

respectively as shown in Fig. 5.57. If the average velocily in 450 mm diameter pipe is 3 m/s, find :
(i) discharge through 450 mm dia. pipe and (if) velocity in 200 mm diameter pipe if the average
velocity in 300 mm pipe is 2.5 m/s. (J.N.T.U., Hyderabad, 5§ 2002)
[Hint. Given : d;=450mm=045m,d,=300mm=03m

dy=200mm=02m, V,=3mfs V,=2.5m/s
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(i)

(i)
But

Also

e 5
0, =AY, = 1 (045 x3 = 0477 m?/s.

Wil
N
&7
® o ®
dy=450 mm
g T
200 1,
Fig. 5.57
T 2 3
0 =AsVy= 3 (3)X25=0.176m’ss
0,=0,+0;, .~ 0,=0,-0,=0477-0.176 =0.301

18 2
Q.“- =A3 x V‘! = E (U.:‘}X Vj

poo @ _ 0301
E(U_zz} 0.0314
4

= 9.6 m/s.|
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DYNAMICS OF FLUID~ |
FLOW

p 6.1 INTRODUCTION

In the previous chapter, we studied the velocity and acceleration at a point in a fluid flow, without
taking into consideration the forces causing the flow. This chapter includes the study of forces causing
fluid flow. Thus dynamics of fluid flow is the study of fluid motion with the forces causing flow. The
dynamic behaviour of the fluid flow is analysed by the Newton’s second law of motion, which relates
the acceleration with the forces. The fluid is assumed to be incompressible and non-viscous.

» 6.2 EQUATIONS OF MOTION

According to Newton’s second law of motion, the net force F_ acting on a fluid element in the
direction of x is equal to mass m of the fluid element multiplied by the acceleration a, in the x-direction.
Thus mathematically,

F . =ma, W(6.1)

In the fluid flow, the following forces are present :

(iy F . oravity force.
(if) F, the pressure force.
(1ir) F, force due to viscosity.
(iv) F,. force due to turbulence.
(v) F_, force due to compressibility.
Thus in equation (6.1), the net force
Fo=(Fp), + (F) + (F), + (F), + (F),
(i) If the force due to compressibility, F_ is negligible, the resulting net force
Fo=(Fp), + (F,) + (F,), + (F),
and equation of motions are called Reynold’s equations of motion.
(if) For flow, where (F,) is negligible, the resulting equations of motion are known as
Navier-Stokes Equation.
(iif) If the flow is assumed to be ideal, viscous force (F.) is zero and equation of motions are
known as Euler’s equation of motion.

259
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p 6.3 EULER'S EQUATION OF MOTION

This is equation of motion in which the forces due to gravity and pressure are taken into considera-
tion. This is derived by considering the motion of a fluid element along a stream-line as :

Consider a stream-line in which flow is taking place in s-direction as shown in Fig. 6.1. Consider a
cylindrical element of cross-section dA and length ds. The forces acting on the cylindrical element are:

I. Pressure force pdA in the direction of flow.

J,
2. Pressure force (p + a—pds dA opposite to the direction of flow.
5

3. Weight of element pgdAds.
Let 6 is the angle between the direction of flow and the line of action of the weight of element.
The resultant force on the fluid element in the direction of 5 must be equal to the mass of fluid
element x acceleration in the direction s.
dp S
pdA — [p + 5 ds] dA — pgdAds cos B

= pdAds x a, ..(6.2)
where a, is the acceleration in the direction of s.
Now a, = ? where v is a function of 5 and t.
t
-
dvds v _ vy { ds } /
=——t—=——+— { —=v
ds dt o ds ot dt &
) dv / ‘
If the flow is steady, — =0
ot o n
dz
a,= ﬂ
T Os T
Substituting the value of a, in equation (6.2) and simplify- g
ing the equation, we get pgdAds
ap dv (a) (b)
- — dsdA - IAds cos 0 = pdAds X — ;
ds o pg dAds cos B = pdAds x ds Fig. 6.1 Forces on a fluid element.
Dividing by pdsdA, - _ap_ —-gcosB= il
pos ds
dp dv
or — +geosB+v—=0
pds d ds
" = dz
But from Fig. 6.1 (b), we have cos 8 = ?
§
d| d dv
s _p+g_z+v Y20 or £+gdz+ vdv =0
p ds ds ds P
or B +gdz+vdv=1( ..{6.3)
P

Equation (6.3) is known as Euler’s equation of motion.
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» 6.4 BERNOULLI'S EQUATION FROM EULER’S EQUATION
Bernoulli’s equation is obtained by integrating the Euler’s equation of motion (6.3) as
jd—p + Jga‘z + J vdv = constant
p

If flow is incompressible, p is constant and

-

P v
—+gz+ 5 = constant
2
P v
or — + 7+ — = constant
Pg 28
47
or ‘E—+ — 4 7 = constant ..(0.4)
Pg 28
Equation (6.4) is a Bernoulli’s equation in which
P . pressure energy per unit weight of fluid or pressure head.
P8

vzﬂg = kinetic energy per unit weight or kinetic head.
z = potential energy per unit weight or potential head.

b 6.5 ASSUMPTIONS

The following are the assumptions made in the derivation of Bernoulli’s equation :
(f) The fluid is ideal, i.e., viscosity is zero (if) The flow is steady
(iii) The flow is incompressible (iv) The flow is irrotational.
Problem 6.1 Water is flowing through a pipe of 5 cm diameter under a pressure of 29.43 Nfem®
(gauge) and with mean velocity of 2.0 m/s. Find the total head or total energy per unit weight of the
water at a cross-section, which is 5 m above the datum line.
Solution. Given :

Diameter of pipe =5em=05m
Pressure, p=2943 N/em?® = 29.43 x 10" N/m®
Velocity, v=2.0m/s
Datum head, Z=5m
Total head = pressure head + kinetic head + datum head
4
Pressure head S 2243 %10 =30m p for water = 1000 ke
pg 1000 x 981 m’
2
2x2
Kinetic head =L - 2X° _0204m
2 2x981
Total head =2 +Y 4 7=30+0204+5=35.204 m. Ans.
Pg 22

Problem 6.2 A pipe, through which water is flowing, is having diameters, 20 cm and 10 cm at the
cross-sections I and 2 respectively. The velocity of water at section Iis given 4.0 m/s. Find the velocity
head at sections | and 2 and alse rate of discharge.

=
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Solution. Given :

D =20cm=02m @ @
I 2. N 2 2
Area, A= Z D= z (.2)"=0.0314 m~
V, =4.0 m/s D= 10.cm
D,=0.1m
T 2 2
A, =—(.1)"=.00785m
4 Fig. 6.2
(i) Velocity head at section 1
S AURED i A
2g 2x9381
(i) Velocity head at section 2 = szflg
To find V,, apply continuity equation at | and 2
AV, 0314
AV, =AV, or Vo= "1 = x 4.0 = 16.0 m/s
o A, 00785 :
Velocity head at section 2 = 3. = LBl = 83.047 m. Ans.
2g 2 %981
(itf) Rate of discharge =A,V, or AV,
=0.0314 x 4.0 = 0.1256 m*/s
= 125.6 litres/s. Ans. {1 m® = 1000 litres}

Problem 6.3 State Bernoulli's theorem for steady flow of an incompressible fluid. Derive an
expression for Bernoulli's equation from first principle and state the assumptions made for such a
derivation.

Solution. Statement of Bernoulli’s Theorem. It states that in a steady, ideal flow of an incom-
pressible fluid, the total energy at any point of the fluid is constant. The total energy consists of
pressure energy, kinetic energy and potential energy or datum energy. These energies per unit weight
of the fluid are :

Pressure energy = £
P
b
oo v

Kinetic energy = —
2g

Datum energy =z
Thus mathematically, Bernoulli’s theorem is written as

2

Py
pg 28
Derivation of Bernoulli’s theorem. For derivation of Bernoulli's theorem, Articles 6.3 and 6.4
should be written.
Assumptions are given in Article 6.5.

+ z = Constant.
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Problem 6.4 The water is flowing through a p__

I~
pipe having diameters 20 cm and 10 cm at sections | 3&34 N, >
and 2 respectively. The rate of flow through pipe *n_“,,‘_\c,:h
is 35 litres/s. The section | is 6 m above datum and =
section 2 is 4 m above datum. If the pressure at sec-
. " 2 s s u
tion | is 39.24 Nfem®, find the intensity of pressure 6 m o, <70
at section 2. P - Cm
Solution. Given : DATUM LINE ]
At section 1, D;=20cm =02 m Fig. 6.3
L
A= = (2)*=.0314 m*

At section 2,

Rate of flow,

Now

and

py = 39.24 N/em”
=39.24 x 10* N/m?

Applying Bernoulli’s equation at sections 1 and 2, we get

or

3924 x10*  (L114)
+ +

1000 x 9.81

or

or

Z1=60m
D,=0.10m
Ay= E (0.1)* = 00785 m?
zz =4 m
pa=1
: 35 3
)=351litls = —— = .035m"/s
¢ 1000
Q=A,V, =A,V,
g 4@_ = —'035 =1.114 m/s
A, 0314
V,= g = 035 = 4.456 m/s
© A, 00785
P2 '52
=—=4—=7z,
pg  2g

2
- P i (4.456) +40
1000 x 981 2x9.81

40 + 0.063 + 6.0 = 22— 4 1.012 + 4.0
9810
46.063 = 2 4+ 5012
9810

P2 _ 46063 - 5.012 = 41.051
9810

P, =41.051 x 9810 N/m’
_ 41.051x 9810

o N/em? = 40,27 Nfem?. Ans.

=
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Problem 6.5 Water is flowing through a pipe having diameter 300 mm and 200 mm at the bottom
and upper end respectively. The intensity of pressure at the bottom end is 24.525 Nfem® and the
pressure at the upper end is 9.8/ N/em®. Determine the difference in datum head if the rate of flow

through pipe is 40 lit/s. @

Solution. Given : - D, = 200 mm 3
Section 1, D, =300 mm=03m Pz =9.81 Nicm

p, = 24.525 Nfem” = 24.525 x 10* N/'m®
Section 2, D, =200mm=0.2m

p,=9.81 Nfem® = 9.81 x 10* N/m’ 5 @3 - 566 mem
Rate of flow =40 lit/s Ny p: = 24.525 Nlem

Zy
_ 40 3. .. ? L =
or (= m =0.04 m7/s DATUM LINE
Now AV, = AV, = rate of flow = 0.04 Fig. 6.4
Vi= AE = nm B ?[-)04; = (.5658 m/s
vooSDE S (03)
Figs 4( )
= (.566 m/s
V= T == O s
(D) —(02)
W 03

Applying Bernoulli’s equation at sections (1) and (2), we get

&+E+Z| = &4_ VE- +ZE

pg  2g pg  2g

24.525x 10" | .566x.566  _ 981x10*  (1274)°
1000 x 9.81 2x981 ' 1000x9.81 2x981 °

or 25+ .32+, =10+ 1.623 + z,
or 2532 +2,=11.623 + 2,
-7, =2532-11.623 =13.697 = 13.70 m
Difference in datum head =3z,-z,=13.70 m. Ans.
Problem 6.6 The water is flowing through a taper pipe of length 100 m having diameters 600 mm
af the upper end and 300 mm at the lower end, at the rate af 50 litres/s. The pipe has a slope of 1 in 30.
Find the pressure at the lower end if the pressure at the higher level is 19.62 N/cm’.
Solution. Given :

Length of pipe, L=100m
Dia. at the upper end, D, =600 mm= 0.6 m
g 2 L 2
Area, A =— D" "=— x(6)
tawicl Kol (.6)
=0.2827 m*

J, = pressure at upper end
= 19.62 N/cm®

=
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=19.62 x 10* N/m*
Dia. at lower end, D, =300 mm = 0.3 m

- Area, AT ; (3)* = 0.07068 m
0. 05 m

@ = rate of flow = 50 litres/s =

Let the datum line passes through the centre of the lower end.

Then =0
As slope is 1 in 30 means gz, = 3 x 100 = L m
30 3
V= Q = iR = 0.1768 m/sec = 0.177 m/s
A 2827
and V,= "-Qf = 5 = 0.7074 m/fsec = 0.707 m/s
- A, 07068
Applying Bernoulli’s equation at sections (1) and (2), we get
2 2
B Vs TE
pg 28 pg 2g

19.62x10* 177 10 2230 707°

- + -
1000981 2x981 3 pg 2x981

or 20 + 0.00159 + 3.334 = 22 | 0.0254
pg
or 23335 - 0.0254= — P2
1000 x 9.81
or P2 =23.3 x 9810 N/m?* = 228573 N/m’ = 22.857 Nfem’. Ans.

b 6.6 BERNOULLI'S EQUATION FOR REAL FLUID

The Bernoulli’s equation was derived on the assumption that fluid is inviscid (non-viscous) and
therefore frictionless. But all the real fluids are viscous and hence offer resistance to flow. Thus there
are always some losses in fluid flows and hence in the application of Bernoulli’s equation, these losses
have to be taken into consideration. Thus the Bernoulli’s equation for real fluids between points 1 and
2 is given as

=

2 2
pg  2g pg  2g
where Ji; is loss of energy between points | and 2.

L
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Problem 6.7 A pipe of diameter 400 mm carries water at a velocity of 25 m/s. The pressures at the
points A and B are given as 29.43 N/em® and 22.563 Nfem® respectively while the datum head at A and
B are 28 m and 30 m. Find the loss of head between A and B.

Solution. Given :

T
Dia. of pipe, D =400 mm = 0.4 m ) @Qﬁ‘ %ﬂllc.ﬁ‘
Velocity, V=25 mis 0" ™
2 5 ~ ad
At point A, py = 29.43 N/em® = 29.43 x 10* N/m? § P

ZA=28TI"|

vy=v=25ms

a2
Pa + Vi

+
pg 28 2a § DATUM,LINE

Total energy at A, E,

2043x10*  25° Fig: 44
+ +28
1000 x 981 2 x9.81
=30+ 31.85 + 28 = 89.85 m
At point B, pg = 22.563 Nfem” = 22.563 x 10* N/m*
ig = 30 m
vg=v=y,=25ms

]__r
Total energy at B, Ep= p_3+ _2.3_ + 25

Pg
_22563x10" 25
T 1000%9.81 2% 981
Loss of energy =E, - Ep=89.85-84.85=5.0 m. Ans.

Problem 6.8 A conical tube of length 2.0 m is fixed vertically with its smaller end upwards. The
velocity of flow at the smaller end is 5 m/s while at the lower end it is 2 m/s. The pressure head at the
2
. o . - 035(v, —v,) . ,
smaller end is 2.5 m of liguid. The loss of head in the tube is 2—', where v, is the velocity at
8
the smaller end and v, at the fower end respectively. Determine the pressure head at the lower end.
Flow takes place in the downward direction,

+30=23+3185+30=8485m

Solution. Let the smaller end is represented by (1) and lower end by (2)
Given : @
Length of tube, L=20m i

vy =5m/s

pipg = 2.5 m of liquid
va =2 mis
0.35(v, —v,)’
Loss of head == ———
2g @

Fig. 6.7

=
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_035[5-2]° _ 035x9

= =16 m
2g 2 %981
P
Pressure head, — =7
Pg
Applying Bernoulli’s equation at sections (1) and (2), we get
Blp gy a2q B g i
pg 22 pg  2g
Let the datum line passes through section (2). Then z, =0, z; = 2.0
2 2
2.5+ 3 +2.U=&+ 2 +0+0.16
2 %9381 pg  2x981
25+127+20=22 10203+ .16
Ps
or P2 (254127 +2.0)= (203 + .16)
pg

=5.77 - .363 = 5.407 m of tluid. Ans.
Problem 6.9 A pipeline carrying oil of specific gravity 0.87, changes in diameter from 200 mm
diameter at a position A to 500 mm diameter at a position B which is 4 metres at a higher level. If the
pressures at A and B are 9.81 N/em® and 5.886 N/em® respectively and the discharge is 200 litres/s
determine the loss of head and direction of flow.

Solution. Discharge, 0 =200 lit/s = 0.2 m*/s P
Sp. gr. of oil = (.87 ‘3@&6“&\&
p for oil = .87 % 1000 = 870 —=- il
m
Given : At section A, D, =200mm=0.2m j
m
x _ E v E 2 A
Area, Ay=7 (D=7 (.2) ) _L
p— e DATUM LINE
= (.0 1 AV7
p, = 9.81 Nfem® .
=981 x 10*N/m*>  oF
If datum line is passing through A, then Fig. 6.8
Zy=
0 0.2
V,=—= = 6369 m/s
YA, 00314
At section B, Dy =500 mm = 0.50 m
Area, Ag= ; D2= ; (.52 = 0.1963 m*

Py =5.886 N/em? = 5.886 x 10" N/m*

=
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Zzp=40m
2
Vg= B o0 1.O18 m/s
Area 1963
Vl
Total energy at A =E, = Pa 24 L Z;
P8 8

~ 981x10" : (6.369)°
870 x9.81 2 x9.81

+0=11.49 + 2.067 = 13.557 m

2
Total energy at B =Ep= £R 4 Yo + Zy
pg 2
5886 x10* . (1.018)
T 870%9.81 2x981

(i) Direction of flow. As £, is more than £ and hence flow is taking place from A to B. Ans.
(1i) Lossofhead = hi; = E, — Ez= 13.557 — 10.948 = 2.609 m. Ans.

-y

+4.0=6.896 + 0.052 + 4.0 = 10.948 m

» 6.7 PRACTICAL APPLICATIONS OF BERNOULLI’'S EQUATION

Bernoulli’s equation is applied in all problems of incompressible fluid flow where energy consid-
erations are involved. But we shall consider its application to the following measuring devices :

1. Venturimeter.

2. Orifice meter.

3. Pitot-tube.

6.7.1 Venturimeter. A venturimeter is a device used for measuring the rate of a flow of a fluid
flowing through a pipe. It consists of three parts :
(i) A short converging part, (if) Throat, and (ifi) Diverging part. It is based on the Principle of
Bernoulli’s equation.
Expression for rate of flow through venturimeter
Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as
shown in Fig. 6.9.
Let o, = diameter at inlet or at section (1),
P, = pressure at section (1)
v, = velocity of fluid at section (1),

i T
@ = area at section (1) = I d:*

| \r
and dy, oy Vo, @y are corresponding values at section (2). INLET: HROAT
Applying Bernoulli’s equation at sections (1) and (2), we get ]
Ppiyne q 0 2) & Fig. 6.9 Venturimeter.

o

2 2
v v
P1+3+3=F‘2+2+22

|
pg  2g pg 2¢
As pipe is horizontal, hence z, =z,

2 2 2
ProW P8 ¥ o Bi=Py W W

pe 2g¢ pg 2 Pg 2g 2g

=
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) — -
But PPy is the difference of pressure heads at sections | and 2 and it is equal to i or PPy h
P8 P8
Substituting this value of Pim P2 i the above equation, we get
P
2 2
v v
h=-—2__1 «(6.6)
g 28
Now applying continuity equation at sections 1 and 2
a,v,
f!l'l.-'l — (Iz'l-'z or 'Ir'] = ———
)
Substituting this value of v, in equation (6.6)
2
2 z 2 2 2 _ 2
Vs 4 V3 a5 Vi | g —d;
e e 5l B Sl B o
2g 2g 2g @ 2g L
2
or vy = 2gh ,a—'z
4 —a
v, = [2gh . ST 2 \2gh
ay —ay Jaz -a?
i 2
Discharge, O = a,v,
= a, ——=—x \[2gh = ——=22— x \[2gh (6.7
ai —a; ai —a;

Equation (6.7) gives the discharge under ideal conditions and is called, theoretical discharge. Actual
discharge will be less than theoretical discharge.

0,0 = C % —GJLH x \[2gh .(6.8)
a; —a;

where C, = Co-efficient of venturimeter and its value is less than [.
Value of ‘h’ given by differential U-tube manometer

Case 1. Let the differential manometer contains a liquid which is heavier than the liquid flowing
through the pipe. Let
8, = 8p. gravity of the heavier liquid
8, = Sp. gravity of the liquid flowing through pipe
x = Difference of the heavier liquid column in U-tube

)

i

Then h=x {i - l] .6.9)

Case [I. If the differential manometer contains a liquid which is lighter than the liquid flowing
through the pipe, the value of & is given by
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,"r=_r|: -%:I LL(6.10)

where  §;, = Sp. gr. of lighter liquid in U-tube
S, = Sp. gr. of fluid flowing through pipe
1 = Difference of the lighter liquid columns in U-tube.
Case II1. Inclined Venturimeter with Differential U-tube manometer. The above two cases are
given for a horizontal venturimeter. This case is related to inclined venturimeter having differential
U-tube manometer. Let the differential manometer contains heavier liquid then /i is given as

,';:[p_]-}-zlj_[-&-fng =X {i—l} (ﬁl])
pg Pg So

Case IV. Similarly, for inclined venturimeter in which differential manometer contains a liquid
which is lighter than the liquid flowing through the pipe, the value of /1 is given as

;,z[ﬂﬂl]_[’z HJH[_i} .(6.12)
pg pg S,

Problem 6.10 A horizontal venturimeter with inlet and throat diameters 30 cm and 15 cm respec-
tively is used to measure the flow of water. The reading of differential manometer connected to the
inlet and the throat is 20 cm of mercury. Determine the rate of flow. Take C, = 0.98.

Solution. Given :

Dia. at inlet, d;=30cm
i 2 X 2 2
Area at inlet, a, = 74 = T (30)" = 706.85 cm
Dia. at throat, d,=15cm

5= .LE x 152 = 176.7 cm®

C,=0.98
Reading of differential manometer = x = 20 ¢cm of mercury.
Difference of pressure head is given by (6.9)

or h=x i—l
S‘J

where §, = Sp. gravity of mercury = 13.6, §_ = Sp. gravity of water = 1
3
=20 [g— l} =20 x 12.6 em = 252.0 cm of water.
The discharge through venturimeter is given by eqn. (6.8)

oy
Q=C[.’ —

= = X J2gh
4G —d

= 0.08 x ——108SXII6T . G ogi%o%s

J(706.85)% - (176.7)°
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" 86067593.36 ” 86067593.36
V499636.9 —31222.9 684.4

125756

= 125756 cm’/s lit/s = 125.756 lit/s. Ans.

Problem 6.11 An oil of sp. gr. (.8 is flowing through a venturimeter having inlet diameter 20 cm
and throat diameter 10 cm. The oil-mercury differential manometer shows a reading of 25 cm. Calcu-
late the discharge of oil through the horizontal venturimeter. Take C; = 0.98.

Solution. Given :

Sp. gr. of oil, §,=08

Sp. gr. of mercury, 8,=13.6

Reading of differential manometer, x = 25 cm

3
.. Difference of pressure head, i = x {i— ]}

[t

=25 {%—I} cm of oil = 25 [17 — 1] = 400 cm of oil.
Dia. at inlet, d, =20 cm
a =L d?=L x20% = 314.16 cm?
4 4
d, =10 cm
ay= % x 10? = 78.54 cm?
C,= 098
The discharge ( is given by equation (6.8)
a,a,
or Q = C(; "'—2]_';- > 25’}1
(e

=10.98 x 31416784 = X /2 x 981 x 400

J(314.16)* - (78.54)

_ 2142137568 _ 2142137568
/98696 — 6168 304

= 70465 cm’/s = 70.465 litres/s. Ans.
Problem 6.12 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is
used o measure the flow of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 60 litres/s.
Find the reading of the oil-mercury differential manometer. Take C, = 0.98.
Solution. Given : d; =20 cm

m/s

a; = i 20% = 314.16 cm”
4

d, =10 cm

=
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iy = E x 10* = 78.54 cm’

C,=0.98
Q = 60 litres/s = 60 x 1000 em/s

Using the equation (6.8), 0=0C, —i'#— x .f2gh

2 2
ay —dj

314.16 x 78.54

or 60 x 1000 = 9.81 x x J2X981 x hh = 1071068.78+/

J(314.16)" - (78.54)° 304

304 x 60000

s

. Vb = 7106878
h=(17.029)" = 289.98 cm of oil

§
But h= .;-[T"— ;}
‘Sr)

where §, = Sp. gr. of mercury = 13.6
S, =Sp. gr. of oil = 0.8
x = Reading of manometer

28998 = x |:13'6 - 1:| = lox
0.8

v 289.98
_ 16
Reading of oil-mercury differential manometer = 18.12 em. Ans.
Problem 6.13 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is
used lo measure the flow of water. The pressure at inlet is 17.658 Niem?® and the vacium pressure at
the throat is 30 cm of mercury. Find the discharge of water through venturimeter, Take C, = 0.98.
Solution. Given :
Dia. at inlet, d, =20 cm

=17.029

= 18.12 cm.

ay= % % (20)% = 314.16 cm?

Dia. at throat, dy =10 cm
ay= g x 107 = 78.74 cm?
py = 17.658 Njem” = 17.658 x 10" N/m?

4
p for water = 1000 k—% and - P 17658 x10°
al pg  9.81x1000

= 18 m of water

= — 30 cm of mercury

= — (.30 m of mercury = — (.30 % 13.6 = — 4.08 m of water

L
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Differential head =h=2L _ P2 _ 13 (408
pg  pg

=18 + 4.08 = 22.08 m of water = 2208 cm of water
The discharge ( is given by equation (6.8)

il
Q=Cd =

=X /2gh
a; —da,

E 78,
O L. ot _ x 2 X981 2208

J(314.16) - (78.74)

_ 50328837.21

304
Problem 6.14 The inlet and throat diameters of a horizontal venturimeter are 30 ¢cm and
10 cm respectively. The liquid flowing through the meter is water. The pressure intensity at inlet is
13.734 Nfem® while the vacuum pressiire head at the throat is 37 cm of mercury. Find the rate of flow.
Assume that 4% of the differential head is lost between the inlet and throat. Find also the value of C,
for the venturimeter.
Solution. Given :

% 165555 cm’/s = 165.555 lit/s. Ans.

Dia. at inlet, d; =30 cm
a; = % [3[JIJ2 = 706.85 cm”
Dia. at throat, d, =10 cm

a5 = {15 (10)* = 78.54 cm?

13.734 N/em? = 13.734 % 10* N/m?

Pressure, P

P _ 13734 x10°

= ————+— = |14 m of water
pg 1000 x 9.81

Pressure head,

P2 37emof mercury
Pg
—37x13.
= ;ﬁ m of water = — 5.032 m of water
100
Differential head, hh=p/lpg—pipg
= 14.0 = (- 5.032) = 14.0 + 5.032
= 19.032 m of water = 1903.2 ¢cm
Head lost, !.IJ, =4% of h = % ¥ 19.032 =0.7613 m

h—h 19.032 - 7613
Gy J L= J =0.98
h 19.032

=
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ayas+)2gh

2 2
a4y —dy

_ 098 x 706.85 x 78.54 x 2 X 981 % 1903.2
J(706.85)° - (78.54)°

1051322478
V499636.9 — 6168

Discharge =y

= 149692.8 cm’/s = 0.14969 m’/s. Ans.

PROBLEMS ON INCLINED VENTURIMETER

Problem 6.15 A 30 cm x 15 cm venturimeter is inserted in a vertical pipe carrying water, flowing
in the upward direction. A differential mercury manomelter connected to the inlet and throat gives a
reading of 20 cm. Find the discharge. Take C, = 0.98.

Solution. Given :

Dia. at inlet, dy, =30 cm

ay = E (30)% = 706.85 cm?
Dia. at throat, d,=15cm

a, = E (15)2= 176.7 cm?

h=x I:i— l] =20 [% - 1.0] =20 % 12.6 = 252.0 cm of water

]

C, =098

i

Discharge, a=C, %x J2gh
{II'I_ —ﬂ'i

=098 x —— 208 XV767 __, Aoogixas

J(706.85)* - (176.7)

___ 8606759336 _ 86067593.36
\/499636.3 — 31222.9 684.4

= 125756 cm/s = 125.756 lit/s. Ans.
Problem 6.16 A 20 cm x 10 cm venturimeter is inserted in a vertical pipe carrying oil of sp. gr. 0.8,
the flow of oil is in upward direction. The difference of levels between the throat and inlet section iy
30 cm. The oil mercury differential manometer gives a reading of 30 cin of mercury. Find the
discharge of oil. Neglect losses.
Solution. Dia. at inlet, d, =20 cm

=
|

» E (20)% = 314.16 cm?

Dia. at throat, d, =10 cm

L
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ay = % (10)? = 78.54 cm?
Sp. gr. of oil, 8§,=08
Sp. gr. of mercury, S,=13.6

Differential manometer reading, x = 30 ¢m

S
(e ) fi]
pg Pg S,

=30 [15—';— ] =30 [17 - 1] = 30 % 16 = 480 cm of ol
The discharge, g=C, b 2gh
a; —a;

LOX3IAI6XTBS o 5By e

) \(31416) — (7854)"

_23932630.7

C 304
Problem 6.17 In a vertical pipe conveying oil of specific gravity 0.8, two pressure gauges have
been installed at A and B where the diamelters are 16 cm and 8 cm respectively. A is 2 metres above B.
The pressure gauge readings have shown that the pressure at B is greater than at A by (L.981 Nrem’.
Neglecting all losses, calculate the flow rate. If the gauges at A and B are replaced by tubes filled with

= 78725.75 cm’/s = 78.725 litres/s. Ans.

the same liquid and connected to a U-tube containing mercury, calculate the difference of level of

mercury in the two limbs of the U-tube.
Solution. Given :

Sp. gr. of oil, 5,=0.8
ke C:""j

Density, p =0.8x 1000 = 800 18
Dia. at A, D,=16cm=0.16 m "

Area at A, A= %l{.lﬁ)2 = 0.0201 m>
Dia. at B, Dy=8cm=0.08 m

Area at B, = — ( 08)% = 0.005026 m>
(i) Difference of pressures, pp—p, = {].981 N/em®

=0.981 x 10* N/m” = 981[:)N
Difference of pressure head Fig. 6.9 (a)
Bo=Py o 81D g0 (»+ p = 800 kg/m?)

pg  800x98l

=
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Applying Bernoulli’s theorem at A and B and taking the reference line passing through section 8,
we get

2 2
ﬁ_i_.lifr_""'_|_ZI_1I - &_FV_B_'_ ZB
pg  2g pg  2g
Pg P, 2g 21g
2 2
or (M]+2,0_0_0=1’a__£
pg 2g 2
2 2 _
or e Y YA [ M:us)
2¢ 2 pg
. 2
075="2 _Yi ()
2¢ 2¢g

Now applying continuity equation at A and B, we get
VixA =VyxA,

s 4
vV, x —(.16)"
A A
or V= V‘*‘: L = - 4 — =4V,
2 —(.08)"
4

Substituting the value of Vj in equation (i), we get
o5 OV Va5V,
S 2 2z 2

. 0.75x 2 x9.81 _ 0.99 m/s
A 15

Rate of flow, =V, xA,
=0.99 x 0.0201 = 0.01989 m*/s. Ans.
(if) Difference of level of mercury in the U-tube.
Let /i = Difference of mercury level.

Then h=x|—-1
Sfi

where h:[-*”—*"+zﬁ]-[-f’—ﬁ+zﬂJ =1 G

P8 Pg Pg
=-—125+20-0
s [ M=m]
P8
13.6
0.75=x|—=1|=xx 16
=

1]
Il
e
(=]
=
o
[=.2]
-]
=
1
&=
=
-
=1
-
-
=
?
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Problem 6.18 Find the discharge of water flowing through a pipe 30 cm diameter placed in an
inclined position where a venturimeter is inserted, having a thraat diameter of 15 cm. The difference of
pressure between the main and throat is measured by a liguid of sp. gr. 0.6 in an inverted U-tube which
gives a reading of 30 cm. The loss of head between the main and throat is 0.2 times the kinetic head of

the pipe.
Solution. Dia. atinlet, d,=30cm

a = % (30)° = 706.85 cm’

Dia. at throat, dy=15cm

ay= E (15)°= 176.7 cm’

Reading of differential manometer, x = 30 cm
Difference of pressure head, / is given by

[&+Z]J—(£—2‘-+ZZ] =h
Pe PE
Also h=x { -i]

where §;,= 0.6 and §,=1.0

=30 |:1 — %} =30 x .4 = 12.0 cm of water

Fig. 6.10
Loss of head, /; = 0.2 x kinetic head of pipe = (1.2 x ;L
Now applying Bernoulli's equation at sections (1) and (2), we get
M ""l2 2 1—'§
— gk = gt +h
pg ' 28 pg 28
or [-p—l+z]]~—(£2-+zz]+ﬂ——i=hl
Pg Pg 2g 28
But [ﬂ+zl)—[&+32]=h=lZ.Ucmofwater
Ps P8
and hy =0.2x vﬁﬂg
vi v v
120+ -2 =02x——
2g 2 28
W3 e
120+0.8 --—2 =0 k)

2g 2g
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Applying continuity equation at sections (1) and (2), we get

vy = daVy
n 2
b S0
V= ;” V2= o = 4
1 30)°
7(0)

Substituting this value of v, in equation (1), we get

W T 2
12.0 + E[‘—f) ~ 22 et x2.0+“—2[%— }:0

2g\ 4 2g 2gl 16
: 953
or Y2 05-1]=-120 or 2% _ a9
2g 2g
Yy = M = 157.4 cm/s
N 0.95

Discharge a,Vs
176.7 x 157.4 cm*/s = 27800 cm’/s = 27.8 litres/s. Ans.
Problem 6.19 A 30 cm x 15 cm venturimeter is provided in a vertical pipe line carrying oil of
specific gravity (1.9, the flow being upwards. The difference in elevation of the throat section and
entrance section of the venturimeter is 30 cm. The differential U-tube mercury manometer shows a
gauge deflection of 25 em. Calculate :

(i) the discharge of oil, and

(ii) the pressure difference between the entrance section and the throat section. Take the
co-efficient of discharge as 0.98 and specific gravity of mercury as 13.6.

Solution. Given :

Dia. at inlet, d; =30 cm

Area, a, = % (30)% = 706.85 cm?
Dia. at throat, d, =15 cm

Area, a, = % “5}2 = 176.7 cm?

Let section (1) represents inlet and section (2) represents throat. Then z, — z;, = 30 cm
Sp. gr. of oil, 5,=09

Sp. gr. of mercury, S, = 13.6

Reading of diff. manometer, x= 25 cm

The differential head. / is given by

NS
P8 Ps

Ky
=x |:—g— i| =25 |:1;—; - ]:| = 352.77 cm of oil

=
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dydy

_ 0.98 x 706.85 x 176.7 — [2%081x352.77

J(706385)° - (176.7)}

-
3 :
_ 1018322199 _ 187905 cm¥s l.
684.4
148.79 litres/s. Ans.
(if) Pressure difference between entrance and throat section

h:[—p—]+z,)—[£3-+zz):352.?? v @
2
or [&—&) + 2, -2, = 352.77

(i) The discharge, ) of oil =, X |/ 2gh

I

=]

PE P8
But 2;—7;= 30 cm P
PP _
(pg pg) -30= 35277 "
Fig. 6.11
Pr_ P2 _ 35277 + 30 = 382.77 cm of oil = 3.8277 m of oil. Ans.
P P8
or (p, — pa) = 3.8277 X pg
But density of oil = Sp. gr. of oil x 1000 kg/m®
= 0.9 x 1000 = 900 kgfem”
N

(P, — po) = 3.8277 x 900 x 9.81

2

= @ N/em® = 3.3795 N/em®. Ans.

Problem 6.20 Crude oil of specific gravity 0.85 flows upwards at a volume rate of flow of 60 litre
per second through a vertical venturimeter with an inlet diameter of 200 mm and a throat diameter of
100 mm. The co-efficient of discharge of the venturimeter is 0.98. The vertical distance between the
pressure tappings is 300 mm.

(i) If two pressure gauges are connected al the tappings such that they are positioned at the levels
of their corresponding tapping points, determine the difference of readings in Niem® of the two pres-
sure gauges.

(ii) If a mercury differential manometer is connected, in place of pressure gauges, to the tappings
such that the connecting tube upto mercury are filled with oil, determine the difference in the level of
the mercury column.

Solution. Given :

Specific gravity of oil, S,=0.85
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Density, p = 0.85 x 1000 = 850 kg/m’

Discharge, O = 60 litre/s
= ﬂ = 0.06 m’/s
1000

Inlet dia, d; =200 mm=02m

Area, a, = % (.2)*=0.0314 m*
Throat dia.. dy =100 mm = 0.1 m

Area, a4y = g (0.1)2 = 0.00785 m*
Value of C, =0.98

Let section (1) represents inlet and section (2)
represents throat. Then

-2, =300 mm =03 m
(i) Difference of readings in Nfem® of the two pressure gauges
The discharge ( is given by,

a s
Q= Cy—===2xX[2gh Fig. 6.11 (a)
Nay —a;

0.98 x 0.0314 x 0.00785
or 0.06 = 22> OB x 0083 | 58T
J0.0314% - 0.00785°

_ 0.98 % 0.00024649 % 4.429 i

0.0304
= 0.06 x 0.0304 — 1.705
0.98 x 0.00024649 x 4.429
h=1.705% = 2.908 m
But for a vertical venturimeter, /1 = [& + zlj - (ﬁ + ZEJ
P8 P8
2908 = (ﬁ-+z1)-[&+ 33) = (_&_f_}_) +Zi-2;
Ps Ps PE P8
=P _ _9 i 5
—2908 +22—31 —..-.908"‘ [}3 { . Zz_?q —U3 |n)

pg
=3.208 m of oil
P —p:=pg = 3.208

850 x 9.81 x 3.208 Rifm®

=850 x 9.81 x 3.208 N/m’ = o

= 2.675 N/em?. Ans.
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(if) Difference in the levels of mercury columns (i.e., x)

.

s
The value of /i is given by, h=x {-—”.-— l}

o

2.908:1-[‘—'64} =x[16-11=15x
0.85

—— = (1.1938 m = 19.38 cm of oil. Ans.

Problem 6.21 in a 100 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has
heen fixed. The head of water on the metre when there is no flow is 3 m (gauge). Find the rate of flow
Jor which the throat pressure will be 2 metres of water absolute. The co-efficient of discharge is 0.97.
Take atmospheric pressure head = 10.3 m of water.

Solution. Given :

Dia. of pipe. d, =100 mm = 10 cm
Area, @) = b a‘llz >, (10)* = 78.54 cm?
4 4
Dia. at throat, d,=05xd;=05%x10=5cm
Area, ay= % (5)? = 19.635 em?
Head of water for no flow il o 3 m (gauge) =3+ 10.3 = 13.3 m (abs.)
Ps
Throat pressure head e 2 m of water absolute.
Pg
Difference of pressure head, i = B _P 13.3-2.0=11.3m= 1130 cm
Pg  Pg
R a,dy
Rate of flow, Q is given by 0 = C, 2 — X 2gh
4 =&

20,97 x A X19635 . 5% 08Tx1130

J(78.54) —(19.635)°

_ 222731817

6
6.7.2 Orifice Meter or Orifice Plate. Itis a device used for measuring the rate of flow of a
fluid through a pipe. It is a cheaper device as compared to venturimeter. It also works on the same
principle as that of venturimeter. It consists of a flat circular plate which has a circular sharp edged
hole called orifice, which is concentric with the pipe. The orifice diameter is kept generally 0.5 times
the diameter of the pipe, though it may vary from 0.4 to 0.8 times the pipe diameter.

A differential manometer is connected at section (1), which is at a distance of about 1.5 to 2.0 times

the pipe diameter upstream from the orifice plate, and at section (2), which is at a distance of about half
the diameter of the orifice on the downstream side from the orifice plate.

= 29306.8 cm’fs = 29.306 litres/s. Ans.
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Let p, = pressure at section (1),
v, = velocity at section (1),
a, = area of pipe at section (1), and

FIFE ORIFICE METER
of ®
1~ —
DIRECTION OF FLOW{ ! -~ __| g 0
e | A s
= J

+—DIFFERENTIAL MANOCMETER

Fig. 6.12. Orifice meter.

Py Vs @5 are corresponding values at section (2). Applying Bernoulli’s equation at sections (1) and
(2), we gel

P v P,
4L b= 42
pe 28 ' pg 2¢
2 2
Pg pg 2g 2g
But [ﬂ + ZL] —[p1 + ZE) = h = Differential head
P Ps
vi vy 2 2
=——— or 2gh=v, —v¥
2g 29 £ 2 1

or vy = of2g0 + v,z D)

Now section (2) is at the vena-contracta and a, represents the area ai the vena-contracta. If a; is
the area of orifice then, we have

where C, = Co-efficient of contraction
a,=ay, %X C, L)
By continuity equation, we have

AV =dsVy OF ¥ =—=1,=

Vs . (FiT)
Substituting the value of v, in equation (i), we get

2 2 2
ag Covy
vy = [2gh+—2—2
&
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iy

o,

or 1:22 =2gh+ {ai) Cl.zvg3 or 1!22 {I - [a—ﬂ'j C:T} = 2gh

{+ a, = a,C. from (i)}

L)

1=

el x 9
4 a4
_ Cyaz2gh  Cyayay\2gh

= = .6.13)
1|9 ? Jﬂfmﬂé
d,

where C, = Co-efficient of discharge for orifice meter.

The co-efficient of discharge for orifice meter is much smaller than that for a venturimeter.
Problem 6.22 An orifice meter with orifice diameter 10 cm is inserted in a pipe of 20 cm diameter.
The pressure gauges fitted upstream and downstream of the orifice meter gives readings of

19.62 N/em® and 9.81 Nfcm® respectively. Co-efficient of discharge for the orifice meter is given as
0.6. Find the discharge of water through pipe.
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Solution. Given :

Dia. of orifice, dy= 10 em

Area, ag = g (10)? = 78.54 cm?
Dia. of pipe, d; =20 cm

Area, a, = g (20)* = 314.16 cm’

py = 19.62 N/em® = 19.62 x 10* N/m?

1962 x 10*
ﬂ=r—=20m01‘~.-uau:r
pg 1000 x9.81

. 981x10*
Similarly PE g DRI o 10 m of water

pg 1000 %9381

h= By, A 2000 = 10.0 = 10 m of water = 1000 cm of water
PE P&

C‘r = 0.6
The discharge, O is given by equation (6.13)
gy
= : X 2gh
a, —da,

= 0.6 1BAX31416 o SRO9RTXI000

. 2
J(31416)* - (78.54)°

Q = Cf.f

_ 20736838.09
C 304
Problem 6.23 An orifice meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter.
The pressure difference measured by a mercury oil differential manometer on the two sides of the
orifice meter gives a reading of 50 cm of mercury. Find the rate of flow of oil of sp. gr. 0.9 when the co-
efficient of discharge of the orifice meter = 0.64.
Solution. Given :

= 68213.28 cm’/s = 68.21 litres/s. Ans.

Dia. of orifice, dy=15cm

Area, ay = g (15)°=176.7 cm”
Dia. of pipe, d, =30 cm

Area, ay = 21’5 (30)% = 706.85 cm”
Sp. er. of oil, 5,=09

Reading of diff. manometer, x = 50 cm of mercury

. . S, 13.6 )
Differential head, h=x|—-=1{=50|——~=1] cm of oil
5 0.9

o

=
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=50 x 14.11 = 705.5 cm of oil
C,=0.64
The rate of the flow, (? is given by equation (6.13)

Ayt

P=Cy. =X o/ 2gh

ay —a

.7 % T06.
- 064x 0T X685 | e oRT% 7055

J(706.85)° - (176.7)

_ 94046317.78
684.4

6.7.3 Pitot-tube. It is a device used for measuring the
velocity of flow at any point in a pipe or a channel. It is based on
the principle that if the velocity of flow at a point becomes zero,
the pressure there is increased due to the conversion of the kinetic
energy into pressure energy. In its simplest form, the pitot-tube
consists of a glass tube, bent at right angles as shown in Fig. 6.13.
The lower end, which is bent through 907 is directed in the up-
stream direction as shown in Fig. 6.13. The liquid rises up in the
tube due to the conversion of kinetic energy into pressure energy.
The velocity is determined by measuring the rise of liquid in the tube.
Consider two points (1) and (2) at the same level in such a way that point (2) is just as the inlet of
the pitot-tube and point (1) is far away from the tube.
Let J, = intensity of pressure at point (1)
v, = velocity of flow at (1)
P'» = pressure at point (2)
vy = velocity at point (2), which is zero
H = depth of tube in the liquid
1 = rise of liquid in the tube above the free surface.
Applying Bernoulli’s equation at points (1) and (2), we get

= 137414.25 cm?/s = 137.414 litres/s. Ans.

ez
III

Fig. 6.13 Pitot-tube,

i - s B
pg 28 pg  2g
But z, = z, as points (1) and (2) are on the same line and vy =0
B pressure head at (1) = H
Ps
. pressure head at (2) = (h + H)
Pg
Substituting these values, we get
2 2
v v
H+ L =(h+H) .. h=-L or v,=.2gh
28 2¢ | g

This is theoretical velocity. Actual velocity is given by
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(v)ue = C, 4280

where C, = Co-efficient of pitot-tube

Velocity at any point w=E, @ ..(6.14)
Velocity of flow in a pipe by pitot-tube. For finding the velocity at any point in a pipe by pitot-
tube, the following arrangements are adopted :
1. Pitot-tube along with a vertical piezometer tube as shown in Fig. 6.14.
2. Pitot-tube connected with piezometer tube as shown in Fig. 6.15.
3. Pitot-tube and vertical piezometer tube connected with a differential U-tube manometer as
shown in Fig. 6.16.

PIEZOMETER
TUBE

Fig. 6.16 Fig. 6.17

4. Pitot-static tube, which consists of two circular concentric tubes one inside the other with some
annular space in between as shown in Fig. 6.17. The outlet of these two tubes are connected to the
differential manometer where the difference of pressure head */i" is measured by knowing the

difference of the levels of the manometer liquid say x. Then /i = x {%ﬂ— E-l,
@
Problem 6.24 A pitot-static tube placed in the centre of a 300 mm pipe line has one orifice pointing
upstream and other perpendicular to it. The mean velocity in the pipe is 0.80 of the central velocity.
Find the discharge through the pipe if the pressure difference between the two orifices is
60 mm of water. Take the co-efficient of pitot tube as C, = 0.98.
Solution. Given :

Dia. of pipe, d =300 mm = 0.30m

Diff. of pressure head, h = 60 mm of water = .06 m of water
C,=098

Mean velocity, V = 0.80 x Central velocity

Central velocity is given by equation (6.14)

=C, J2gh = 0.98 x /2% 9.81 x.06 = 1.063 m/s
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V = 0.80 x 1.063 = 0.8504 m/s
Discharge, 0 = Area of pipe x V.

s — I
= %a“ xV = Y (.30) x 0.8504 = 0.06 m*/s. Ans.
Problem 6.25 Find the velocity of the flow of an oil through a pipe, when the difference of mercury
level in a differential U-tube manometer connected to the two tappings of the pitot-tube is 100 mm.
Take co-efficient of pitot-tube 0.98 and sp. gr. of oil = 0.8,

Solution. Given :

Diff. of mercury level, x= 100 mm=0.1 m
Sp. gr. of oil, 5,=08
Sp. gr. of mercury, S, =13.6
C,=098
S, 3.
Diff. of pressure head, h=x :TX— l} =1 [[’Js - l} = 1.6 m of oil

Velocity of flow =C,2gh =098 J2x981x1.6 =549 m/s. Ans.

Problem 6.26 A pitot-static tube is used to measure the velocity of water in a pipe. The stagnation
pressure head is 6 m and static pressure head is 5 m. Calculate the velocity of flow assuming the co-
efficient of tube equal to 0.98.

Solution. Given :

Stagnation pressure head, /h =6m

Static pressure head, h,=5m
h=6-5=1m
Velocity of flow, V=0C,\2gh =098 /2 x9.81 x1 = 4.34 m/s. Ans.

Problem 6.27 A sub-marine moves horizontally in sea and has its axis 15 m below the surface of
water. A pitoi-tube properly placed just in front of the sub-marine and along its axis is connected to the
two limbs of a U-tube containing mercury. The difference of mercury level is found to be 170 mm. Find
the speed of the sub-marine knowing that the sp. gr. of mercury is 13.6 and that of sea-water is 1.026
with respect of fresh water.

Solution. Given :

Diff. of mercury level, x=170 mm=0.17m
Sp. egr. of mercury, 5,=13.6
Sp. gr. of sea-water, S, = 1026

S
h=x|—=%-1/=0.17 [-]3—'6— 1} =2.0834 m
Ly 1.026

[

V=.2gh = Jz % 9.81x2.0834 = 6.393 m/s

~ 6.393 x 60 x 60

1000
Problem 6.28 A pitor-tube is inserted in a pipe of 300 mm diameter. The stalic pressure in pipe is
100 mm of mercury (vacuum). The stagnation pressure at the centre of the pipe, recorded by the

km/hr = 23.01 km/hr. Ans.

=
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pitot-tube is 0.98] Nfem®. Calculate the rate of flow of water through pipe, if the mean velocity of
Sflow is 0.85 times the central velocity. Take C, = 0.98.
Solution. Given :

Dia. of pipe, d =300 mm = 0.30 m
Area, a==gt=E% (.3)> = 0.07068 m’
4 4
Static pressure head = 100 mm of mercury (vacuum)
100
=——— X 13.6 = - 1.36 m of water
1000

981 N/em? = 981 x 10" N/m*

981x10% _ 981x10* _
pg  1000x9.81

Stagnation pressure head — Static pressure head
1.0 — (= 1.36) = 1.0 + 1.36 = 2.36 m of water

Velocity at centre =C, f2gh

=(.98 x /2 x9.81 x 236 = 6.668 m/s
Mean velocity, V =0.85 x 6.668 = 5.6678 m/s

Rate of flow of water = V xarea of pipe
=5.6678 x 0.07068 m*/s = 0.4006 m*/s. Ans.

Stagnation pressure

1

Stagnation pressure head

I

0]

» 6.8 THE MOMENTUM EQUATION

It is based on the law of conservation of momentum or on the momentum principle, which states
that the net force acting on a fluid mass is equal to the change in momentum of flow per unit time in
that direction. The force acting on a fluid mass ‘m’ is given by the Newton’s second law of motion,

F=mxa
where a is the acceleration acting in the same direction as force F.

d
But a= il
dt
d
F=m i
di
d(mv) . L . .
= d {m is constant and can be taken inside the differential }
1
d
#u 20Y) (6.15)
dt
Equation (6.15) is known as the momentum principle.
Equation (6.15) can be written as F.dr = d(mv) ..{6.16)

which is known as the impulse-momentum equation and states that the impulse of a force F acting on a
fluid of mass mr in a short interval of time df is equal to the change of momentum d(mv) in the direction
of force.
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Force exerted by a flowing fluid on a pipe bend
The impulse-momentum equation (6.16) is used to determine the resultant force exerted by a
flowing fluid on a pipe bend.
Consider two sections (1) and (2), as shown in Fig. 6.18.
Let v, = velocity of flow at section (1),
[, = pressure intensity at section (1),
A, = area of cross-section of pipe at section (1) and
Vs, Pae A5 = corresponding values of velocity, pressure and arca at section (2).
Let £ and F, be the components of the forces exerted by the flowing fluid on the bend in x-and
y-directions rcspectivcty, Then the force exerted by the bend on the fluid in the directions of x and v
will be equal to F, and F_ but in the opposite directions. Hence component of the force exerted by
bend on the fluid in the x-direction = — F and in the direction of y = — F . The other external forces
acting on the fluid are p A, and p,A, on the sections (1) and (2) respectively. Then momentum
equation in x-direction is given by

V,cos 8 v
pafgsin B F,
Y
psAscos 8 X
] Fy

(b)
Fig.6.18 Forces on bend.

Net force acting on fluid in the direction of x = Rate of change of momentum in x-direction
A, — pads cos 8 — F = (Mass per sec) (change of velocity)
= pQ (Final velocity in the direction of x
— Initial velocity in the direction of x}

=pQ(V,cos8-V,) -(6.17)
F.o=pQ(V,-V,cos8) +p A, -p,A,cos B ..(6.18)
S:mllarly the momentum equation in y-direction gives
0 —p,A,sin 68— F pQ (V,sin 6-10) . (6.19)
.= p@ (= V,sin B) — p,A, sin 6 .{6.20)

Now the resultant force (Fj) .lctmg on the bend

= HF_}_’-{-F; «(6.21)

And the angle made by the resultant force with horizontal direction is given by

F,
tan B = — ..(6.22)

x
Problem 6.29 A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet
of the bend being 600 mm and 300 mm respectively. Find the force exerted by water on the bend if the
intensity of pressure at inlet to bend is 8.829 N/em® and rate of flow of water is 600 litres/s.
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Solution. Given :

Angle of bend, 0= 45°
Dia. at inlet, D, =600 mm = 0.6 m @
i n 2 |
Area, A = Z D2= 5 (.6) _pi‘i__'g_ .
= 0.2827 m* =

Dia. at outlet, D, =300 mm = 030 m ' "

= Fig. 6.19
- Area, Ay = ; (.3)? = 0.07068 m’
Pressure at inlet, py = 8.829 N/em” = 8.829 x 10* N/m*

0 = 600 lit/s = 0.6 m’/s

0 0.6
=—=——=2.122 m/s

'T A 2827 A

L= & U 8.488 mis.

- A, 07068
Applying Bernoulli’s equation at sections (1) and (2), we get

2 2
ﬂ'-+l"—+zlﬁf3—+vz +2,
pg  2g pg 2g
But I = Iy
noW_p 8829x10° 2122 _ p,

or =
pg 28 pg 2g 1000 x9.81 2x981 pg
O + .2295 = p./pg + 3.672

P2 _ 92295 — 3672 = 5.5575 m of water
Pg

P> =5.5575 x 1000 x 9.81 N/m” = 5.45 x 10* N/m’

3.488°

2x 981

Forces on the bend in x- and y-directions are given by equations (6.18) and (6.20) as

F.o=pQ [V, - V,cos 8] + pjA; = p»A, cos B
1000 x 0.6 [2.122 — 8.488 cos 457]

+ 8.829 x 10 x 2827 — 5.45 x 10" x .07068 x cos 45°

19911.4 N
and F,=pQ [~ V, sin 8] - p,A, sin 6

- 2327.9 + 24959.6 — 2720.3 = 24959.6 - 5048.2

= 1000 x (.6 [- 8.488 sin 45°] — 5.45 x 10" x 07068 x sin 45°

=-3601.1 - 2721.1 = - 63222 N
—ve sign means F\ is acting in the downward direction

Resultant force, Fp=JF>+F:
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2 2 Z =
= J{]gg] ]4)‘ +( _6322_2}' o F,=199114 N
I
= 20890.9 N. Ans. 2
The angle made by resultant force with x-axis is given by n
i w
equation (6.22) or
F, a0
tan 8= % = 6322.2 = 0.3175 Fig. 6.20
F, 199114

0 =tan"' 3175 = 17° 36’. Ans.
Problem 6.30 250 litres/s of water is flowing inn a pipe having a diameter of 300 mm. If the pipe is
bent by 135° (that is change from initial to final direction is 135°), find the magnitude and direction of
the resultant force on the bend. The pressure of water flowing is 39.24 Niem?.

Solution. Given :

Pressure, Py = P> = 39.24 N/em? = 39.24 x 10* N/m?
Discharge, 0 = 250 litres/s = 0.25 m’/s
Dia. of bend at inlet and outlet, D = D, =300 mm = 0.3 m
Area, A =A== D= I % 32=0.07068 m
4 4
o 0.25

Velocity of water at sections (1) and (2), V=V, =V, = =
Area  .07063

X
Fig. 6.21
Force along x-axis
=F,=p0Vy, - Vol + priAy + P2y
where, V., = initial velocity in the direction of x = 3.537 m/s
V,, = final velocity in the direction of x = — V, cos 457 = - 3.537 % 7071
P = pressure at section (1) in x-direction

= 39.24 N/em” = 39.24 x 10* N/m?
D2, = pressure at section (2) in x-direction
= p, cos 45° = 39.24 x 10" x .7071
F.=1000 x .25[3.537 — (- 3.537 x .7071)] + 39.24 x 10* x .07068 + 39.24
x 10* x 07068 x .7071
= 1000 x .25[3.537 + 3.537 x .7071] + 39.24 x 10" x .07068 [1 + .7071]
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= 1509.4 + 47346 = 488554 N
Force along y-axis
=F, = pOLV), - Vol + (7yA)); + (p2Ay),
where V), = initial velocity in y-direction = 0
‘."2;'. = final velocity in y-direction = — V, sin 45" = 3,537 »x 7071
{p,A])-‘, = pressure force in y-direction = ()
(,';EAZ)lr = pressure force at (2) in y-direction
= PsA, sin 45° = - 39.24 x 10* x .07068 x .7071
F, = 1000 x .25[0 - 3.537 x .7071] + 0 + (- 39.24 x 10* x .07068 x .7071)

=-0625.2 -19611.1 =-20236.3 N
~ve sign means F_is acting in the downward direction

Resultant force, Fe= JF' + F_f

= /4885547 +20236.3

o
0
= 52880.6 N. Ans. ]
The direction of the resultant force Fj, with the x-axis is given as &
I
F, 36.3 =
tanB=—L = 202367 =(.4142 =
F 488554

x

i 6 = 22° 30", Ans.
Problem 6.31 A 300 mm diameter pipe carries water under a head of 20 metres with a velocity of
3.5 m/s. If the axis of the pipe turns through 45°, find the magnitude and dirvection of the resultant force
at the bend.

Solution. Given :

Dia. of bend, D=D=D,=300mm=0.30 m
Area, A:Alz.&z:;Dz=%x.3z=&0?[}68 m’
Velocity, V=V, =V,=35m/s
a8 =45°
Discharge, 0=AxV=007068 x3.5=0.2475m"/s
Pressure head =20 mof water or - =20 m of water
Pg
p=20xpg=20x 1000 x9.81 N/m* = 196200 N/m?
Pressure intensity, p=p,=p,= 196200 N/m?
Now Vie=3.5mfs, V,, = Vycos 457 = 3.5 x.7071

Vip=0,V,, = V,sin 45 = 3.5 X .7071
(P A, = p A, = 196200 x .07068, (p4A,), =0
(P2A2)y = — P, €08 457, (poAs), = — PoA, sin 45°
Force along x-axis, F o=pQ[V,, -V, ]+ (p,A{]_, + (paAs),
= 1000 % .2475[3.5-3.5x.7071] + 196200 x 07068 — p,A, X cos 45°
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= 253.68 + 196200 x .07068 - 196200 x .07068 x 0.7071
= 253.68 + 13871.34 — 9808.04 = 431698 N

Force along y-axis, Fo=pQ [Viy = Vvl + (p A}, + (paAs),

= 1000 x .2475[0 — 3.5 x .7071] + 0 + [~ p,A, sin 45°]

- 612.44 - 196200 x .07068 x .7071

- 612.44 - 9808 = — 10420.44 N

Resultant force Fr

JF_E +F? = /(431698)° +(10420.44)° = 11279 N. Ans.

Py Asin 45°

Fig. 6.23
The angle made by F, with x-axis
F,
tan B = — s ot =2.411
F 431698

2 0= tan”' 2411 = 67° 28", Ans.
Problem 6.32 In a 45° bend a rectangular air duct of 1 m® cross-sectional area is gradually
reduced to 0.5 m* area. Find the magnitude and direction of the force required to hold the duct in
position if the velocity of flow at the 1 m* section is 10 m/s, and pressure is 2.943 N/cm®. Take density
of air as 1.16 kg/m’.

Solution. Given :

Area at section (1), A =1 m’
Area at section (2), A, =05 m’
Velocity at section (1), V=10 m/s
Pressure at section (1), P =2.943 N/em? = 2.943 x 10* N/m® = 29430 N/m*
Density of air, p = 1.16 kg/m’
Applying continuity equation at sections (1) and (2)

AV =AV,

V, = AV - s x 10=20m/s

A, 0.5
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Discharge P=AV,=1x10=10 m?/s

V., sin 457

Fig. 6.24
Applying Bernoulli’s equation at sections (1) and (2)

A

W _p W {( Z, =12}

pg 28 pg 28

2943x10°  10° _py | 20°
116 x9.81  2x981 pg 2x98l1

pg  LI6x981  2x981 2x98I

= 2586.2 + 5.0968 — 20.387 = 2570.90 m
& Py = 257090 x 1.16 x 9.81 = 292558 N
Force along x-axis, Fo=p0 [V, — Vo] + (7 A, + (p245),
where A =10 m/s, V,, =V, cos 457 = 20 x 7071,
(piA), =piA; =29430 x 1 = 29430 N
and  (p,ds), == pod, cos 457 = - 292558 x 0.5 x .7071
: F,o=1.16 x 10[10 - 20 x .7071] + 29430 x 1 — 29255.8 x .5 % .7071
= - 48.04 + 29430 - 10343.37 = 0 - 19038.59 N
Similarly force along y-axis, F, = pQ[V,, — Vo] + (p,A)), + (p2A)),
where Vi, =0, Vy, = V, sin 45° = 20 % .7071 = 14.142
(p1A)), = 0 and (p,A,), = — pyA; sin 45 = — 29255.8 x .5 x 7071 = — 10343.37
' F,=1.16 x 10 [0 — 14.142] + 0 — 10343.37
= 164.05 - 10343.37 = - 10507.42 N

p, _ 2943 x10* & 10° 20°

Resultant force, Fe=JF2 +F} = /(190386) +(10507.42)" = 21746.6 N. Ans.
The direction of Fp with x-axis is given as
P,
tan = = EOURAS = 0.5519
F, 19038.6

I

8= tan"' .5519 = 28° 53", Ans.
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Fp, is the force exerted on bend. Hence the force required to hold the duct in position is equal to
21746.6 N but it is acting in the opposite direction of F,.  Ans.
Problem 6.33 A pipe of 300 mm diameter conveying .30 m*/s of water has a right angled bend in
a horizontal plane. Find the resultant force exerted on the bend if the pressure at inlet and outlet of the
bend are 24.525 Nfcm® and 23.544 Nfcm’.

Solution. Given :

Dia. of bend, D =300 mm=03m
Area, A=A =A,= E (.3)? = 0.07068 m’
Discharge, 0= 0.30 m/s
Velocity, V=V, =V, = . 4.244 m/s
A 07068
—a
Ng
0] L
ViAo %

|
@
Fig. 6.25
Angle of bend, a=90°
py = 24.525 Njem® = 24.525 x 10" N/m* = 245250 N/m*
Py = 23.544 Njem? = 23.544 x 10* N/m? = 235440 N/m’
Force on bend along x-axis F = pQ [V|, — Vil + (7 A) + (1545),

where p=1000, V,, =V, =4244 m/s, V5, =0
(p,A}), = pyA, = 245250 x 07068
(p2A5), =0
F.= 1000 x 0.30 [4.244 - 0] + 245250 x .07068 + 0

= 1273.2 + 17334.3 = 18607.5 N
Force on bend along y-axis, F, = pQ [V, = Vo,] + (p)A)), + (pods),
where Vie=0,V,, =V, = 4244 m/s ' . .
(PiA ), = 0, (prAs), = — poA, = — 235440 x 07068 = — 16640.9
' Fy=1000 x 0.30[0 - 4.244] + 0 - 16640.9
= - 1273.2 - 16640.9 = — 17914.1 N

Resultant force, Fp=F: +F = (18607.5 +(17914.1)° = - 258293 N
F,
and tanB= L= LAl = (L9627
F.  18607.5

6 = 43° 54'. Ans.

=



1

296 Fluid Mechanics

Problem 6.34 A nozzle of diameter 20 mm is fitted to a pipe of diameter 40 mm. Find the force
exerted by the nozzle on the water which is flowing through the pipe at the rate of 1.2 m’/minute.
Solution. Given :

Dia. of pipe, D,=40mm=40x 10" m=.04m
Area, A, = % D= E (.04)? = 0.001256 m*
Dia. of nozzle, D, =20 mm = 0.02 m
Area, A % (.02)? = .000314 m’
" 3 " 12 3 3
Discharge, @ = 1.2 m /minute = E m/s =002 m/s
¥ @
£ 5 |
.\"'1_‘.‘9_[1 _EL| = PRy Vo
il
| @
@
Fig. 6.26

Applying continuity equation at sections (1) and (2},
AV, =A,V,=0
0 0.2

V= == = 15.92 m/s
001256

A
V. = 0o _ 0.2
° A, 000314
Applying Bernoulli’s equation at sections (1) and (2), we get

and

= 63.69 m/s

3 a

P N +z,= P Y + 1,
pg  2g ps
Now = A - atmospheric pressure = ()
P8
noW_W
pg 28 2

2 2 (63.69° 1592°
ﬂ:"_l_i:{ ) | )=206.?49—]2‘9]?
pg  2g 2g 2x981 2x98l

= 193.83 m of water

p, = 193.83 x 1000 x 9.81 - = 1901472 >
m- m-
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Let the force exerted by the nozzle on water = F|
Net force in the direction of x = rate of change of momentum in the direction of x
P - pAy + Fy=pQ(V, - V)
where p, = atmospheric pressure = () and p = 1000
= 1901472 % 001256 = 0 + F, = 1000 x 0.02(63.69 — 15.92) or 2388.24 + F, = 916.15

& F.o=-2388.24 + 916.15 = — 1472.09. Ans.

—ve sign indicates that the force exerted by the nozzle on water is acting from right to left.
Problem 6.35 The diameter of a pipe gradually reduces from 1 m 1o 0.7 m as shown in Fig. 6.27.
The pressure intensity at the centre-line of 1 m section 7.848 kN/m* and rate of flow of water through
the pipe is 600 litres/s. Find the intensity of pressure at the centre-line of 0.7 m section. Also determine
the force exerted by flowing water on transition aof the pipe.

Solution. Given :

Dia. of pipe at section 1, Di=1m

Area, A= % (1)? = 0.7854 m>
@
"
| ' - _131-':\1 ]
Tm v,
P 1 |
® @
Fig. 6.27
Dia. of pipe at section2, D,=0.7m
Area, A, = E (0.7)* = 0.3848 m?
Pressure at section 1, p, = 71.848 kN/m? = 7848 N/m’
Discharge, @ = 600 litres/s = GER) = 0.6 m’/s
Applying continuity equation,
AV, =AV,=0
| = g= U5 = 0.764 m/s
A, 0.7854
4 = £= —0'6 - 155 m.llIS-
©A, 3854

Applying Bernoulli’s equation at sections (1) and (2),

-

v? Y
n W _mn. Y

pg 28 pg 28

o 7848 (764)° _ p | (155)°
1000 %981 2x981 pg 2x98]

{+ pipeis horizontal, .. z,=2z,}

=
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Py g, L7607 (155)
pg 2x981 2x981
= 0.8 + 0.0297 - 0.122 = 0.7077 m of water
P> =0.7077 x 9.81 x 1000
= 6942.54 N/m’ or 6.942 kN/m”. Ans.
Let F, = the force exerted by pipe transition on the flowing water in the direction of flow
Then net force in the direction of flow = rate of change of momentum in the direction of flow
or pA = pAy + Fy=p(V, - V)
T848 x 7854 — 6942.54 x 3848 + F, = 1000 x 0.6[1.55 - .764]
or 6163.8 - 2671.5 + F = 471.56
! F.=471.56 - 6163.8 + 2671.5 = - 3020.74 N
The Torce exerted by water on pipe transition
=—F,=-(-3020.74) = 3020.74 N. Ans.

6.9 MOMENT OF MOMENTUM EQUATION

Moment of momentum equation is derived from moment of momentum principle which states that
the resulting torque acting on a rotating fluid is equal to the rate of change of moment of momentum.

Let V| = velocity of tluid at section 1,
r, = radius of curvature at section 1,
@ = rate of flow of fluid,
p = density of fluid,
and V, and r, = velocity and radius of curvature at section 2
Momentum of fluid at section 1 = mass x velocity = pQ x V /s
Moment of momentum per second at section [,
=pOxV xr
Similarly moment of momentum per second of fluid at section 2
=pO@xV,xr,
Rate of change of moment of momentum
= pOVary — pOV ry = pO[Vor, — Viry]
According to moment of momentum principle
Resultant torque = rate of change of moment of momentum
or T=pO[Vyry— Viryl «(6.23)
Equation (6.23) is known as moment of momentum equation. This equation is applied :

1. For analysis of flow problems in turbines and centrifugal pumps.
2. For finding torque exerted by water on sprinkler.

Problem 6.36 A lawn sprinkler with two nozzles of diameter 4 mm each is connected across a tap
of water as shown in Fig. 6.28. The nozzles are at a distance of 30 cm and 20 cm from the centre of the
tap. The rate of flow of water through tap is 120 em’/s. The nozzles discharge water in the downward
direction. Determine the angular speed at which the sprinkler will rotate free.
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Solution. Given : [«—20 cm—»j=—30 cm—»
Dia. of nozzles A and B, A —0— B
D=D,=Dg=4mm=.004 m | o ¥
Area, A=Z (004)? = 00001256 m®> | i
4 Fig. 6.28
Discharge 0=120 em?/s
Assuming the discharge to be equally divided between the two nozzles, we have
120
0,=0y= —g— G =60 cm’/s =60 x 10" m'/s
Velocity of water at the outlet of each nozzle,
)4 _ 60x10°°
Va= V= P R 4.777 m/s.
A 00001256

The jet of water coming out from nozzles A and B is having velocity 4.777 m/s. These jets of water
will exert force in the opposite direction, i.e., force exerted by the jets will be in the upward direction.
The torque exerted will also be in the opposite direction. Hence torque at B will be in the anti-clockwise
direction and at A in the clockwise direction. But torque at B is more than the torque at A and hence
sprinkle, if free, will rotate in the anti-clockwise direction as shown in Fig. 6.28.

Let m = angular velocity of the sprinkler.

Then absolute velocity of water at A,

Vi=Vi+axry
where r, = distance of nozzle A from the centre of tap
=20cm=02m {@ x r, = tangential velocity due to rotation }
V=777 + 0 x 0.2) m/s

Here X r, is added to V, as V, and tangential velocity due to rotation (® x r,) are in the same
direction as shown in Fig. 6.28.

Similarly, absolute velocity of water at B,

V5, = V, — tangential velocity due to rotation
=4777T -0 X ry {where rg = 30 cm = 0.3 m}
= (4777 —wx0.3)

Now applying equation (6.23), we get

T=pQ[Vyr; = Vinl Here ry=rp. ri=ry
= pQuVorg — Vinl 0=0,=0
= 1000 x 60 x 10° [(4.777 x 0.3 ®) x .3 - (4.777 + 0.2 w) x .2]

The moment of momentum of the fluid entering sprinkler is given zero and also there is no external

torque applied on the sprinkler. Hence resultant external torque is zero, i.e., T=0
1000 x 60 x 10° [(4.777-03 ) x .3 - (4777 +02 ®) x.2]=0

or 4777 -03w=x03-(4777+02 ) x.2=0
or 47717 x3-090w-47717x.2-.04w=0
or 0.1 x4777=(.09+ 0dhw=.13w

W= R = 3.6746 rad/s. Ans.

0.13

L
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Problem 6.37 A lawn sprinkler shown in Fig. 6.29 has 0.8 em diameter nozzle at the end of a
rofating arm and discharges water ar the rate af 10 m/s velocity. Determine the torque required to hold

the rotating arm stationary. Also determine the constant speed of rotation of the arm, if free o
rotaie.

Solution. Dia. of each nozzle = 0.8 cm = .008 m L BOiemi i 256 Tm misec
| I= |
A
Area of each nozzle = %:— l(‘[][}S)2 = 00005026 m” e ‘
ry
Velocity of flow at each nozzle = 10 m/s. ‘B A
Discharge through each nozzle,
O = Area x Velocity 110 m/sec

=.00005026 x 10 = .0005026 m*/s Fig. 6.29
Torque exerted by water coming through nozzle A on the sprinkler = moment of momentum of
water through A

=r,xXpxQxV,=0255x1000 x.0005026 x 10 clockwise
Torque exerted by water coming through nozzle B on the sprinkler

=SrpxpxQxVy=0.20x 1000 x.0005026 x 10 clockwise
Total torque exerted by water on sprinkler

=.25 x 1000 x .0005026 = 10 + .20 x 1000 x .0005026 x 10
= 1.2565 + 1.0052 = 2.26 Nm
Torque required to hold the rotating arm stationary = Torque exerted by water on sprinkler

= 2,26 Nm. Ans.

Speed of rotation of arm, if free to rotate

Let o = speed of rotation of the sprinkler

The absolute velocity of flow of water at the nozzles A and B are

V,=100-025x wand V, = 10.0 - 0.20 x @

Torgue exerted by water coming out at A, on sprinkler
=ryxpxQxV, =025x1000 x .0005026 % (10 - 0.25 )
= (0.12565 (10 - 0.25 w)

Torque exerted by waler coming out at B, on sprinkler
SrpxpxQxV,=0.20x 1000 x .0005026 x (10.0 - 0.2 w)
= 0.10052 (10.0 - 0.2 )

- Total torque exerted by water = 0.12565 (10.0 — 0.25 @) + 0.10052 (10.0 — 0.2 w)

Since moment of momentum of the flow entering is zero and no external torque is applied on
sprinkler, so the resultant torque on the sprinkler must be zero.

. 0.12565 (10.0 — 0.25 @) + 0.10052(10.0 - 0.2 @) =0
1.2565 — 0.0314 © + 1.0052 — 0.0201 @ =0
1.2565 + 1.0052 = o (0.0314 + 0.0201)
2.2617 = 0.0515 @
22617
~ 00515

= 43.9 rad/s. Ans.
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= 60 x ® = Bl = 419.2 r.p.m. Ans.

and N
2n 2n

b 6.10 FREE LIQUID JETS

Free liquid jet is defined as the jet of water coming out from the nozzle in atmosphere. The path
travelled by the free jet is parabolic.

Consider a jet coming from the nozzle as shown in Fig. 6.30. Let the jet at A, makes an angle 8 with
the horizontal direction. If [J is the velocity of jet of water, then the horizontal component and vertical
component of this velocity at A are U cos 0 and U sin 0.

Consider another point P(x, v) on the centre line of the jet. The co-ordinates of P from A are x and y.
Let the velocity of jet at P in the x- and y-directions are » and v. Let a liquid particle takes time *f* to reach
from A to P. Then the horizontal and vertical distances travelled by the liquid particle in time *#’ are :

v TRAJECTORY
PATH

NOZZLE

Fig. 6.30 Free liquid jet.

x = velocity component in y-direction X f

=UcosBxt w1}

and v = (vertical component in y-direction % time — % g.*z]
: L . .
=Usin®xt- 5 ¢t o 10)

{ ' Horizontal component of velocity is constant while the vertical distance is affected by gravity}

From equation (i), the value of 1 is given as f = ———
UcosB

Substituting this value in equation (ii)

. B 3 2
y="Usin @ x ——XgX|———| ==x i fr =
Ucost 2 Ucos® cosB 2U- cos” @
2
2 | .
= xtan 6 - f;z sec” B { : =seczﬂ} (6.24)
cos

Equation (6.24) gives the variation of y with the square of x. Hence this is the equation of a parabola.
Thus the path travelled by the free jet in atmosphere is parabolic.
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(/) Maximum height attained by the jet. Using the relation Vf - ‘.f‘,z = - 2g85, we get in this
case V| = 0 at the highest point
V, = Initial vertical component
= U/ sin O
—ve sign on right hand side is taken as g is acting in the downward direction but particles is moving up.
- 0—(Usin 0’ =-2gx35
where § is the maximum vertical height attained by the particle.

or ~ U?sin’0 = - 2g8
2.2
S= w ..(6.25)
8

(if) Time of flight. It is the time taken by the fluid particle in reaching from A to £ as shown in
Fig. 6.30. Let T is the time of flight.

. A : I
Using equation (ii), we have y=Usin8x1— ~2- gr2
when the particle reaches at B, y=0andr=T

. Above equation becomes as() = [/ sin 8 x T - %g 2

or 0=Usin@ - %g]" {Cancelling T}
or 20180 ..(6.26)
g

(i) Time to reach highest point. The time to reach highest point is half the time of flight. Let T%
1s the time to reach highest point, then
Ts:£= 2U sin@ _ U sin b (6.27)
p gx2 I
(iv) Horizontal range of the jet. The total horizontal distance travelled by the fluid particle is
called horizontal range of the jet, i.e., the horizontal distance AB in Fig. 6.30 is called horizontal range
of the jet. Let this range is denoted by x*.
Then x* = velocity component in x-direction
¥ time taken by the particle to reach from A to B
= U cos 0 x Time of flight

i 20sin0
:chgﬂxm {'.'T:—}
g g
2 2
= -U— 2cos BsinB= U—.s'in 20 ..{6.28)
g g

(v) Value of 68 for maximum range. The range x* will be maximum for a given velocity of
projection (U}, when sin 26 is maximum

or when sin 268 = | or sin 208 = sin 90° = 1
; 28 = 90° or B = 45°
, A T .
Then maximum range,  a*,,, =—sin" 0= — {=r sin 907 = 1} ...(6.29)

8
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Problem 6.38 A vertical wall is of 8 m in height. A jet of water is coming out from a nozzle with
a velacity of 20 m/s. The nozzle is situated at a distance of 20 m from the vertical wall. Find the angle
of projection of the nozzle to the horizontal so that the jet of water just clears the top of the wall.

Solution. Given :

Height of wall =8m
Velocity of jet, I/ =20 m/s
Distance of jet from wall, x=20m
Let the required angle =0

Using equation (6.24), we have

2

y=xtan B — g.r1 sec’
2U-

where y=8m, x=20m, U = 20 m/s

981x20°
g 20 tan B = SDIX 20" 2
2 %207
= 20 tan O — 4.905 sec> 0
=20 tan 6 — 4.905 [1 + tan’ 0] {*v sec’8=1+tan’ 0}
=20 tan O — 4.905 — 4.905 tan’ @
or 4905 tan’ B — 20 tan B+ 8 + 4.905=0
or 4,905 tan® @ — 20 tan 6 + 12.905 = 0
e 20+ ,j.m1 —4x12905x4.905 20+ /400 — 25319
an 8 = =
2 % 4.905 0.81
_ 20414681 _ 20+12116 _ 32116 o 7.889
- 9.81 T 981 98] 981

= 3.273 or (.8036
6 = 73° 0.8" or 38° 37". Ans.
Problem 6.39 A fire-brigade man is holding a fire stream nozzle of 50 mm diameter as shown in
Fig. 6.32. The jet issues out with a velocity of 13 m/s and strikes the window. Find the angle or angles
of inclination with which the jet issues from the nozzle. What will be the amount of water falling on the
window ?
Solution. Given :

Dia. of nozzle, d=50mm=.05m WINDOW
= L
Area, A= 2(05)" = 0.001963 m’ T
Velocity of jet, =13 m/s. 7.5m
The jet is coming out from nozzle at A. It strikes the window ¢ A P8
and let the angle made by the jet at A with horizontal is equal to 6. 15 WALL
The co-ordinates of window, with respect to origin at A. f o =
x=5m,y=75-15=60m =5 m—

The equation of the jet is given by (6.24) as Fig. 6.32
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-

y:xlanﬁ—%seczﬂ

981x5

or 6.0=5xtan 0 - =1+ tan” 6] {~ sec’@=1+tan" 0}
2x%x13
or 6.0 =5 tan O - .7256 (1 + tan” 0)
=5 tan O —.7256 — .7256 tan’ 0
or 0.7256 tan" O — 5tan B + 6 + .7256 = 0
or 0.7256 tan® © — 5 tan O + 6.7256 = 0

This is a quadratic equation in tan 6. Hence solution is

54,57 — 4% .7256 X 6.7256

tan 8 =
2 x. 7256
5+.,25-19.
- 25-1952 _ 5+2341 _ o oo or 1.8322
14512 14512

6= tan' 5.058 or tan"' 1.8322 = 78.8° or 61.37°. Ans.
Amount of water falling on window = Discharge from nozzle
= Area of nozzle x Velocity of jet at nozzle
= 0.001963 x U = 0.001963 x 13.0 = 0.0255 m’/s. Ans.
Problem 6.40 A nozzle is situated at a distance of I m above the ground level and is inclined at an
angle of 45° to the horizontal. The diameter of the nozzle is 50 mm and the jet of water from the nozzle
strikes the ground at a horizontal distance of 4 m. Find the rate of flow of waler.
Solution. Given : ks

4 m |
Distance of nozzle above ground = | m JET
Angle of inclination, 6 = 45"
Dia. of nozzle, d=50mm=.05m A' ‘:5"
Area, A= T(05) = 001963 m? by
+ B
The horizontal distance x=4m Fig. 6.33

The co-ordinates of the point B, which is on the centre-line of the jet of water and is situated on the
ground, with respect to A (origin) are
x=4mand y=- 1.0 m {From A, point B is vertically down by 1 m}
2
The equation of the jet is given by (6.24) as y = xtan 6 — %seclﬂ

Substituting the known values as

_10=4mn45o- 281X o cec2ase
2U
' | 1
78.48 2 sec 45° = =— =2
=4 e x[ﬂ) cos45° 1

=
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T8A8 x 2 78. 48x2

—1.0=4 - o +4.0+ 1.0=5.0

7848 x 2.0
5.0

S U= 43139 = 5.60 mfs
Now the rate of flow of fluid = Area x Velocity of jet
= A x U=.001963 x 5.6 m’/sec
= 0.01099 = .011 m"/s. Ans.
Problem 6.41 A window, in a vertical wall, is at a distance of 30 m above the ground level. A jet of
water, issuing from a nozzle of diameter 30 mm is to strike the window. The rate of flow of water through
the nozzle is 3.5 m’/minute and nozzle is situated at a distance of 1 m above ground level. Find the
greatest horizontal distance from the wall of the nozzle so that jet of water strikes the window.
Solution. Given :

U? =31.39

WINDOW

Distance of window from ground level = 30 m /
Dia. of nozzle, d =50 mm=0.05m £y
Area A= L(.05) = 0.001963 m’
4 30 cm
The discharge, 0 = 3.5 m’/minute
35 3

=2 = 0.0583 m’/s
60

Distance of nozzle from ground = 1 m. Fig. 6.34
Let the greatest horizontal distance of the nozzle from the wall = x and let angle of inclination = 6.
If the jet reaches the window, then the point B on the window is on the centre-line of the jet. The

co-ordinates of B with respect to A are
x=x,y=30-10=29m
The velocity of jet, y= Discharge 0 _ 0583
Area A 001963
Using the equation (6.34), which is the equation of jet,

A

= 29.69 m/sec

V=X tan 8—%53{:28
2
or 29.0 = x tan B — er sec’ @
2 %(29.69)
=y tan 8 - 0.0055 se-::?'{;'l x a2
0055 x*
=xtan B - ———
cos” 0
x tan 8 — .0055 x*/cos’8 — 29 =0 i)

The maximum value of x wn&resp-:l.t to B is obtained, by differentiating the above equation w.r.t.
0 and substituting the value of — = 0. Hence differentiating the equation (i) w.r.t. 8, we have

X 2x—

[x sec’ O+ tan O x a‘_x} - 0.0055 | 27 % (@](— sin@) + ]
de cos” B cos” 0 db

=
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'.'i{.\’tanﬂ]c_vrsaeczE]+t.7.i.r18£an(fli x‘; =.x2i( ! ]+ 11 i(xz)
do do d0\ cos” @ d9\ cos® B/ cos’ 0 d0

2x7sin® 2x dx:|

5 dx
- o L A + -
x sec” B + tan Bdﬂ 0055 |: cos’ 6 cos> 0 do

. dx
For maximum value of x, w.r.t. 8, we have ;‘E =0

Substituting this value in the above equation, we have

x sec? B — 0055 {2‘—?"9] =0
cos B
. Z.: ot
or T MOUTE B0 g el S0 L
cos 0 cos B cosB
or x= 011 tan®=0 or 1 —.0ll xtan O =0
or xtan B = L =90.9 ..(i)
011
or T= 209 (i)
tan 9
Substituting this value of x in equation (i), we get
2
ae ® tan @ = .0055 x {9&?] % lj -20=10
tan @ tan -8 cos™ O
90.9 - 45'145 -29=0 or 61.9- 45'145 =1{
sin~ @ sin~ @
45445 45.44
or 61.9= —=— or sin“0= 28 =034
sin~ B 61.90
sin 8 = 4/0.7341 = 0.8568
0 =tan"' 8568 = 58° 57.8’
Substituting this value of 8 in equation (i), we get
- 909 90.9 _ %9 909 — 54759 m

tan®  (an58°57.8° tan 5895  1.66
= 54.76 m. Ans.

L
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1.

2.

HIGHLIGHTS

The study of fluid motion with the forces causing flow is called dynamics of fluid flow, which is
analysed by the Newton's second law of motion.

Bernoulli's equation is obtained by integrating the Euler's equation of motion. Bernoulli’s equation states
“For a steady, ideal flow of an incompressible fluid, the total energy which consists of pressure energy.
kinetic energy and datum energy, at any point of the fluid is constant”. Mathematically,

2
Vi I
S ST EPRE .« SN LEL

pg 28 pg 28
where L = pressure energy per unit weight = pressure head
P
v
2—' = Kinetic energy per unit weight = Kinetic head
£

z; = datum energy per unit weight = datum head.

. Bernoulli’s equation for real fluids

s 2
_Jl+ﬂ_+z1=£1_+_‘l+zz+hL
g

pe 2% Pg

where /i, = loss of energy between sections 1 and 2.

. The discharge, @, through a venturimeter or an orifice meter is given by

il
0=C, 2' — % [2gh

df —d;
where «; = area at the inlet of venturimeter,
i1, = area at the throat of venturimeter,
C,; = co-efficient of venturimeter,
h = difference of pressure head in terms of fluid head flowing through venturimeter.

The value of # is given by differential U-tube manometer
Sh i = i = o
h=x S_ = ... {(when differential manometer contains heavier liquid)
(]
S‘l r . * b £l '3
h=x{1- S_ ..{when differential manometer contains lighter liquid)
)

5,
h= (ﬂ + 23 ] = [& + zz] =X [S—" = l} ..(for inclined venturimeter in which differential manometer
(1]

contains heavier liguid)

5 8 I : ; ) ; .
hi= [ﬂ+ 2 ]— [L + 2z ]: X [ - S—':I ..(for inclined venturimeter in which differential manometer
PE o
contains lighter liguid)

where x = difference in the readings of differential manometer,

8, = sp. gr. of heavier liquid

8, =sp. gr. of fluid flowing through venturimeter

§; = sp. gr. of lighter liquid.
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6.

10.

11.

112,

Pitot-tube is used to find the velocity of a flowing fluid at any point in a pipe or a channel. The velocity
is given by the relation
V=C, .f2gh
where C, = co-efficient of Pitot-tube
h =rise of liguid in the tube above free surface of liquid

s
= .r[g‘g-u :| (for pipes or channels).

o
The momentum equation states that the net force acting on a fluid mass is equal o the change in momen-
e d
tum per second in that direction. This is given as F = E {mv)

The impulse-momentum equation is given by F . dt = dimy).

. The force exerted by a fluid on a pipe bend in the directions of x and y are given by

f‘,.r = mass
sec
+ Initial pressure foree in x-direction + Final pressure force in x-direction
=pOIV), - Vol + (pA)), + (PAY),
and Fy =pQIV,, = Vo, 1 + (p)A ), + (p,A),

Resultant force, Fa= .‘ﬂFf + F.f

and the direction of the resultant with horizontal is tan 8 =

(Initial velocity in the direction of .x — Final velocity in x-direction)

o | m

. The force exerted by the nozzle on the water is given by F_ = pQ[V, -V, ]

and force exerted by the water on the nozzle is=—F_ = pQ[V,, — V,, .
Moment of momentum equation states that the resultant torque acting on a rotating fluid is equal to the
rate of change of moment of momentum. Mathematically, it is given by T'= pQ[V,r, — Vi 1.
Free liquid jet is the jet of water issuing from a nozzle in atmosphere. The path travelled by the free jet is
parabolic. The equation of the jet is given by
=xtan 6 L ]
y=xtantv — FS&C

where x, v = co-ordinates of any point on jet w.r.t. to the nozzle

U = velocity of jet of water issuing from nozzle

6 = inclination of jet issuing from nozzle with horizontal.

AP
(i) Maximum height attained by jet = Usin"8
28
(i) Time of flight, T = 2U sin®
g
(iif) Time to reach highest point, T = T _ Using
3 28
2

{iv) Horizontal range of the jet, x* = U—Sin 28
g

(v) Value of 8 for maximum range, 0 = 45°
(vi) Maximum range, x* ., = U/g.
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EXERCISE

(A) THEORETICAL PROBLEMS

. Name the different forces present in a fluid flow, For the Euler’s equation of motion, which forces are

taken into consideration.

2. What is Euler’s equation of motion ? How will you obtain Bernoulli’s equation from it 7

10.
11.

12.
13.

14.
15.

16.

17.

18.

19,

. Derive Bernoulli's equation for the flow of an incompressible frictionless fluid from consideration of

momentum.

- State Bernoulli’s theorem for steady flow of an incompressible fluid, Derive an expression for Bernoulli’s

theorem [rom first principle and state the assumptions made for such a derivation.
What is a venturimeter ? Derive an expression for the discharge through a venturimeter.
Explain the principle of venturimeter with a neat sketch. Derive the expression for the rate of flow of fluid
through it.
Discuss the relative merits and demerits of venturimeter with respect to orifice-meter.

(Delhi University, Dec. 2002)
Define an orifice-meter. Prove that the discharge through an orifice-meter is given by the relation

0=C, f:uialz = Jﬁ
A ap = dp

where  a; = area of pipe in which orifice-meter is fitted

d,, = area of orifice (Technical University of M.P., § 2002)
What is a pitot-tube 7 How will you determine the velocity at any point with the help of pitot-tube ?

{Delhi University, Dec. 2002)

What is the difference between pitot-tube and pitot-static tube 7
State the momentum equation. How will you apply momentum equation for determining the force exerted
by a flowing liquid on a pipe bend ?
What is the difference between momentuin equation and impulse momentum equation.
Define moment of momentum equation. Where this equation is used.
What is a free jet of liquid ? Derive an expression for the path travelled by free jet issuing from a nozzle.
Prove that the equation of the free jet of liguid is given by the expression,

y=xtan 0 — ﬂjsecle
U

where x, y = co-ordinates of a point on the jet
U = velocity of issuing jet
0 = inclination of the jet with horizontal.
Which of the following statement is correct in case of pipe flow
(a) flow takes place from higher pressure to lower pressure ;
i(h) flow takes place from higher velocity to lower velocity ;
(c) flow takes place from higher elevation to lower elevation
(d) flow takes place from higher energy to lower energy.
Derive Euler’s equation of motion along a stream line for an ideal fluid stating clearly the assumptions.
Explain how this is integrated 1o get Bernoulli’s equation along a stream-line.
State Bernoulli's theorem. Mention the assumptions made. How is it modified while applying in
practice? List out its engineering applications.
Define continuity equation and Bernoulli’s equation,
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20.

21.

22.
23,

24.

L]
.

What are the different forms of energy in a flowing fluid ? Represent schematically the Bernoulli's
equation for flow through a tapering pipe and show the position of total energy line and the datum line.
Write Euler's equation of motion along a stream line and integrate it to obtain Bernoulli's equation.
State all assumptions made.

Describe with the help of sketch the construction, operation and use of Pitot-static tube.

Starting with Euler’s equation of motion along a stream line, obtain Bernoulli’s equation by its integration,
List all the assumptions made.

State the different devices that one can use to measure the discharge through a pipe and also through an
open channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual
discharge with its help?

Derive Bernoulli’s equation from fundamentals.

(B) NUMERICAL PROBLEMS

. Water is flowing through a pipe of 100 mm diameter under a pressure of 19.62 N/em® (gauge) and with

mean velocity of 3.0 m/s. Find the total head of the water at a cross-section, which is 8 m above the datum
line. |Ans. 28.458 m|

. A pipe, through which water is flowing is having diameters 40 cm and 20 ¢m at the cross-sections 1 and 2

respectively. The velocity of water at section | is given 5.0 m/s. Find the velocity head at the sections 1
and 2 and also rate of discharge. [Ans. 1.274 m ; 20.387 m ; 0.628 m*/s]
The water is flowing through a pipe having diameters 20 cm and 15 cm at sections 1 and 2 respectively.
The rate of flow through pipe is 40 litres/s. The section 1 is 6 m above datum line and section 2 1s 3 m
above the datum, If the pressure at section 1 is 29.43 N/em’, find the intensity of pressure at section 2,
[Ans. 32.19 N/em®]

. Water is flowing through a pipe having diameters 30 cm and 15 cm at the bottom and upper end respec-

tively. The intensity of pressure at the bottom end is 29.43 N/em® and the pressure at the upper end is
14.715 N/em”. Determine the difference in datum head if the rate of flow through pipe is 50 lit/s.

[Ans. 14.618 m]
The water is flowing through a taper pipe of length 50 m having diameters 40 cm at the upper end and
20 ¢m at the lower end, at the rate of 60 litres/s. The pipe has a slope of 1 in 40. Find the pressure at the
lower end if the pressure at the higher level is 24.525 Nfcm®, [Ans. 25.58 Nicm?)

. A pipe of diameter 30 cm carries water at a velocity of 20 m/sec. The pressures at the points A and B are

given as 34.335 N/em® and 29.43 N/em® respectively, while the datum head at A and B are 25 m and 28 m.
Find the loss of head between A and B, [Ans. 2 m]

. A conical tube of length 3.0 m is fixed vertically with its smaller end upwards. The velocity of flow at the

smaller end is 4 m/s while at the lower end it is 2 m/s. The pressure head at the smaller end is 2.0 m of
liquid. The loss of head in the tube is 0.95 (v, — v,)"/2g, where v, is the velocity at the smaller end and v,
at the lower end respectively. Determine the pressure head at the lower end. Flow takes place in downward
direction. [Ans. 5.56 m of fluid]

. A pipe line carrying oil of specific gravity 0.8, changes in diameter from 300 mm at a position A to

500 mm diameter to a position B which is 5 m at a higher level. If the pressures at A and B are 19.62
N/em® and 14.91 Nfem?® respectively, and the discharge is 150 litres/s, determine the loss of head and
direction of flow. |Ans. .45 m, Flow takes place from A to B]

. A horizontal venturimeter with inlet and throat diameters 30 cm and 15 em respectively is used to

measure the flow of water. The reading of differential manometer connected to inlet and throat is 10 cm
of mercury. Determine the rate of flow. Take C, = 0.98, [Ans. 88.92 litres/s]
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10.

12.

tn

16.

17.

18.

19.

20.

21.

22,

23.

An oil of sp. gr. 0.9 is flowing through a venturimeter having inlet diameter 20 ¢cm and throat diameter
100 em. The oil-mercury differential manometer shows a reading of 20 em. Calculate the discharge of oil
through the horizontal venturimeter. Take C, = 0.98. [Ans. 58,15 litres/s]
A horizontal venturimeter with inlet diameter 30 cm and throat diameter 15 cm is used to measure the flow
of oil of sp. gr. 0.8, The discharge of oil through venturimeter is 50 litres/s, find the reading of the oil-
mercury differential manometer. Take C, = 0.98. [Ans. 2,489 cm]
A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is used to measure the flow
of water. The pressure at inlet is 14.715 N/em?® and vacuum pressure at the throat is 40 cm of mercury. Find
the discharge of water through venturimeter. [Ans. 162.539 lit./s]
A 30 cm x 15 em venturimeter is inserted in a vertical pipe carrying water, flowing in the upward direction.
A differential mercury manometer connected to the inlet and throat gives a reading of 30 c¢cm. Find the
discharge. Take C, = 0.98. [Ans. 154.02 lit/s]

. If in the problem 13, instead of water, oil of sp. gr. 0.8 is flowing through the venturimeter, determine the

rate of flow of ail in litres/s. [Ans. 173.56 lit/s]
The water is flowing through a pipe of diameter 30 em. The pipe is inclined and a venturimeter is inserted
in the pipe. The diameter of venturimeter at throat is 15 cm. The difference of pressure between the inlet
and throat of the venturimeter is measured by a liquid of sp. gr. 0.8 in an inverted U/-tube which gives a
reading of 40 em. The loss of head between the inlet and throat is 0.3 times the kinetic head of the pipe.
Find the discharge. [Ans. 22.64 lit./s]
A 20 x 10 cm venturimeter is provided in a vertical pipe line carrying oil of sp. gr. 0.8, the flow being
upwards. The difference in elevation of the throat section and entrance section of the venturimeter is
50 em. The differential U-tube mercury manometer shows a gauge deflection of 40 cm. Calculate ; (i) the
discharge of oil, and (i) the pressure difference between the entrance section and the throat section.
Take C; = 0.98 and sp. gr. of mercury as 13.6. [Amns. (i) 89.132 liv/s, (i1) 5.415 N!crnz]
In a 200 mim diameter horizontal pipe a venturimeter of (1.5 contraction ratio has been fixed. The head of
water on the venturimeter when there is no flow is 4 m (gauge). Find the rate of flow for which the throat
pressure will be 4 metres of water absolute. Take €, = 0.97 and atmospheric pressure head = 10.3 m of
water. [Ans. 111.92 lit/s]
An orifice meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. The pressure gauges
fitted upstream and downstream of the orifice meter give readings of 14.715 N/em” and 9.81 N/em®
respectively. Find the rate of flow of water through the pipe in litres/s. Take C,; = 0.6. [Ans. 108.434 lit/s]
If in problem 18, instead of water, oil of sp. gr. 0.8 is flowing through the orifice meter in which the
pressure difference is measured by a mercury oil differential manometer on the two sides of the orifice
meter, find the rate of flow of oil when the reading of manometer is 40 cm. [Ans. 122.68 lit/s]
The pressure difference measured by the two tappings of a pitot-static tube, one tapping pointing upstream
and other perpendicular to the flow, placed in the centre of a pipe line of diameter 40 cm is 10 cm of water.
The mean velocity in the pipe i1s 0.75 times the central velocity. Find the discharge through the pipe. Take
co-efficient of pitot-tube as 0.98. [Ans. 0.1293 11\"1’5]

Find the velocity of flow of an oil through a pipe, when the difference of mercury level in a differential
U/-tube manometer connected to the two tappings of the pitot-tube is 15 cm. Take sp. gr. of 0il = 0.8 and
co-efficient of pitot-tube as 0.98. [Ans. 6.72 m/fs]

A sub-marine moves horizontally in sea and has its axis 20 m below the surface of water. A pitol-static
tube placed in front of sub-marine and along its axis, is connected to the two limbs of a U-tube
containing mercury. The difference of mercury level is found to be 20 cm. Find the speed of sub-marine.
Take sp. gr. of mercury 13.6 and of sea-water 1.026. |Ans. 24.95% km/hr. ]
A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet of the bend being

40 em and 20 ¢m respectively. Find the force exerted by water on the bend if the intensity of pressure
at inlet of bend is 21.58 N/em®. The rate of flow of water is 500 litres/s. |Ans. 22696.5 N ; 20° 3.57)
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24

25,

26.

27.

28.

29

30,

. The discharge of water through a pipe of diameter 40 cm is 400 litres/s. If the pipe is bend by 1357, find
the magnitude and direction of the resultant force on the bend. The pressure of flowing water is
29 43 N/em®. [Ans. 7063.2 N, 8 =227 200" with x-axis clockwise]
A 30 em diameter pipe carries water under a head of 15 metres with a velocity of 4 m/s. If the axis of the
pipe turns through 45°, find the magnitude and direction of the resultant force at the bend.
[Ans. 8717.5 N, 8 =67° 30']
A pipe of 20 cm diameter conveying (.20 m'/sec of water has a right angled bend in a horizontal plane.
Find the resultant force exerted on the bend if the pressure at inlet and outlet of the bend are 22.563 N/em®
and 21.582 N/em” respectively. [Ans. 116047 N, § = 437 54.2]
A nozzle of diameter 30 mm is fitted to a pipe of 60 mm diameter, Find the force exerted by the nozzle on
the water which is flowing through the pipe at the rate of 4.0 m’/minute. [Ans. 7057.7 N]
A lawn sprinkler with two nozzles of diameters 3 mm each is connected across a tap of water. The nozzles
are at a distance of 40 cm and 30 c¢m from the centre of the tap. The rate of water through tap is
100 em?/s. The nozzle discharges water in the downward directions. Determine the angular speed at which
the sprinkler will rotate free. [Ans. 2.83 rad/s]
. A lawn sprinkler has two nozzles of diameters 8 mm each at the end of a rotating arm and the velocity of
flow of water from each nozzle is 12 m/s. One nozzle discharges water in the downward direction, while
the other nozzle discharges water vertically up. The nozzles are at a distance of 40 cm from the centre of
the rotating arm. Determine the torque required to hold the rotating arm stationary. Also determine the
constant speed of rotation of arm, if it is free to rotate. |Ans. 5.78 Nm, 30 rad/s|
A vertical wall is of 10'm in height. A jet of water is issuing from a nozzle with a velocity of 25 m/s. The
nozzle is situated at a horizontal distance of 20 m from the vertical wall. Find the angle of projection of the
nozzle to the horizontal so that the jet of water just clears the tap of the wall.  [Ans. 79° 55" or 36° 417]
. A fire-brigade man is holding a fire stream nozzle of 50 mm diameter at a distance of 1 m above the ground
and 6 m from a vertical wall. The jet is coming out with a velocity of 15 m/s. This jet is to strike a window,
situated at a distance of 10 m above ground in the vertical wall. Find the angle or angles of inclination with
the horizontal made by the jet, coming out from the nozzle. What will be the amount of water falling on the
window ? [Ans. 79° 16.7" or 67° 3.7° ; 0.0294 m'/s]
. A window, in a vertical wall, is at a distance of 12 m above the ground level. A jet of water, issuing from
a nozzle of diameter 50 mm, is to strike the window, The rate of flow of water through the nozzle is
40} litres/sec. The nozzle is situated at a distance of | m above ground level. Find the greatest horizontal
distance from the wall of the nozzle so that jet of water strikes the window. [Ans. 29.38 m]
. Explain in brief the working of a pitot-tube. Calculate the velocity of flow of water in a pipe of diameter
300 mm at a point, where the stagnation pressure head is 5 m and static pressure head is 4 m. Given the co-
efficient of pitot-tube = 0.97, [Ans. 4.3 m/sec]
. Find the rate of flow of water through a venturimeter fitted in a pipeline of diameter 30 cm. The ratio of
diameter of throat and inlet of the venturimeter is *. The pressure al the inlet of the venturimeter is
13.734 N/em® (gauge) and vacuum in the throat is 37.5 em of mercury. The co-efficient of venturimeter is
given as .08, [Ans. 0.15 mjf's]

35. A 30 cm ¥ 15 em venturimeter is inserted in a vertical pipe carrying an oil of sp. gr. 0.8, flowing in the

upward direction. A differential mercury manometer connected to the inlet and throat gives a reading of
30 cm. The difference in the elevation of the throat section and inlet section is 50 cm. Find the rate of flow
of oil.

36. A venturimeter is used for measurement of discharge of water in horizontal pipe line. If the ratio of

upstream pipe diameter to that of throat is 2 : 1, upstream diameter is 300 mm, the difference in pressure
between the throat and upstream is equal to 3 m head of water and loss of head through meter is one-
eighth of the throat velocity head, calculate the discharge in the pipe. [Ans. 0.107 m*/s]

. A liguid of specific gravity 0.8 is flowing upwards at the rate of 0.08 m’/s, through a vertical
venturimeter with an inlet diameter of 200 mm and throat diameter of 100 mm. The C; = 0.98 and the
vertical distance between pressure tappings is 300 mm. Find :
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39,

40.

(i} the difference in readings of the two pressure gauges, which are connected to the two pressure
tappings, and

(#i) the difference in the level of the mercury columns of the differential manometer which is connected
to the tappings, in place of pressure gauges. [Ans. (i) 42.928 kN/m”, (ii) 32.3 cm]
[Hint. @=0.08 m'/s, d;=200mm=02m,d,=100mm=0.1m,

C,=098,z,-2,=300mm=03m, a, = gul} =0.0314 m*

ay= Z(.1%) = 0.007854 m’. Using @ = €, =2 [2gh
4 vai a3
Find *#". This value of h=517m.
% _ | FL_P 3 g
Now use b= [— = —} + (2 — Z5), where p = 800 kg/m". Find (p, — p,).
PE P
Sg
Now use the formula h=x—=-1|,
Sy

where h=5.17m, 5, =13.6 and 5,=0.8. Find the value of x which will be 32.3 cm.]

. A venturimeter is installed in a 300 mm diameter horizontal pipe line. The throat pipe rates is 1/3. Water

flows through the installation. The pressure in the pipe line is 13.783 N/em? {gauge) and vacuum in the
throat is 37.5 cm of mercury. Neglecting head loss in the venturimeter, determine the rate of flow in the
pipe line. [Ans. 0,153 m*/sec]

1 2 )
[Hint. &, =300 mm =03 m, d, = 3 % 300 = 100 mm = 0.1 m, p, = 13.783 Nfem” = 13.783 x 10° N/m”.

Hence pilp % g = 13.783 x 10°/1000 x 9.81
14.05 m, p.fpg =—37.5 cm of Hg =— 0.375 x 13.6 m of water
= 5.1 m of water. Hence i = 14.05 = (-~ 5.1) = 19.15 m of water.

]

1.0. Now use the formula Q = C, ——2__x [2¢h |

2 .l

ap — a3

Value of C,

The maximum flow through a 300 mm diameter horizontal main pipe line is 18200 litre/minute. A
venturimeter is introduced at a point of the pipe line where the pressure head is 4.6 m of water. Find the
smallest dia. of throat so that the pressure at the throat is never negative. Assume co-efficient of meter as
unity. [Ans. d; = 192.4 mm]
[Hint. , = 300 mm = 0.3 m, @ = 18200 litres/minute = 18200/60 = 303.33 litres/s = (.3033 m'/s, Pipe

a X
=4.6m, p.fpg=0. Hence h =4.6 m, C,= 1. d, = dia. at throat. Use formula @ = C,,%X 2gh and
aj —a;

T
find the value of a, . Then a, = E ﬂ'l2 and find d,.]

The following are the data given of a change in diameter effected in laying a water supply pipe. The
change in diameter is gradual from 20 em at A 1o 50 em at B. Pressures at A and B are 7.848 Nfem® and
5.886 N/em® respectively with the end B being 3 m higher than A. If the flow in the pipe line is 200 litre/s, find :
(1) direction of flow, (i) the head lost in friction between A and B.
[Ans. (/) From A to B, (i) 1.015m ]
[Hint. D, =20cm=0.2m,Dy=50cm=0.5m, p, = 7.848 N/em® = 7.848 x 10* N/m®
py=5.886 Nfem® = 5.886 x 10° N/m?, Z,=0,Z, =3 m, 0=02m%s
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41.

43.

VA = [}‘2f£f‘21} = 6.360 m/s, Vsz (J.’-‘_!E[,SE] =1.018 m/s
4 4
E,=(pypxg)+ ;'—'; +Z, = (7.848 x 10%/1000 x 9.81) + (6.369°/2 x 9.81) + 0 = 10.067 m

Ey=(pylp x 2) + ;’i + Zy = (5.886 x 10%/1000 x 9.81) + (1.018°22 x 9.81) + 3 = 9.052 m]
e

A venturimeter of inlet diameter 300 mm and throat diameter 150 mm is fixed in a vertical pipe line. A
liquid of sp. gr. 0.8 is flowing upward through the pipe line. A differential manometer containing mercury
gives a reading of 100 mm when connected at inlet and throat. The vertical difference between inlet and
throat is 500 mm. If C, = 0.98, then find : (i) rate of flow of liquid in litre per second and (77) difference of
pressure between inlet and throat in N/m?™. [Ans. ({) 100 litre/s, (i) 15980 Nf‘m:]

. A venturimeter with a throat diameter of 7.5 cm is installed in a 15 em diameter pipe. The pressure at the

enirance (o the meter is 70 kPa (gauge) and it is desired that the pressure at any point should not fall below
2.5 m of absolute water. Determine the maximum flow rate of water through the meter. Take C,=0.97 and

atmospheric pressure as 100 kPa. (JNT.U., Hyderabad § 2002)
[Hint. The pressure at the throat will be minimum. Hence £2 =25m (abs.)
PE
. ) : 2
Given : di=15cm - A, = EHS‘} =176.7 cm”

dy=75cm - A= %?53; = 44.175 em’

p, =70 kPa = 70 x 10* N/m* (gauge), p,,,, = 100 kPa = 100 x 107 N/m’
p, (abs.) =70 x 10" + 100 x 10° = 170 x 10° N/m* (abs.)

P _ 170x10°

= ———— = 17.33 m of water (abs.)
pg 1000 x98]

h= < S - 1. 17.33 — 2.5 = 14.83 m of water = 1483 cm of water
pg  px

A 097x176.7x 44175 % /2 x 081 x 1483
Now 0= L-“lzj Xy2¢h = = 75488 cm’fs

JA? = A3 J176.7% - 44175
= 75.488 litre/s.]
Find the discharge of water flowing through a pipe 20 ¢m diameter placed in an inclined position, where a
venturimeter is inserted, having a throat diameter of 10 cm. The difference of pressure between the main
and throat is measured by a liquid of specific gravity 0.4 in an inverted UU-tube, which gives a reading of
30 e¢m. The loss of head between the main and throat is 0.2 times the Kinetic head of pipe.
(Delhi University, Dec. 2002)

[Hint. Given : d, =20 cm . a; = %czoz; =100 mem?; dy = 10 em = @y = —(10%) =25 1 em?.

x=30cm, h=x I-i =3U[I -gi) =18cm=0.18m
S 1.0

o

But £ is also = [ﬂ+ z,)—[-—3+ 12) [ﬂ+z]J—(&+zg]= 18em=0.183m
pE P Ps ps
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2

fIL=O.2X£

2z

2
n W, on %

From Bernoulli’s equation, —+ | = & +2; + Ay
pe 2% pg 2
or [ﬂ+z|]—[ﬂ+23]+—'— i o=p,
pg ps 2¢ 2
vi v 02V 2 02V}
o Gagad 02 P2Y [‘”—'+ Z|)—[L+Zg]=0.18rn and hy = :
28 2 22 pg Pg 2g
2 2 a2 2 2
or 018+ _Yi_ 02U _450184 280 1% g
g 28 2z g 2
o)y
- : aVi_ 4
From continuity equation, a,V, = a,V, or V,=—== T =4V,
@ —(10%)
4
2 2 2 2
Now 0.8+ 8 Y _ g o 0184 ZBU_UU)Y
28 28 28
2 2 2 2 2
: 8V X
or oags 250 1M _g o gaga 10N 02N 152K
2g 2g 2g g 28
18 Q.
v, = ﬁ% = 0.48 m/s = 48 cm/s

O=AV = 5{203} * 48 = 15140 cm’/s = 15.14 litre/s. |
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OR;FI?SES AND
MOUTHPIECES

» 7.1 INTRODUCTION

Orifice is a small opening of any cross-section (such as circular, triangular, rectangular etc.) on the
side or at the bottom of a tank, through which a fluid is flowing. A mouthpiece is a short length of a
pipe which is two to three times its diameter in length, fitted in a tank or vessel containing the fluid.
Orifices as well as mouthpieces are used for measuring the rate of flow of fluid.

» 7.2 CLASSIFICATIONS OF ORIFICES

The orifices are classified on the basis of their size, shape, nature of discharge and shape of the
upstream edge. The following are the important classifications :

1. The orifices are classified as small orifice or large orifice depending upon the size of orifice
and head of liguid from the centre of the orifice. If the head of liquid from the centre of orifice is more
than five times the depth of orifice, the orifice is called small orifice. And if the head of liquids is less
than five times the depth of orifice, it is known as large orifice.

2. The orifices are classified as (i) Circular orifice, (#f) Triangular orifice, (7i7) Rectangular orifice
and (iv) Square orifice depending upon their cross-sectional areas.

3. The orifices are classified as (i) Sharp-edged orifice and (if) Bell-mouthed orifice depending
upon the shape of upstream edge of the orifices.

4. The orifices are classified as (i) Free discharging orifices and (if) Drowned or sub-merged ori-
fices depending upon the nature of discharge.

The sub-merged orifices are further classified as (a) Fully sub-merged orifices and (b) Partially
sub-merged orifices.

» 7.3 FLOW THROUGH AN ORIFICE

Consider a tank fitted with a circular orifice in one of its sides as shown in Fig. 7.1. Let H be the head
of the liquid above the centre of the orifice. The liquid flowing through the orifice forms a jet of liquid
whose area of cross-section is less than that of orifice. The area of jet of fluid goes on decreasing and at
a section C-C, the area is minimum. This section is approximately at a distance of half of diameter of the
orifice. At this section, the streamlines are straight and parallel to each other and perpendicular to the

317
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plane of the orifice. This section is called Vena-contracta. z =z
Beyond this section, the jet diverges and is attracted in the f
downward direction by the gravity. z -T
= JET OF
Consider two points 1 and 2 as shown in Fig. 7.1. Point 1 is |7 H ;.CZFLU'D
inside the tank and point 2 at the vena-contracta. Let the flow is 7 £ 1 %ﬁ‘i’f L&
steady and at a constant head H. Applying Bernoulli’s equation at é 2 '« VENA-
points | and 2. Z C CONTRACTA
ﬂ+i+ 5 = Pz, £+ 2 Fig. 7.1 Tank with an orifice.
pg 28 pg 28
But Z| = Zz

Bi W P ¥

Now £ o H
Pg

by = () (atmospheric pressure)
pg

v, is very small in comparison to v, as area of tank is very large as compared to the area of the jet of
liquid.

vy = J2gH )

This is theoretical velocity. Actual velocity will be less than this value.

» 7.4 HYDRAULIC CO-EFFICIENTS

The hydraulic co-efficients are

1. Co-efficient of velocity, C,

2. Co-efficient of contraction, C,
3. Co-efficient of discharge, C,.

7.4.1 Co-efficient of Velocity (C,). It is defined as the ratio between the actual velocity of a
jet of liquid at vena-contracta and the theoretical velocity of jet. It is denoted by C, and mathemati-
cally, C, is given as

Actual velocity of jet at vena-contracta

C. =

»

Theoretical velocity

v
= ﬁ where V = actual velocity, /2gH = Theoretical velocity WO b %
8
The value of C, varies from 0.95 to 0.99 for different orifices, depending on the shape, size of the
orifice and on the head under which flow takes place. Generally the value of C, = 0.98 is taken for
sharp-edged orifices.
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7.4.2 Co-efficient of Contraction (C.). It is defined as the ratio of the area of the jet at
vena-contracta to the area of the orifice. It is denoted by C,.

Let a = area of orifice and

a, = area of jet at vena-contracta.

arca of jet at vena-contracta

Then .=

8

area of orifice

a,
_ 4 .(7.3)
a

The value of C_ varies from 0.61 to 0.69 depending on shape and size of the orifice and head of
liquid under which flow takes place. In general, the value of C. may be taken as 0.64.

7.4.3 Co-efficient of Discharge (C4). It is defined as the ratio of the actual discharge from an
orifice to the theoretical discharge from the orifice. It is denoted by C,. If O is actual discharge and @,
is the theoretical discharge then mathematically, C,is given as
_ e Actual velocity X Actual area

(¢,  Theoretical velocity x Theoretical area

d

_Actual velocity @ Actual area
Theoretical velocity  Theoretical area

C,=C,xC, (74

The value of C, varies from 0.61 to 0.65. For general purpose the value of C, is taken as 0.62.
Problem 7.1 The head of water over an orifice of diameter 40 mm is 10 m. Find the aciual dis-
charge and actual velocity of the jet at vena-contracia. Take C, = 0.6 and C, = 0.98.

Solution. Given ;

Head, H=10cm

Dia. of orifice, d =40 mm=0.04 m

; Area; a= %(.04>3= 001256 m?
C‘I - ﬁ'.'ﬁ
C,=098

() Actuall dssclharge —06
Theoretical discharge

But Theoretical discharge = V;, x Area of orifice

V,, = Theoretical velocity, where V,, = \/2gH = /2 x9.81x 10 =14 m/s

a

Theoretical discharge = 14 x 001256 = 0.01758 =
s

Actual discharge = 0.6 x Theoretical discharge
= 0.6 x .01758 = 0,01054 m’/s. Ans.

L
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G Actual velocity = C,=0098
Theoretical velocity
Actual velocity = 0.98 x Theoretical velocity
=0.98 x 14 = 13.72 m/s. Ans.
Problem 7.2 The head of water over the centre of an orifice of diameter 20 mm is I m. The actual
discharge through the orifice is 0.85 litre/s. Find the co-efficient of discharge.
Solution. Given :

Dia. of orifice, d=20 mm=0.02m

. Area, a= %(0.{}2)3 = 0.000314 m?

Head, H=1m

Actual discharge, 0 = 0.85 litre/s = 0.00085 m’/s
Theoretical velocity, V= J2gH = 2x981x1=4.429 m/s

.. Theoretical discharge, @, = V,, X Area of orifice
= 4.429 x 0.000314 = 0.00139 m?/s
Actual discharge  0.00085

= = 0.61. Ans.
Theoretical discharge  (0.00139

Co-efficient of discharge =

p 7.5 EXPERIMENTAL DETERMINATION OF HYDRAULIC CO-EFFICIENTS

7.5.1 Determination of Co-efficient of Discharge (C,). The water is allowed to flow
through an orifice fitted to a tank under a constant head, H as shown in Fig. 7.2, The water is collected
in a measuring tank for a known time, . The height of water in the measuring tank is noted down. Then
actual discharge through orifice,

_ Area of measuring tank x Height of water in measuring tank

Q=

Time (t)
and theoretical discharge = area of orifice x f2gH
.
SUPPLY
WATER B
) c
l - X —|
W SR _;_
N—*'
c |
MEASURING | ——=—== |
TANK —™

Fig.7.2 Valueof C,

Cy= 9 wif7a)

ax2¢H

=
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7.5.2 Determination of Co-efficient of Velocity (C,). Let C-C represents the vena-
contracta of a jet of water coming out from an orifice under constant head A as shown in Fig. 7.2,
Consider a liquid particle which is at vena-contracta at any time and takes the position at P along the
jetin time “f.
Let  x = horizontal distance travelled by the particle in time *f
v = vertical distance between P and C-C
V = actual velocity of jet at vena-contracta.

Then horizontal distance, x=V x1t i)
and wvertical distance, ¥ = %gr1 (1)
, . x
From equation (i), = F
Substituting this value of *#" in (i), we get
_1 & ¥
¥y 5 8 V2
V: - g.tz
2y
ve |8
2y
But theoretical velocity,
Vi = J2eH
v gx’ 1 b
. Co-efficient of velocity, C, = —=_[Z— X =
PRV TV ol \wH
o (7.6)

7.5.3 Determination of Co-efficient of Contraction (C_). The co-efficient of contraction

is determined from the equation (7.4) as
Cc.r = Cl' X C-’.'

C
C.=—4 A1)

5
Problem 7.3 A jet of water, issuing from a sharp-edged vertical orifice under a constant head of
10.0 cm, at a certain point, has the horizontal and vertical co-ordinates measured from the vena-contracta
as 20.0 em and 10.5 cm respectively. Find the value of C,. Also find the value of C, if C,= 0.60.

Solution. Given :

Head, H=10.0 cm
Horizontal distance, x=20.0cm
Vertical distance, y=10.5 cm

Ct.f = [}6
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The value of C, is given by equation (7.6) as
e F 20.0 _ 20
O JAH  (4x105%100  20.493

The value of C_is given by equation (7.7) as

. = &:D_ﬁ = 0.6147 = 0.615. Ans.
c. 0976
Problem 7.4 The head of water over an orifice of diameter 100 mm is 10 m. The water coming out
from orifice is collected in a circular tank of diameter 1.5 m. The rise of water level in this tank is
1.0 m in 25 seconds. Also the co-ordinates of a point on the jel, measured from vena-contracta are
4.3 m horizontal and 0.5 m vertical. Find the co-efficients, C,, C, and C,.
Solution. Given :

= 0.9759 = 0.976. Ans.

Head, H=10m
Dia. of orifice, d=100 mm=0.1 m

b 5
. Area of orifice, a= z.(_1]- = 0.007853 m*
Dia. of measuring tank, D=15m

1
- Area, A= E“S)Z = 1.767 m’
Rise of water, hA=1Im
Time, t =25 seconds
Horizontal distance, ¥x=43m
WVertical distance, y=05m

Now theoretical velocity, V,, = 2gH =,/2x9.81x10 = 14.0 m/s
Theoretical discharge, 0, = V,, X Area of orifice = 14.0 x 0.007854 = 0.1099 m/s
_Axh _1767x10

Actual discharge, Q = 0.07068
t 25
Q 007068
Cj=——= = 0.643. Ans.
17, 01099 -
The value of C,, is given by equation (7.6) as
G E e T e S 006 A
VAyH  ([4x05x10 4472
643
C. is given by equation (7.7) as C, = &= 9643 = 0.669. Ans,
C, 096

Problem 7.5 Water discharge at the rate of 98.2 litres/s through a 120 mm diameter vertical
sharp-edged orifice placed under a constant head of 10 metres. A point, on the jet, measured from the
vena-contracta of the jet has co-ordinates 4.5 metres horizontal and 0.54 metres vertical. Find the
co-efficient C,, C. and C, of the orifice.

=
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Solution. Given :

Discharge, @ =98.2 lit/s = 0.0982 m’/s
Dia. of orifice, d=120mm=0.12 m

». Area of orifice, a= g(n.lz)2 = 0.01131 m?
Head. H=10m

Horizontal distance of a point on the jet from vena-contracta, x = 4.5 m
and vertical distance, y = 0.54 m

Now theoretical velocity, V,, = J2gx H = 2x981x10 = 14.0 m/s

Theoretical discharge, Q= Vi % Area of orifice
=14.0 x 0.01131 = 0.1583 m*/s
Actual discharge @  0.0982

= 0.62. Ans.

The value of C, is given by, C,=

Theoretical discharge N Q—m 0.1583
The value of C_1is given by equation (7.6),
X 4.5
C, = =
JAVH 4 x0.54 x10
The value of C, is given by equation (7.7) as
C= G, 003 0.64. Ans.
C, 0968
Problem 7.6 A 25 mm diameter nozzle discharges 0.76 m” of water per minute when the head is
60 m. The diameter of the jet is 22.5 mm. Determine : (i) the values of co-efficients C,, C, and C,; and
(ii) the loss of head due to fluid resistance.
Solution. Given :

= 0.968. Ans.

Dia. of nozzle, D=25mm=0.025m
Actual discharge, Q.. = 0.76 m*/minute = &7 =0.01267 m*/s
Head, H=60m N'::/ZZLE JET OF
Dia. of jet, d =225 mm = 0.0225 m. ( ’-“\\_\j J/ WATER
(i) Values of co-efficients : ; .
Co-efficient of contraction (C ) is given by, ;--—"/—;—J
o= Area of jet
* Area of nozzle e JEL
Ll .
o ORT il
n p: D 0.025°
4

Co-cfficient of discharge (C,) is given by,
_Actual discharge
Theoretical discharge

d

=
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B 0.01267
Theoretical velocity x Area of nozzle

001267 0.01267

J2gH x E D> 2x9.81x60 x % (0.025)

= 0.752. Ans.
Co-efficient of velocity (C,) is given by,
_Gi_ 0732
6. 0sl
(if) Loss of head due to fluid resistance :
Applying Bernoulli’s equation at the outlet of nozzle and to the jet of water, we get

= (L928. Ans.

a2

ﬂ+i+z, = Pz + VE +Z, + Loss of head
pg 28 pg 28
But s B W Almos ic
= = spheric pressure head
(MY Ps

+ Loss of head

(V2sH)  (C.28H)
2% 2
or H = C] x H + Loss of head

. Loss of head =H-C:xH=H1-C)

= 60(1 — 0.928%) = 60 x 0.1388 = 8.328 m. Ans.

Problem 7.7 A pipe, 100 mm in diameter, has a nozzle attached to it at the discharge end, the
diameter of the nozzle is 50 mm. The rate of discharge of water through the nozzle is 20 litres/s and the
pressure at the base of the nozzle is 5.886 Nfem®. Calculate the co-efficient of discharge. Assume that
the base of the nozzle and outlet of the nozzle are at the same elevation.

Solution. Given :

Dia. of pipe, D=100mm=0.1 m
= @ NOZZLE
A, = E(.lf = .007854 m”
Dia. of nozzle, d=50 mm=0.05m

A,= {{- (.05)% = 001963 m?

BASE OF NOZZLE
Actual discharge, Q = 20 lit/s = 0.02 m%s b, = 5.886 Nicm’

N Fig. 7.4
Pressure at the base, py = 5.886 N/cm? = 5.886 x 10* —
e

From continuity equation, AV, = A,V,
or 007854 V| = .001963 V,
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_ 001963V, _ V,
LT 007854 4

where V, and V, are theoretical velocity at sections (1) and (2).

Applying Bernoulli’s equation at sections (1) and (2), we get

B +£+zl P2, +2,
Pg 28 pg 28
But L=
Py, Vi — P2 v,
Pg 28 pg 2
&)
5886 x10° | 4 V.’
4] 856510 + 3 =0+ = 22 Atmospheric pressure =0
1000 x 9.81 2g 2g pg
6.0 + -G e,
2ex16  2g
or l’5—[1—_'-} =60 ot 2 [-'3] = 6.0
2g 16 28 116

V, = Jﬁ.DxQXQ.S]x:—g = 11.205 m/sec

. Theoretical discharge =V, x A, = 11.205 % .001963 = 0.022 m*/s

C,= Actual discharge _ 0.02 — 0.909. Ans.

" Theoretical discharge © 0,022

Problem 7.8 A tank has two identical orifices on one of its vertical sides. The upper orifice is 3 m
below the water surface and lower one is 5 m below the water suiface. If the value of C, for each
orifice is 0.96, find the point of intersection of the two jets.

Solution. Given :

Height of water from orifice (1), #, =3 m

From orifice (2), H,=5m

C,, for both = 0.96

Let P is the point of intersection of the two jets coming

from orifices (1) and (2), such that

e &3

x = horizontal distance of P
¥, = vertical distance of P from orifice (1) Fig. 1.5
¥, = vertical distance of P from orifice (2)
Then Y1=y+05-3N=y,+2m
The value of C, is given by equation (7.6) as

=
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X x
For orifice (1), C, = = ()
| Ay H 4y, x30

x X
For orifice (2), C..= = —_ v (IT)
P A H,  J4xy, x50

As both the orifices are identical

C"l B C'z
X X
= Jar w30 fan 8 O N=

But yi=y,+ 2.0
3y, + 2.0) = 5y,
2y, =6.0
v, =3.0

From (if), C
x

or 096 = ———o-—
J4x3.0x5.0
x=0.96 X J4x3.0x%50 = 7.436 m. Ans.

Problem 7.9 A closed vessel can!ams water upto a height of 1.5 m and over the water surface there
is air having pressure 7.848 Niem?® (0.8 kgffem”) abave atmospheric pressure. At the bottom of the
vessel there is an orifice of diameter 100 mm. Find the rate of flow of water from orifice. Take

C, = 0.6.

L

Solution. Given :

AIR

Dia. of orifice, d = 100mm= 0.1 m 2
C,=06 p = 7.848 Nicm

Height of water, H=1.5m i P

Air pressure, p =7.848 N/em? = 7.848 % 10* N/m* et T

Applying Bernoulli’s equation at sections (1) (water surface) and I

(2), we get H=15m
2 3 Vq:
pg 2 pg  2g \ 1y X
Taking datum line passing through (2) which is very close to the \F@
bottom surface of the tank. Thenz,=0,z,=1.5m Fig. 7.6
Also L R 0 (atmospheric pressure)
(314
p 848 % 10*
and s M = & m of water
PE 1000 x9.81
V2
8+0+15=0+ 21 +0 [V, is negligible}
g
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V, = /2x981x95 = 13.652 mfs

Rate of flow of water = C % a, x V,

= 0.6 X % (.1)% x 13.652 m%/s = 0.0643 m*/s. Ans.

Problem 7.10 A closed tank partially filled with water upto a height of 0.9 m having an orifice of
diameter 15 mm at the bottom of the tank. The air is pumped into the upper part of the tank. Determine
the pressure required for a discharge of 1.5 litres/s through the orifice. Take C,; = 0.62.

Solution. Given :

Height of water above orifice, H = (0.9 m

Dia. of orifice, d=15mm=0.015m
= Koy a==[d*] = = (0157 = 0.0001767 m’
4 4
Discharge, 0 = 1.5 litres/s = .0015 m’/s
C,=0.62

Let p is intensity of pressure required above water surface in N/em?®,

x10* 1
Then pressure head of air= 2 __F =108

pg 1000x981 9.81
If V, is the velocity at outlet of orifice, then

V, = 2g[H+i) - \’2x9.8](0.9+10—p]
2 pg 9.81

Discharge Q=C, xax \J2g(H+ plpg)

m of water.

0015 = 0.6 x .0001767 x 2% 9.81(0.9+ p/ pg)

2x9481(u.9+ m"] = 0015 = 14.148
981) 06x.0001767
. 10p

10p 14148 X14.148 .o _ 16202 -0.9 =9.302

981  2x981
i M = 9.125 N/em?. Ans.

p 7.6 FLOW THROUGH LARGE ORIFICES

If the head of liquid is less than 5 times the depth of the orifice, the orifice is called large orifice. In
case of small orifice, the velocity in the entire cross-section of the jet is considered to be constant and

discharge can be calculated by Q = C; x a x /2gh. But in case of a large orifice, the velocity is not

constant over the entire cross-section of the jet and hence (2 cannot be calculated by 0 = C, x a % 2gh.

L
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7.6.1 Discharge Through Large Rectangular Orifice. Consider a large rectangular orifice
in one side of the tank discharging freely into atmosphere under a constant head, H as shown in
Fig. 7.7.
Let H, = height of liquid above top edge of orifice
H, = height of liquid above botiom edge of orifice
b = breadth of orifice
d = depth of orifice = H, — H,
C, = co-efficient of discharge.
Consider an elementary horizontal strip of depth ‘dii” at a depth of */i" below the free surface of the
liquid in the tank as shown in Fig. 7.7 (b).

X
ESTEHEE f
_|-| H;:Lﬁ | _r:|+b—-:
J_}}.“SE._ fE%dh
A # [}
2 (b)
e e

Fig. 7.7 Large rectangular orifice.

Area of strip = b x dh

and theoretical velocity of water through strip = 2gh.

Discharge through elementary strip is given
d) = C, x Area of strip x Velocity

=C,xbxdhx\2gh = C b x ,[2gh dh
By integrating the above equation between the limits H, and H,, the total discharge through the
whole orifice is obtained

H,
Q=j *C, x bx 2gh dh
H|

H. PRl

=Cyxbx ”{E.Lr, Jhadh = C, xbxm{yz]”

1
_2 T

= 3Ca xb V2g [ - 1] (7.8)

Problem 7.11  Find the discharge through a rectangular orifice 2.0 m wide and 1.5 m deep fitted to
a water tank. The water level in the tank is 3.0 m above the top edge of the orifice. Take C,; = 0.62.
Solution. Given :

Width of orifice, H=2.0m
Depth of orifice, d=15m
Height of water above top edge of the orifice, H, =3 m
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Height of water above bottom edge of the orifice,
H,=H +d=3+15=45m
C,=0.62

Discharge ( is given by equation (7.8) as

Q=%Cd x b x |28 [Hy" - H)

% x 0.62 x 2.0 x 2+ 981 [4.5"° - 3" m*s

3.66[9.545 — 5.196] m’/s = 15.917 m’/s. Ans.

Problem 7.12 A rectangular orifice, 1.5 m wide and 1.0 m deep is discharging water from a tank.
If the water level in the tank is 3.0 m above the top edge of the orifice, find the discharge through the
orifice. Take the co-efficient of discharging for the orifice = 0.6,

Solution. Given :

Width of orifice, b=15m

Depth of orifice, d=1.0m
H,=30m
Hy=H+d=30+10=40m
C,=086

Discharge, ( is given by the equation (7.8) as

Q=2 % C,xbx {35 1H3* - H")

= % x0.6%1.5% /2+981[4.0"°-3.0"°m’s

=2.657 [8.0 - 5.196] m¥/s = 7.45 m*/s. Ans.

Problem 7.13 A rectangular orifice 0.9 m wide and 1.2 m deep is discharging water from a vessel.
The top edge of the orifice is 0.6 m below the water surface in the vessel. Calculate the discharge
through the orifice if C; = 0.6 and percentage error if the orifice is treated as a small orifice.

Solution. Given :

Width of orifice, b=09m

Depth of orifice, d=1.2m
H,=0.6m
Hy=H,+d=0.6+12=18m
C,=086

312

2 5
Discharge () is given as Q= 3 X Cyx bx |28 X [Hf‘f‘ - H

- % % 0.6 % 2.9 % J2x981 [1.8** - 0.6"*] m*s

= 1.5946 [2.4149 - .4647] = 3.1097 m*/s. Ans.
Discharging for a small orifice
O, =C,xax,2gh
d 1.2

whcrch:H|+E=0.6+T =l2manda=5b6xd=09x1.2

=
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Q=06 x.9%1.2x,/2x981x12 =3.1442 m’fs

Q0 -0 31442 -31097
Q 31097

% error = =0.01109 or 1.109%. Ans.

» 7.7 DISCHARGE THROUGH FULLY 5UB-MERGED ORIFICE

Fully sub-merged orifice is one which has its whole of the outlet
side sub-merged under liquid so that it discharges a jet of liquid into the
liquid of the same kind. It is also called totally drowned orifice. Fig. 7.8
shows the fully sub-merged orifice. Consider two points (1) and (2),
point | being in the reservoir on the upstream side of the orifice and
point 2 being at the vena-contracta as shown in Fig. 7.8.

Let H, = Height of water above the top of the orifice on

the upstream side,
H, = Height of water above the bottom of the orifice,
H = Difference in water level,
b = Width of orifice,
C,; = Co-efficient of discharge.
Height of water above the centre of orifice on upstream side

H,-H, H, +H,

ARV RERYRNY

o i
o
5

frs 8

Fig. 7.8 Fully sub-merged orifice.

=H, + —= = £ o |
I 5 5 (1)
Height of water above the centre of orifice on downstream side
H +H,
= IT - H we(2)

Applying Bernoulli’s equation at (1) and (2), we get
n W Y &
pg 28 pg 28

P H +H, P H +H,

Zy :Z‘]]

Now . = ——= ~ Hand V), is negligible
Pg 2 pg 2
H|+H2 +G=M_H+V_ﬂf
2g
v, —H
28
Area of orifice =bx(H,— H))

Discharge through orifice = C, % Area % Velocity
=Cyx b (H,— H)x \[2gH
Q=C,xb(H,-— H)x \2gH . (7.9

L
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Problem 7.14 Find the discharge through a fully sub-merged orifice of width 2 m if the difference
of water levels en both sides of the orifice be 50 cm. The height of water from top and bottom of the
orifice are 2.5 m and 2.75 m respectively. Take C; = 0.6.

Solution. Given :

Width of orifice, b=2m
Difference of water level, H=50cm=05m
Height of water from top of orifice, Hi=25m
Height of water from bottom of orifice, H,=2.5m
C,=0.6
Discharge through fully sub-merged orifice is given by equation (7.9)
or Q=Cyxbx(Hy-H)x 2gH

= 0.6 X 2.0 X (2.75 - 2.5) X \[2x9.81x0.5 m’/s

= 0.9396 m'/s. Ans.
Problem 7.15 Find the discharge through a totally drowned orifice 2.0 m wide and I m deep, if the
difference of water levels on both the sides of the orifice be 3 m. Take C; = 0.62.
Solution. Given :

Width of orifice, hb=20m

Depth of orifice, d=1m.

Difference of water level on both the sides
H=3m
C,=0.62

Discharge through orifice is Q0 = C; X Area x ,/2gH

=0.62x b xdx 2gH
=0.62 x2.0x 1.0 X \/2x9.81x3 m’/s = 9.513 m"/s. Ans.

p 7.8 DISCHARGE THROUGH PARTIALLY SUB-MERGED ORIFICE

Partially sub-merged orifice is one which has its outlet side
partially sub-merged under liquid as shown in Fig. 7.9. It is also
known as partially drowned orifice. Thus the partially
sub-merged orifice has two portions. The upper portion behaves
as an orifice discharging free while the lower portion behaves as
a sub-merged orifice. Only a large orifice can behave as a
partially sub-merged orifice. The total discharge ¢ through
partially sub-merged orifice is equal to the discharges through
free and the sub-merged portions.

AR RLR AR

o

AR LAR AL AAARA AR ARAA Y]

kY

TITIE A A0

. 7.9 Partially sub-merged
Discharge through the sub-merged portion is given by orifice.
equation (7.9)

=
o5

1 = Cy X b x(Hy - H) X J2gH

=
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Discharge through the free portion is given by equation (7.8) as

0, = % C, xbx J2g [H,” - H"]

Total discharge 0=0,+0,
=Cyxbx(Hy,- H)x \[2gH
2
+5 Caxbx 2z (5 - ). ..(1.10)
Problem 7.16 A rectangular orifice of 2 m width and 1.2 m deep is fitted in one side of a large
tank. The water level on one side of the orifice is 3 m above the top edge of the orifice, while on the

other side of the orifice, the water level is 0.5 m below its top edge. Calculate the discharge through
the orifice if C; = 0.64.

Solution. Given : Width of orifice, h = 2 m

Depth of orifice, d = 1.2 m

Height of water from top edge of orifice, H, =3 m

Difference of water level on both sides, H=3+0.5=35m

Height of water from the bottom edge of orifice, ;= H, + d=3+ 1.2=42m
The orifice is partially sub-merged. The discharge through sub-merged portion,

Q,=C,xbx(H,— Hyx \2gH

=0.64 x2.0 x (4.2 - 3.5) X 42X 9.81x 3.5 = 7.4249 m’/s
The discharge through free portion is

0,= % 4 X bx 2g [H? - H?]

2
= g % 0.64 x2.0x% 2 %981 [3‘53.’1 _ 3.03311

= 3.779 [6.5479 — 5.1961] = 5.108 m’/s
Total discharge through the orifice is

Q =0, + 0, =74249 + 5.108 = 12.5329 m%/s. Ans.

» 7.9 TIME OF EMPTYING A TANK THROUGH AN ORIFICE AT ITS BOTTOM

Consider a tank containing some liquid upto a height of H,. Let an orifice is fitted at the bottom of
the tank. It is required to find the time for the liquid surface to fall from the height H, to a height H,.

Let A = Area of the tank g, 7
a = Area of the orifice é :
f, = Initial height of the liquid I é
H, = Final height of the liquid T }dré'-'-'__'__-'_'-_':_'-:':-_ H,
T = Time in seconds for the liquid to fall from H, 10 H,. é """" w3
Let at any time, the height of liquid from orifice is /i and let the é H,
liquid surface fall by a small height di in time dT. Then l g 'lr
Volume of liquid leaving the tank in time, d7 = A x dh =ty *‘:OR!;I; -

Also the theoretical velocity through orifice, V = 2gh Fig. 7.9. (a)

=
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Discharge through orifice/sec.
dQ = C, x Area of orifice x Theoretical velocity = C,;. a . .J'Zg—h
Discharge through orifice in time interval
dT=C,.a.J2gh .dT
As the volume of liquid leaving the tank is equal to the volume of liquid flowing through orifice in
time 4T, we have

A(=dh)y=Cy.a. 4 2gh .dT

- ve sign is inserted because with the increase of time. head on orifice decreases.

~Adh=C,.a.2gh .dT ordT = e
C,.a.\2gh C,.a.2g

By integrating the above equation between the limits H| and H,, the total time, T is obtained as
=AW dh -A

172

dh

T My i
.I.u = " C, .n.mch.a.m-{ﬂ. R
A 2 iy
or A h 2 ___ =k i
Cras|-To| T e | ]
| HI

- ﬁ[ﬁ_ﬁ] = Zdif;é,_:_!] (7.11)

For emptying the tank completely, H, = () and hence

24 JA,

=l T
C,.a JE
Problem 7.17 A circular tank of diameter 4 m contains water upto a height of 5 m. The tank is
provided with an orifice of diameter 0.5 m at the bottom. Find the time taken by water (i) to fall from
5 m to 2 m (ii) for completely emptying the tank. Take C; = 0.6.
Solution. Given :

Dia. of tank, D=4m

s Area, A= E (4)° = 12.566 m*
Dia. of orifice, d=0.5m

.. Area, = E (.5’ =0.1963 m*
Initial height of water, Hi=5m

Final height of water, (i) H,=2m (i) H,=10

First Case. When H,=2m

Using equation (7.11), we have T = ﬁ[ﬁ— \/H_E]

L
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2 x12.566 [ R #_10] seconds

0.6 %.1963 % /2 x 9.81

20653

= = 39.58 seconds. Ans.
05217

Second Case. When H, = 0

2 x12.566 % /5

24 s
T= —_— H =
C,.a.2¢ V"  06x.1963x,2x981

= 107.7 seconds. Ans.

Problem 7.18 A circular tank of diameter 1.25 m contains water upto a height of 5 m. An orifice of
50 mm diameter is provided at its bottom. If C; = 0.62, find the height of water above the orifice after
1.5 minutes.

Solution. Given :

Dia. of tank, D=125m

T ] 1
- Area, A= E(l.lﬁ)' =1.227 m~
Dia. of orifice, d=50mm=.05m

T[ bl 2
o Area, a= :1- (.05)" = .001963 m~

Cr.f = 062

Initial height of water, H =53m
Time in seconds, T = 1.5 % 6() = 90) seconds

Let the height of water after 90 seconds = H,

2 [T - 7]

Using equation (7.11), we have T =
R * C,.a.2g

2x1.227(V5 - JH, |
"~ 0.62 % 0.001963 X /2 x 9.81

or

= 455.215 [2.236 - |[H, |

JH; =2.236 - ) =236 -0.1977 = 2.0383
- 455.215

H,=2.0383 x 2.0383 = 4,154 m. Ans.

L
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b 7.10 TIME OF EMPTYING A HEMISPHERICAL TANK

Consider a hemispherical tank of radius R fitted with an orifice
of area *a” at its bottom as shown in Fig. 7.10. The tank contains
some liguid whose initial height is A, and in time 7', the height of
liquid falls to H,. It is required to find the time 7.

Let at any instant of time, the head of liquid over the orifice is
fr and at this instant let x be the radius of the liquid surface. Then

Area of liquid surface, A = mx’
and theoretical velocity of liguid = JZg_I: Fig. 7.10 Hemispberical tank.

Let the liquid level falls down by an amount of df in time dT.

Volume of liquid leaving tank in time dT = A x dh

=’ % dh (1)
Also volume of liquid flowing through orifice

= C, x area of orifice x velocity = C,.a. ,2gh second
Volume of liquid flowing through orifice in time 47T
= Cpa. 2gh xdT (i)
From equations (i) and (if), we get
mw’ (- dh) = Cpa. \[2gh . dT

—ve sign is introduced, because with the increase of T, i will decrease

- nx dh = Cpa. \[2gh . dT .. (i)
But from Fig. 7.10, for AOCD, we have OC = R
DO=R-h

CD = x = JOC* = 0D* = JR* =(R-h)’
=R~ (R-hY=R—(R*+h* - 2Rh) = 2Rh - I’
Substituting < in equation (ifi}), we get

— W2Rh — h)dh = Cya. \f2gh . dT

~TC (2Rh—h3}dfz )

-T
C,.a.\2gh - Ci,.a.,ﬁ_g

=— " (2RK" - ¥)dn

Ce-f‘a"\fzvrgv

The total time T required to bring the liquid level from H, to H, is obtained by integrating the above
equation between the limits A, and H.,.

or drl =

(2RR=h*) 0" dh

(2RA"® — B**)dh

T's r’m—m_“
of Ct.f 'a"\fz_g

(2RR'? — h*ydh

_ - H
B C;: . ‘\!{?'_g '[H'

=
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~ - 2Rh”3+l B3 41 H,
C, xaxy2g L §+]
L 2 2 H,

o H,
=% ZXER.&M—Ehm}
C,xax2g L 3 5 i,

—I A 3/2 32 2 5/ 512
o e G L |

n E 2 32\ _ 2 (502 502 }
=— | —R|H;"—-H; " |——|H,"" — H; «[7:13)
C(,Xa)(l'l?g_3 ( ! 2 ) 5( I 2 ]
For completely emptying the tank, H, = 0 and hence
T= LFRH,“” —EHf”]. . (7.14)
Cy.a.42g L3 5

Problem 7.19 A hemispherical tank of diameter 4 m contains water upto a height of 1.5 m. An
orifice of diameter 50 mm is provided at the bottom. Find the time required by water (i) to fall from
1.5 m to 1.0 m (ii) for completely emptving the tank. Tank C,; = 0.6,

Solution. Given :

Dia. of hemispherical tank, =4 m

. Radius, R=20m
Dia. of orifice, d =350 mm=0.05m
- Area, a= ;(.05)2 = 0.001963 m?
Initial height of water, H=15m
Cr.r = 0'6

First Case. H,= 1.0
Time T is given by equation (7.13)

_ (i 4 32 g2 _ 2 (p5i2 _ gyse
T'c,,xﬂx@[?;R(H‘ H") S[H' : )}
- ks X [i x20(15%* -1.0?) - 2 (157 - |.05”)]
0.6x.001963x,2x9.81 " |3 5

= 602.189 [2.2323 - (.7022] = 921.4 second
= 15 min 21.4 sec. Ans.

Second Case, H, = 0 and hence time T is given by equation (7.14)

e n 4 32 2 5}"!]
T's—————RH""-=—H"
c, @{3 g
— I [ixz-t}xl.s}f’.’ _Exl.55F2:|
0.6 x.001963 \/2 x 9.81| 3 5

L
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= 602.189 [4.8989 — 1.1022] sec = 2286.33 sec
= 38 min 6.33 sec. Ans.
Problem 7.20 A hemispherical cistern of 6 m radius is full of water. It is fitted with a 75 mm
diameter sharp edged orifice at the bottom. Calculate the time required to lower the level in the cistern
by 2 metres. Assume co-efficient of discharge for the orifice is 0.6.
Solution. Given :
Radius of hemispherical cistern, R = 6 m

Initial height of water, H =6m
Dia. of orifice, d=T5mm=0.075m
- Area, a= %[.(}?5}3 = 004418 m’
Fall of height of water =2m
Final height of water, H,=6-2=4m

Cl’.f — [}6

The time T is given by equation (7.31)
I - 12 32 2 512 52
T'=— | —R|H - H ——(H""—H
CdxaxJZgL (#, ") 5( ‘ ")
Tt

" 06 % 004418 x 2 x9.81
x i % 6 [6.[}3”3 _ 4_0342) . E [fLO 512 4_05;:]
3 5

= 267.56 [8(14.6969 — 8.0) — 0.4 (88.18 — 32.00]
= 267.56 [53.575 — 22.472] sec
= 8321.9 sec = 2hrs 18 min 42 sec. Ans.
Problem 7.21 A cylindrical tank is having a hemispherical base. The height of cyvlindrical portion

is 5 m and diameter is 4 m. At the bottom of this tank an orifice of diameter 200 mm is fitted. Find the
time required to completely emptying the tank. Take C,; = 0.0. sl

Solution. Given : : _-_-_'-_-__'__'-_-__'-:-_-__-'_:-_--'_ ]
Height of cylindrical portion (1I) = 5 m e
Dia. of tank =4.0m . = [
- Arca, A= E (4)* = 12.566 m* “ 7
-+ 4.0m
Dia. of orifice, d=200 mm=0.2m R
?
n 2 _ 2
Area, a= i (.2)"=0.0314 m " 1
C,=06 i

OF-‘HF!CE’}
Fig. 7.11
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The tank is splitted in two portions. First portion is a hemispherical tank and second portion is
cylindrical tank.
Let T, = time for emptying hemispherical portion [.
T, = time for emptying cylindrical portion II.
Then total time T=T, + T,.
For Portion I. H; = 2.0 m, H, = 0. Then T, is given by equation (7.14) as

T, = 4RH1’M-£H5Q
C, xax1|l' 5
L 4x20xﬂﬁ~-3x2£“
T 06x.0314x [2x981 | 3 5

= 37.646 [7.5424 — 2.262] sec = 198.78 sec.

For Portion IL. H, = 2.0 + 5.0 = 7.0 m. H, = 2.0. Then T, is given by equation (7.11) as
24[H, - JH, 2><12556[J_ V20|

To= C,xax 2g  0.6x.0314x,2x981

., Total time, T=T,+T,=198.78 + 370.92 = 569.7 sec
= 9 min 29 sec. Ans.

sec = 370.92 sec

» 7.11 TIME OF EMPTYING A CIRCULAR HORIZONTAL TANK

Consider a circular horizontal tank of length L and radius R, containing liquid upto a height of H .
Let an orifice of area ‘a’ is fitted at the bottom of the tank. Then the time required to bring the liquid
level from M| to H, is obtained as :

Let at any time, the height of liquid over orifice is */i" and in time d7T, let the height falls by an height
of “di’. Let at this time, the width of liquid surface = AC as shown in Fig. 7.12.

Surface area of liquid = L x AC
But AC=2><AB=2[,,/A01 —OBI] = 2[,,’;::3 —(R—h}l}

=2, [R? ~ (R? + b* — 2Rh) = 22Rh — 1
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Surface area. A=Lx Z\HZRh—hz

Volume of liquid leaving tank in time 7T

=Axdh=2L \fZRh-hg x dh (i)

Also the volume of liquid flowing through orifice in time dT
= C,x Area of orifice x Velocity x dT

But the velocity of liquid at the time considered = /2gh
Volume of liquid flowing through orifice in time dT
= CyxaXx .f2gh xdT (1)
Equating (i) and (i), we get
2L \2Rh— 1 X (= dh) = C, % a x [2ghxdT
— ve sign is introduced as with the increase of T, the height i decreases,

2L 2RR=KPdh 2L @R=T) db
T Cyxaxqf2gh T C,xax.2g

[Taking Jﬁcommon]

o, —2L(2R-h)" dh

Total time, T =
H C:I Xax 4 2’8

k- JH’[ZR .‘]mdh
C, xax2g In, ’

i,
B IR — )2
_ 2L | R=1™
Cy xax@ l+l
2 H,
H,
= —= —xZx[er-n"]"
Cy X ax@ 3 .
4L 342 2
=——|(2R-H, -{2R-H ik 7.18)
3C‘,xaxﬂ{( :) ( ) ]
For completely emptying the tank, H, = 0 and hence
T= L[{m)m (2R H,)m]‘ (7.16)

3IC, Xxax,/2g

Problem 7.22 An orifice of diameter 100 mm is fitted at the bottom of a boiler drum of length
5 m and of diameter 2 m. The drum is horizontal and half full of water. Find the time required to
empty the bailer, given the value of C,; = 0.6.

=
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Solution. Given :

Dia. of orifice, d =100 mm = 0.1 m
Area, a= E (.1)* = 007854 m’
Length, L=5m
Dia. of drum, D=2m
Radius, R=1m
Initial height of water, Hi=1m
Final height of water, H,=0
CH’ - 0.{]
For completely emptying the tank, T is given by equation (7.16)
4L 32 32
T= (2RY"* = (2R - H)'*
IxC, xax,2g L : U
4 x35.0

(19570  paa 1o 5538 G | |

~ 3%.06%.007854 x 2 X 0.81

=319.39 [2.8284 — 1.0] = 583.98 sec = 9 min 44 sec. Ans.
Problem 7.23 An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 8 m
and of diameter 3 metres. The drum is horizontal and contains water upto a height of 2.4 m. Find the
time required to empty the boiler. Take C; = 0.6,
Solution. Given :
Dia. of orifice, d=150mm=0.15m

Area, a= g{.lﬁ}l = 0.01767 m*

Length, L=80m

Dia. of boiler, D=30m

. Radius, R=15m

Initial height of water, H =24m

Find height of water, Hy=0

C,=06.
For completely emptying the tank, T is given by equation (7.16) as
T= ﬁ[(zmm - (2R - H1)3f‘.’]

= 4 % 8.0

Ix.6x.01767 x 2 x9.81
=227.14 [5.196 — 0.4647] = 1074.66 sec
= 17 min 54.66 sec. Ans.

[(2x 1.5 -(2x%x1.5-247

L
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b 7.12 CLASSIFICATION OF MOUTHPIECES

1. The mouthpieces are classified as (i) External mouthpiece or (ii) Internal mouthpiece depend-
ing upon their position with respect to the tank or vessel to which they are fitted.

2. The mouthpiece are classified as (i) Cylindrical mouthpiece or (if) Convergent mouthpiece or
(ii7) Convergent-divergent mouthpiece depending upon their shapes.

3. The mouthpieces are classified as (/) Mouthpieces running full or (if) Mouthpieces running free,
depending upon the nature of discharge at the outlet of the mouthpiece. This classification is only for
internal mouthpieces which are known Borda’s or Re-entrant mouthpieces. A mouthpiece is said to be
running free if the jet of liquid after contraction does not touch the sides of the mouthpiece. But if the
jet after contraction expands and fills the whole mouthpiece it is known as running full.

p 7.13 FLOW THROUGH AN EXTERNAL CYLINDRICAL MOUTHPIECE

A mouthpiece is a short length of a pipe which is two or three ; j
times its diameter in length. If this pipe is fitted externally to the EE====4 =77
orifice, the mouthpiece is called external cylindrical mouthpiece and £ —'j—" Z
the discharge through orifice increases. z H dc @

Consider a tank having an external cylindrical mouthpiece of £ l 7
cross-sectional area o, attached to one of its sides as shown in 2 =—>
Fig. 7.13. The jet of liquid entering the mouthpiece contracts o form Ve Yi
a vena-contracta at a section C-C. Beyond this section, the jet again 54  #C

ST FTITTLITEIIS

expands and fill the mouthpicce completely.
Let  H = Height of liquid above the centre of mouthpiece
v, = Velocity of liquid at C-C section
a,. = Area of flow at vena-contracta
v, = Velocity of liquid at outlet
a, = Area of mouthpiece at outlet
C_ = Co-efficient of contraction.
Applying continuity equation at C-C and (1)-(1), we get

Fig. 7.13 External cylindrical
mouthpieces.

ﬂt. X V‘. = ﬂll-’l
N . L SRR
¢ Ta. T aja
a, e . .
But — = C, = Co-efficient of contraction
a
1}

Taking C, = 0.62, we get 2% = 0.62
a

V|
V.=
0.62
The jet of liquid from section C-C suddenly enlarges at section (1)-(1). Due to sudden enlargement,
2
(v:' =¥ )

2g

there will be a loss of head, &, which is given as i, =

*  Please refer Art. 11.4.1 for loss of head due to sudden enlargement.
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v z

( 2 v') :1 2 2
o hence h, = \62 ) v |: 1 —l} _ 0375y
002 2g 2¢ [ 062 E

Applying Bernoulli’s equation to point A and (1)-(1)

But v, =

fﬁ-+-1iﬂ-+zA =-"2'-+£l-+zl+hL
pg 2g pg 2g

where z,=2z,,v, is negligible,

B atmospheric pressure = ()
P8
2 v2
H+0=0+-1+ 3751
2g 2g
v
H=1375—
28

2gH
= ,|—— = 0.855 2gH
" =137 A

Theoretical velocity of liquid at outlet is v, = (2gH
Co-efficient of velocity for mouthpiece

_ Actual velocity  0.855,/2gH e
" Theoretical velocity 2¢H S

C. for mouthpiece = | as the area of jet of liquid at outlet is equal to the area of mouthpiece at outlet.

Thus C,=C.xC,=1.0x.855 = 0.855

Thus the value of C,; for mouthpiece is more than the value of C, for orifice, and so discharge
through mouthpiece will be more.
Problem 7.24 Find the discharge from a 100 mm diameter external mouthpiece, fitted to a side of
a large vessel if the head over the mouthpiece is 4 metres.

Solution. Given :

Dia. of mouthpiece = 100 m = 0.1 m

. Area, a= g:-{{l.l]2 = 0.007854 m*
Head, H=40m
C, for mouthpicce = ().855

C, % Area x Velocity = (1.855 x a x4/2gH

855 x .007854 x 2% 9.81x4.0 = .05948 m*/s. Ans.
Problem 7.25 An external cvlindrical mouthpiece of diameter 150 min is discharging water under a
constant head of 6 m. Determine the discharge and absolute pressure head of water at vena-contracia.
Take C,; = 0.855 and C,. for vena-coniracta = 0.62. Atmospheric pressure head = 10.3 m of water.

- Discharge

I
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Solution. Given :

Dia. of mouthpiece, d=150mm=10.15cm

.. Area, a= E(.IS)2 = 0.01767 m*
Head, H=60m
C, = 0.855

C_ at vena-contracta = .62
Atmospheric pressure head, H, = 10.3 m

=Cyxax J2gH
= .855 % .01767 X /2 X 9.81 X 6.0 = 0.1639 m’/s. Ans.

Pressure Head at Vena-contracta

. Discharge

Applying Bernoulli’s equation at A and C-C, we get
2 _|
Pajayg=leyioy, : %
pg 28 ps 23 g
H
cC @
But Pr o H 4 H v =0, l |
Pg - 5 slies
=3 i | |l
AT R
2 2 |c @
H+H+0=F —2-”-—=H(.+—12-‘i-
P8 & 8 Fig. 7.14
Ho=H +H-
2g
But v, = !
0.62
2 2
H=H +H- (—‘} Xx—=H, el 12
.6 g 2g  (62)
But H= 1375 o
2z
o8 _onnw
2g 1375
H =H,+H-.7212 Hx ! 5
(.62)
=H,+H-18H=H,- 8% H
= 10.3 - .89 x 6.0 {~ H,=103 and H = 6.0}

= 10.3 - 53.34 = 496 m (Absolute). Ans.

=
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p 7.14 FLOW THROUGH A CONVERGENT-DIVERGENT MOUTHPIECE

If a mouthpiece converges upto vena-contracta and then diverges as shown in Fig. 7.15 then that
type of mouthpiece is called Convergent-Divergent Mouthpiece. As in this mouthpiece there is no
sudden enlargement of the jet, the loss of energy due to sudden enlargement is eliminated. The co-
efficient of discharge for this mouthpiece is unity. Let H is the head of liquid over the mouthpiece.

Applying Bernoulli’s equation to the free surface of water in tank and section C-C, we have

2 2

Lo ¥ g By Ko,
P 2g pg  2g
Taking datum passing through the centre of orifice, we get
£=mmﬂu=a&¢gdﬁo'f;;$:'
Pg pg SR
H
V; " C {D
H,+0+H=H,+~-~+0 i) l N
Zg —_— | — -
2 B a, @‘H
" —H,+H-H, () c’e
2g
or ¥ e JEg[H +H-H,) Fig. 7.15 Convergent-

divergent mouthpiece.
Now applying Bernoulli’s equation at sections C-C and (1)-(1)

2 2

Bo Yo o g W Lo
pg 28 pg 2
But z, =2 and 2l =H,
Ps
2 2
v
H+—=H,+ 2
2g 2g

Also from (i), H. + 1-',.11’2.:3 =H+H,
H,+v’Rg=H+H,

v, = +[2gH (i)

Now by continuity equation, a.v. = v; X d,

a_v._YuH.+H-H)_[E
a. W J2gH H H
H, -H,
= 1+ —4—= «(7.17)
H
The discharge, ( is given as 0 = a, x 4/2gH .{7.18)

where a,. = area al vena-contracta.

=
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Problem 7.26 A convergent-divergent mouthpiece having throat diameter of 4.0 cm is discharging

water under a constant head of 2.0 m, determine the maximum outer diameter for maximum discharge.

Find maximum discharge also. Take H, = 10.3 m of water and H_,, = 2.5 m of water (absolute).
Solution. Given :

ep

Dia. of throat, d, = 4.0 cm
T
o, Area, a= = (4)" = 12.566 cm”
Constant head, H=20m
Find max. dia. at outlet, &, and Q__.
H, =103 m

H,, = 2.5 m (absolute)
The discharge, @ in convergent-divergent mouthpiece depends on the area at throat.

O =a. % 4J2gH = 12.566 x /2 x9.81x200 = 7871.5 cm’/s. Ans.
Now ratio of arcas at outlet and throat is given by equation (7.17) as

H -H 10.3-2.5
ﬂ:Jl+#:\/]+— { H:.IH‘.',,:Z..S}
a, H 2.0 *

= 2.2135

2
EdE/EJE =22135or [ 91| = 22135
£ /4 d

«

o, = /22135 = 1.4877

14877 x d_= 1.4877 x 4.0 = 595 cm. Ans.

Problem 7.27 The throat and exit diameters of convergent-divergent mouthpiece are 5 cm and
10 cm respectively. It is fitted to the vertical side of a tank, containing water. Find the maximum head
of a water for steady flow. The maximum vacuum pressure is 8 m of water and take atmospheric
pressure = 10.3 m water.

Solution. Given :

Dia. at throat, d.=5cm

Dia. at exit, d, =10 cm

B
1

Atmospheric pressure head, H, = 10.3 m
The maximum vacuum pressure will be at a throat only
Pressure head at throat = 8 m (vacuum)
or H_= H, - 8.0 (absolute)
=10.3 - 8.0 = 2.3 m (abs.)

Let maximum head of water over mouthpiece = # m of water.
The ratio of arcas at outlet and throat of a convergent-divergent mouthpiece is given by equation (7.17).
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d)
H-H (d 103-23
i: 1+ “H < or T‘j —= ]'l'—DT
¢ d
5y )
or mj :4=1h+i or lt‘):l+E or l_‘i:i
5° H H H

H= 1—85— = (0.5333 m of water

- Maximum head of water = 0.533 m. Ans.
Problem 7.28 A convergent-divergent mouthpiece is fitted to the side of a tank. The discharge
through mouthpiece under a constant head of 1.5 m is 5 litres/s. The head loss in the divergent portion
is 0.10 times the kinetic head at outlet. Find the throat and exit diameters, if separation pressure is
2.5 m and atmospheric pressure head = 10.3 m of water.

Solution. Given :

Constant head, H=15m
Discharge, 0 =5 litres = .005 m’fs

fiy or Head loss in divergent = ().1 x kinetic head at outlet
H_ or H,,, = 2.5 (abs.)
H,=10.3 m of water
Find (i) Dia. at throat, d.
(if) Dia. at outlet, d,
(i) Dia. at throat (d ). Applying Bernoulli’s equation to the free water surface and throat section,

we pet (See Fig. 7.15).

v . o W
2t Sy P—‘+;+z(.
pg 22 pg 28
Taking the centre line of mouthpiece as datum, we get
2

H+0+H=H + -
2g

)
[

;— =H,+H-H,=103+15-25=09.3m of water
g

v, = 4/2x9.81x93 = 13.508 m/s

Now 0 =a,xv, or 005 = E d? x 13.508

d. = M = +/.00047 = .0217 m = 2.17 cm. Ans.
1 x 13.508

(i7) Dia. at outlet (d,). Applying Bernoulli’s equation to the free water surface and outlet of mouth-
piece (See Fig. 7.15), we get

p v Mo
—+—+z="—"+—+z+h
pe  2g pg 2¢ ' F
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13 3 )
H‘,,+D-1-J'-;’=:f-1'”+IF +0+0.1x 0 {-.-"—':Ha}
2z 2g Py
Hadlog | xdhe 1A
2g 2g 2z
vl:\/?.gH \/2x98!x1‘3 ——
Now O0=Av, or 005 == 4 2% v
d, = sulelolo 0.035 m = 3.5 cm. Ans.
XV T x5.1724

> 7.15 FLOW THROUGH INTERNAL OR RE-ENTRANT ON BORDA’S
MOUTHPIECE

A short cylindrical tube attached to an orifice in such a way that the tube projects inwardly to a
tank, is called an internal mouthpiece. It is also called Re-entrant or Borda's mouthpiece. If the length
of the tube is equal to its diameter, the jet of liquid comes out from mouthpiece without touching the
sides of the tube as shown in Fig. 7.16. The mouthpiece is known as running free. But if the length of
the tube is about 3 times its diameter, the jet comes out with its diameter equal to the diameter of
mouthpiece at outlet as shown in Fig. 7.17. The mouthpiece is said to be running full.

(1) Borda’s Mouthpiece Running Free. Fig. 7.16 shows the Borda’s mouthpiece running free.

Let H = height of liquid above the mouthpiece,

a = area of mouthpiece,
= area of contracted jet in the mouthpiece,
v. = velocity through mouthpiece.

1~
|

Ho e ®
D l :
= Ve e ————
= —t
G ®
RUNNING FREE RUNNING FULL
Fig. 7.16 Fig. 7.17

The flow of fluid through mouthpiece is taking place due to the pressure force exerted by the fluid
on the entrance section of the mouthpicce. As the area of the mouthpiece is *a’ hence total pressure
force on entrance

=pg.a.h
where h = distance of C.G. of area ‘¢’ from free surface = H.

=pg.a.H ()

=
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According to Newton’s second law of motion, the net force is equal to the rate of change of momen-
tum.
Now mass of liquid flowing/sec = p xa, x v,
The ligquid is initially at rest and hence initial velocity is zero but final velocity of fluid is v_.
Rate of change of momentum = mass of liquid flowing/sec > [final velocity — initial velocity]
= pa, X v [v. - 0] = pa, -,".2 ...[00)
Equating (§) and (if), we get
pg .a.H.=pa.v? i)
Applying Bernoulli’s equation to free surface of liquid and section (1)-(1) of Fig. 7.16

pg 28 P 2
Taking the centre line of mouthpiece as datum, we have
p _p
t=H, z;=0, BE = E;‘= Pamosp. = 0,

Substituting the value of v_ in (iif), we get
pg.a.H.=p.a..2g. H
1

a
or a=2a.0or —=—=05
a 2

s g a,
.~ Co-efficient of contraction, C. = — =0.5
a

Since there is no loss of head, co-efficient of velocity, C, = 1.0
Co-efficient of discharge, C;=C, x C,=0.5x1.0=0.5

Discharge Q=C,a\2gH (1)

= 0.5 % a,[2gH

(if) Borda’s Mouthpiece Running Full. Fig. 7.17 shows Borda’s mouthpiece running full.
Let H = height of liquid above the mouthpiece,
v, = velocity at outlet or at (1)-(1) of mouthpiece,
a = area of mouthpiece,
a, = area of the flow at C-C,
v.. = velocity of liquid at vena-contracta or at C-C.

The jet of liquid after passing through C-C, suddenly enlarges at section (1)-(1). Thus there will be
a loss of head due to sudden enlargement.

1

h=E111L i)
2g

L
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Now from continuity, we have a_ X v. = a; X v,

1-'r_,=—-><'|;]- = — = { Cr.=ﬂ.5}
a, a lfa C. 05
or v, =2y
. i A . A . a [2]-"] == Vl)‘- ]J'Ig
Substituting this value of v, in (i), we get h; = ——— = —
) 28 28
Applying Bernoulli’s equation to free surface of water in tank and section (1)-(1), we get
L4 pr=Fi +z,+ 0
pg  2g pg  2g

Taking datum line passing through the centre line of mouthpiece

4

0B =0 e e

2g 2g
2 2 2
g=M W e M
28 2 £

v = JgH

Here v, is actual velocity as losses have been taken into consideration,

But theoretical velocity, v, = J2gH

JgH
. Co-efficient of velocity, C, = .. (I Mo = L= 0.707
"’m ‘\||ng ﬁ

As the arca of the jet at outlet is equal to the area of the mouthpiece, hence co-efficient of
contraction = |

! C,=C.xC,=1.0x.707 = 0.707

Discharge, O0=C,xax 2gH =0.707 xax 2gH =7.20)

Problem 7.29 An internal mouthpiece of 80 mm diamelter is discharging water under a constant
head of 8 metres. Find the discharge through mouthpiece, when

(i) The mouthpiece is running free, and (ii) The mouthpiece is running full.

Solution. Given :

Dia. of mouthpiece, d = 80 mm = 0.08 m

- Area, a= E(.I}S)‘j’ = .005026 m?

Constant head, H=4m.
(i) Mouthpiece running free. The discharge, O is given by equation (7.19) as

0=05%ax2¢gH
=0.5 % .005026 x 2 x9.81 x 4.0

= 0.02226 m’/s = 22.26 litres/s. Ans.
(i7) Mouthpiece running full. The discharge, ¢ is given by equation (7.20) as
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3

Q=0707 xax . 2gH

= (0.707 x .005026 x /2 x9.81x 4.0

= 0.03147 m®/s = 31.47 litre/s. Ans.

HIGHLIGHTS

. Orifice is a small opening on the side or at the bottom of a tank while mouthpiece is a short length of

pipe which is two or three times its diameter in length.
Orifices as well as mouthpieces are used for measuring the rate of flow of liguid.
Theoretical velocity of jet of water from orifice is given by

V = 4/2gH , where H = Height of water from the centre of orifice.

. There are three hydraulic co-efficients namely :

Actual velocity at vena -contracta _ x
Theoretical veloeity J4yH

(a) Co-efficient of velocity, C, =

Area of jet at vena - contracta
(B} Co-efficient of contraction, C.= J

Area of orifice

(c) Co-efficient of discharge, C,= Actua‘I dlsc‘harge =C %
Theoretical discharge

where x and y are the co-ordinates of any point of jet of water from vena-contracta.
A large orifice is one, where the head of liquid above the centre of orifice is less than 5 times the depth of
orifice. The discharge through a large rectangular orifice is

Q=% Cdex\{fg‘lﬁzm_Hljn]

where b = Width of orifice,
C, = Co-efficient of discharge for orifice,
H, = Height of liquid above top edge of orifice, and
H, = Height of liquid above bottom edge of orifice.

. The discharge through fully sub-merged orifice, Q@ = C, % b x (H, — H ) % 2eH

where b = Width of orifice.
C, = Co-efficient of discharge for orifice,
H, = Height of liquid above bottom edge of orifice on upstream side,
H, = Height of liquid above top edge of orifice on upstream side,
H = Difference of liquid levels on both sides of the orifice.
Discharge through partially sub-merged orifice,

0=0,+0;

= Cub (Hy— H)x 2gH +253 Chx J2g [H"® - H, "]
where b = Width of orifice
C,. H,. H, and H are having their usual meaning.
Time of emptying a tank through an orifice at its botiom is given by,

24 [JF - 7]
Cd.a..ﬁ_g

where H| = Initial height of liquid in tank,
H, = Final height of liquid in tank,
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10.

11.

12,

13.

14.

A = Area of tank,
a = Area of orifice,
C, = Co-efficient of discharge.
If the tank is to be completely emptied, then time T,

po 2AH
S Cp.a2g

Time of emptying a hemispherical tank by an orifice fitted at its bottom,
n 4 32 o2\ 280 s ]
I's——|—RH "—-H, " |——|H " —Hy"
Cd.a.1(‘2g|:3R( : %) 5( : 2 }

and for completely empiying the tank, T = -—-E—|:i .'i'h'f‘r2 __2_ Hf‘lz]
Cy.a. JE 3 ]

where R = Radius of the hemispherical tank,

H | = Initial height of liquid,

H, = Final height of liquid,

a = Area of orifice, and

C, = Co-efficient of discharge.

Time of emptying a circular horizontal tank by an orifice at the bottom of the tank,

T_L [(
3C,.a.42¢

4L
and for completely emptying the tank, T = —— [(2.'-3}3"1 -(2R - Ht}m]
3C;.a.42¢g

IR H:)Sﬂ ] {2R = HJRJE]

where L = Length of horizontal tank.

Co-efficient of discharge for,
(i) External mouthpiece, C, = 0.855
(#i) Internal mouthpiece, running full, C,;=0707

(7ii} Internal mouthpiece, running free, C,=0.50
(fv) Convergent or convergent-divergent, C,=1.0.
For an external mouthpiece, absolute pressure head at vena-contracta
H=H-08H
where H, = atmospheric pressure head = 10.3 m of water
H = head of liguid above the mouthpiece.
For a convergent-divergent mouthpiece, the ratio of areas at outlet and at vena-contracta is

Sl J1+Hﬂ_Hr
d, H

where a; = Area of mouthpiece at outlet

a,. = Area of mouthpiece at vena-contracta

H, = Atmospheric pressure head

H_ = Absolute pressure head at vena-contracta

H = Height of liquid above mouthpiece.
In case of internal mouthpieces, if the jet of liquid comes out from mouthpiece without touching its sides
it is known as running free. But if the jet touches the sides of the mouthpiece, it is known as running full.
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EXERCISE

(A) THEORETICAL PROBLEMS

Define an orifice and a mouthpiece. What is the difference between the two 7

Explain the classification of orifices and mouthpieces based on their shape, size and sharpness 7

What are hydraulic co-efficients ? Name them.

Define the following co-efficients : (i) Co-efficient of velocity, (if) Co-efficient of contraction and
(iir) Co-efficient of discharge.

. Derive the expression C, = C, x C..

Define vena-coniracta.

Differentiate between a large and a small orifice. Obtain an expression for discharge through a large
rectangular orifice.

What do you understand by the terms wholly sub-merged orifice and partially sub-merged orifice ?

. Prove that the expression for discharge through an external mouthpiece is given by

O=855xaxv

where a = Area of mouthpiece at outlet and

v = Velocity of jet of water at outlet.
Distinguish between : (i) External mouthpiece and internal mouthpiece, (if) Mouthpiece running free and
mouthpiece running full.
Obtain an expression for absolute pressure head at vena-contracta for an external mouthpiece.
What is a convergent-divergent mouthpiece ? Obtain an expression for the ratio of diameters at outlet and
at vena-contracta for a convergent-divergent ‘mouthpiece’ in terms of absolute pressure head at vena-
contracta, head of liquid above mouthpiece and atmospheric pressure head.

. The length of the divergent outlet part in a venturimeter is usually made longer compared with that of the

converging inlet part. Why ?

. Juslify the statement, “In a convergent-divergent mouthpiece the loss of head is practically eliminated”.

(B) NUMERICAL PROBLEMS

. The head of water over an orifice of diameter 50 mm is 12 m. Find the actual discharge and actual velocity

of jet at vena-contracta. Take C, = 0.6 and C, = 0.98, [Ans. .018 m'/s ; 15.04 m/s]
The head of water over the centre of an orifice of diameter 30 mm is 1.5 m. The actual discharge through
the orifice is 2.35 litres/sec. Find the co-efficient of discharge. [Ans. 0.613]

. A jet of water, issuing from a sharp edged vertical orifice under a constant head of 60 c¢m, has the horizon-

tal and vertical co-ordinates measured from the vena-contracta at a certain point as 10.0 cm and 0.45 cm
respectively. Find the value of € . Also find the value of C, if C, = 0.60. [Ans. 0.962, 0.623]

. The head of water over an orifice of diameter 100 mm is 5 m. The water coming out from orifice is

collected in a circular tank of diameter 2 m. The rise of water level in circular tank is .45 m in 30 seconds.
Also the co-ordinates of a certain point on the jet, measured from vena-contracta are 100 ¢m horizontal
and 5.2 cm vertical. Find the hydraulic co-efficients C,, €, and C.. [Ans. (L6035, 0.98, 0.617]
A tank has two identical orifices in one of its vertical sides. The upper orifice is 4 m below the water
surface and lower one 6 m below the water surface. If the value of C_ for each orifice is 0.98, find the point
of intersection of the two jets. [Ans. At a horizontal distance of 9.60 cm]

. A closed vessel contains water upto a height of 2.0 m and over the water surface there is air having

pressure 8.829 N/em” above atmospheric pressure. At the bottom of the vessel there is an orifice of diam-
eter 15 cm. Find the rate of flow of water from orifice. Take C,; = 0.6. [Ans. 0.15575 m'/s]
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A closed tank partially filled with water upto a height of I m, having an orifice of diameter 20 mm at the
bottom of the tank. Determine the pressure required for a discharge of 3.0 litres/s through the orifice, Take
C,=062. [Ans. 10.88 N/icm’]

. Find the discharge through a rectangular orifice 3.0 m wide and 2 m deep fitted to a water tank. The water

level in the tank is 4 m above the top edge of the orifice. Take C; = 0.62 [Ans, 36.77 m"fs]
A rectangular orifice, 2.0 m wide and 1.5 m deep is discharging water from a tank. If the water level in the
tank is 3.0 m above the top edge of the orifice, find the discharge through the orifice. Take C, = 0.6.
[Ans. 15.40 m¥/s]
A rectangular orifice, 1.0 m wide and 1.5 m deep is discharging water from a vessel. The top edge of the
orifice is 0.8 m below the water surface in the vessel. Calculate the discharge through the orifice if
C,; = 0.6, Also calculate the percentage error if the orifice is treated as a small orifice. [Ans. 1.058%]
Find the discharge through a fully sub-merged orifice of width 2 m if the difference of water levels on
both the sides of the orifice be 800 mm. The height of water from top and bottom of the orifice are 2.5 m
and 3 m respectively. Take C, = 0.6. [Ans. 2.377 m'/s]

. Find the discharge through a totally drowned orifice 1.5 m wide and 1 m deep, if the difference of water

levels on both the sides of the orifice be 2.5 m. Take C; = 0.62. [Ans. 6.513 11\3.1'5]
A rectangular orifice of 1.5 m wide and 1.2 m deep is fitted in one side of a large tank. The water level on
one side of the orifice is 2 m above the top edge of the orifice, while on the other side of the orifice, the

water level is 0.4 m below its top edge. Calculate the discharge through the orifice if C, = 0.62.
[Ans. 7.549 mY/s]

. A circular tank of diameter 3 m contains water upto a height of 4 m. The tank is provided with an orifice

of diameter 0.4 m at the bottom. Find the time taken by water : (i) to fall from 4 m to 2 m and (i) for
completely emptying the tank. Take C, = 0.6. [Ans. (i) 24.8 s, (i) 84.7 5]

. A circular tank of diameter 1.5 m contains water upto a height of 4 m. An orifice of 40 mm diameter is

provided at its bottom. If €, = 0.62, find the height of water above the orifice after 10 minutes. [Ans. 2 m]

. A hemispherical tank of diameter 4 m contains water upto a height of 2.0 m. An orifice of diameter 50 mm

is provided at the bottom. Find the time required by water (i) to fall from 2.0 m to 1.0 m (i) for completely
emptying the tank. Take C, = 0.6 [Ans. (1) 30 min 14.34 s, (i7) 52 min 59 §]

. A hemispherical cistern of 4 m radius is full of water. It is fitted with a 60 mm diameter sharp edged orifice

at the bottom. Calculate the time required to lower the level in the cistern by 2 metres. Take C,; = 0.6.
[Ans. 1 hr 58 min 45.9 5]
A cylindrical tank is having a hemispherical base. The height of cylindrical portion is 4 m and diameter is
3 m. At the bottom of this tank an orifice of diameter 300 mm is fitted. Find the time required to completely
emptying the tank. Take C, = 0.6. |Ans. 2 min 7.37 s]

. An orifice of diameter 200 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m.

The drum is horizontal and half full of water. Find the time required to empty the boiler, given the value of
C,=06 [Ans. 2 min 55.20 5]
An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m.
The drum is horizontal and contains water upto a height of 1.8 m. Find the time required to empty the

boiler. Take C, = 0.6. [Ans. 7 min 46.64 s]
Find the discharge from a 80 mm diameter external mouthpiece, fitted to a side of a large vessel if the head
over the mouthpiece is 6 m. [Ans. 0.0466 m’/s]

An external cylindrical mouthpiece of diameter 100 mm is discharging water under a constant head of 8§ m.
Determine the discharge and absolute pressure head of water at vena-contracta. Take C; = 0.855 and C, for
vena-contracta = 0.62, Take atmospheric pressure head = 10.3 m of water.  [Ans. 0.084 m/s ; 3.18 m]
A convergent-divergent mouthpiece having throat diameter of 60 mm is discharging water under a con-
stant head of 3.0 m. Determine the maximum outlet diameter for maximum discharge. Find maximum
discharge also. Take atmospheric pressure head = 10.3 m of water and separation pressure head = 2.5 m of
water absolute. [Ans. 6.88 cm, @___ = (0.01506 rng."sl

max
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The throat and exit diameter of a convergent-divergent mouthpiece are 40 mm and 80 mm respectively.
It is fitted to the vertical side of a tank, containing water. Find the maximum head of water for steady
flow. The maximum vacuum pressure is 8 m of water. Take almospheric pressure head = 10.3 m of water.
|Ans. 0.533 m]
The discharge through a convergent-divergent mouthpiece fitted to the side of a tank under a constant head
of 2 m is 7 litres/s. The head loss in the divergent portion is .10 times the Kinetic head at outlet. Find the
throat and exit diameters, if separation pressure head = 2.5 m and atmospheric pressure head = 10.3 m of
wiler. [Ans. 25.3 mim ; 38.6 mm]
An internal mouthpiece of 100 mm diameter is discharging water under a constant head of 5 m. Find the
discharge through mouthpiece, when
(1) the mouthpiece is running free, and (i7) the mouthpiece is running full.
|Ans. (i) 38.8 litres/s, (i) 54.86 litres/s]
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NO_;I‘ChES AND
WEIRS

» 8.1 INTRODUCTION

A notch is a device used for measuring the rate of flow of a liquid through a small channel or a
tank. It may be defined as an opening in the side of a tank or a small channel in such a way that the
liquid surface in the tank or channel is below the top edge of the opening.

A welr is a concrete or masonary structure, placed in an open channel over which the flow occurs.
It is generally in the form of vertical wall, with a sharp edge at the top, running all the way across the
open channel. The notch is of small size while the weir is of a bigger size. The notch is generally made
of metallic plate while weir is made of concrete or masonary structure.

1. Nappe or Vein. The sheet of water flowing through a notch or over a weir is called Nappe or Vein Q)

2. Crest or Sill. The bottom edge of a notch or a top of a weir over which the water flows, is known
as the sill or crest.

p 8.2 CLASSIFICATION OF NOTCHES AND WEIRS

The notches are classified as :
1. According to the shape of the opening :
(a) Rectangular notch,
(£#) Triangular notch,
(¢) Trapezoidal notch, and
() Stepped notch.
2. According to the effect of the sides on the nappe :
(@) Notch with end contraction.
(&) Notch without end contraction or suppressed notch.

Weirs are classified according to the shape of the opening, the shape of the crest, the effect of the
sides on the nappe and nature of discharge. The following are important classifications.

(@) According to the shape of the opening :
(1) Rectangular weir, (if) Triangular weir, and
(fif) Trapezoidal weir (Cipolletti weir)
(£) According to the shape of the crest :

(i) Sharp-crested weir, (ii) Broad-crested weir,
(1if) MNarrow-crested weir, and (iv) Ogee-shaped weir.
355
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(c) According to the effect of sides on the emerging nappe :
(i) Weir with end contraction, and (if) Weir without end contraction.

p 8.3 DISCHARGE OVER A RECTANGULAR NOTCH OR WEIR

The expression for discharge over a rectangular notch or weir is the same.

PE
1
\}
e —|
(c) SECTION AT
CREST
(a) RECTANGULAR NOTCH {b) RECTANGULAR WEIR

Fig. 8.1 Rectangular notch and weir.

Consider a rectangular notch or weir provided in a channel carrying water as shown in Fig. 8.1.
Let H = Head of water over the crest

L = Length of the notch or weir

For finding the discharge of water flowing over the weir or notch, consider an elementary horizontal
strip of water of thickness dh and length L at a depth ## from the free surface of water as shown in
Fig. 8.1(c).

The area of strip =Lxdh
and theoretical velocity of water flowing through strip = @

The discharge d(J, through strip is

dQ = C,; % Area of strip x Theoretical velocity

=Cyx Lxdhx \2gh (i)
where C,; = Co-efficient of discharge.
The total discharge, O, for the whole notch or weir is determined by integrating equation (i) between
the limits 0 and H.

H H
0= _[ C,.L. 2gh .dh=C,xLx 2g j "2 dh
il ]

"

h||"3+5 hy: H
=C,xLx2g i =C{,><L><J2_g|:”—2
+1 : 0
2 0
2
=3 CaxLx42¢ [H1"” (8.1

Problem 8.1 Find the discharge of water flowing over a rectangular noich of 2 m length when the
constant head over the notch is 300 mm. Take C,; = 0.60.
Solution. Given :

Length of the notch, L=20m
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Head over notch, H=300m =030 m
Cﬂ: = 0-60
2 3
Discharge, 0= 3 C,x Lx\2g [H”‘]
2

= 5 %06 x20 x {2x981 x [0.301"* m%s

= 3.5435 x 0.1643 = 0.582 m*/s. Ans.

Problem 8.2 Determine the height of a rectangular weir of length 6 m to be built across a rectan-
gular channel. The maximum depth of water on the upstream side of the weir is 1.8 m and discharge is
2000 litres/s. Take C,; = 0.6 and neglect end contractions.

or

Solution. Given :

Length of weir, L=6m

Depth of water, H =18m

Discharge, 0 = 2000 lit/s = 2 m*/s
C,=0.6

Let H is height of water above the crest of weir, and 1, = height of weir (Fig. 8.2)
The discharge over the weir is given by the equation (8.1) as

Q= % CinlxifZe B

2.0 = %x 0.6 6.0 x (2x9.81 x H*?
_ 32
=10.623 H ULURVAARRVAAANANVVANTAY
2 A 3
2 = 2.0
~ 10623 i A2
23
H= [ﬂ) = 0328 m
10.623
Height of weir, H,=H -H

= Depth of water on upstream side — H
= 1.8 -.328 = 1.472 m. Ans.

Problem 8.3 The head of water over a rectangular notch is 900 mm. The discharge is 300 litres/s.
Find the length of the noteh, when C, = 0.62.

Solution. Given :

Head over notch, H=90cm=09m

Discharge, 0 =300 lit/s = 0.3 m’fs
C,=10.62

Let length of notch =1

Using equation (8.1), we have

Q:%xcr,x.-:xﬁ x H"?
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% x 0.62 x L x J2x981 x (0.9)*?2

1.83 x L x 0.8538

- 0.3
T 1.83%.8538

or 0.3

=.192 m = 192 mm. Ans.

> 8.4 DISCHARGE OVER A TRIANGULAR NOTCH OR WEIR

The expression for the discharge over a triangular notch or weir is the same. It is derived as :
Let H = head of water above the V- notch
0 = angle of notch
Consider a horizontal strip of water of thickness “df’ at a depth of & from the free surface of water
as shown in Fig. 8.3.
From Fig. 8.3 (b), we have

0 _AC__Ac

t = =
M2 oc  H-n

AC = (H-I:)tang

Width of strip =AB=2AC=2(H-h) tan 3 Fig. 8.3 The triangular notch.

- Area of strip =2 (H-Hh) tan g ¥ dh

The theoretical velocity of water through strip = ,/2gh
Discharge, through the strip,
dQ = C, % Area of strip x Veloeity (theoretical)

=C,x2(H-h)tan g X dh x [2gh
=2C,(H - h)tan g x of2gh x dh
H 9
o Total discharge, Q= 2C, (H - h) tan > p ! ,,‘Zgh ® dh
0

H
= 2C, ¥ tan gx J2e I (H - hyh'™ dh
0

H .
=2 x C,x tan gx .fzg J' (HR"2 — 13 dn
]

312 5/2

i}

H
HRM? 52
=2><C:,><tang><,,.l'2,g{ =
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=2><C:,><lang><,|l'2g —

=2xC,; X tan gx..ﬁg

=2 x Cy % tan %x,jﬁ %Hm}

8 6 5
S C, % tan 5% 2g x H? (8.2)
For a right-angled V-notch, if C,=10.6

6=90° . tan E =1
2

Discharge, 0= -]% x 0.6 X 1 X /2x9.81 x H” +(8.3)
= THET. B,

Problem 8.4 Find the discharge over a triangular notch of angle 60° when the head over the
V-notch is 0.3 m. Assume C,; = 0.6,

Solution. Given :

Angle of V-notch, 0 =60°
Head over notch, H=03m
C, =006
Discharge, @ over a V-notch is given by equation (8.2)

9, =%><C‘,><tangx,,,’23 s HY?

»

60 i
a % X 0.6 tan ——x JIXOBT x (0.3

= 0.8182 x 0.0493 = 0.040 m"/s. Ans.
Problem 8.5 Water flows over a rectangular weir 1 m wide at a depth of 150 mm and afterwards

passes through a triangular right-angled weir. Taking C, for the rectangular and triangular weir as
(.62 and .59 respectively, find the depth over the triangular weir.

Solution. Given :

For rectangular weir, length, L =1m

Depth of water, H=150mm=0.15m
C, =0.62

For triangular weir, 9 =9¢°
C, =059

Let depth over triangular weir = H,

The discharge over the rectangular weir is given by equation (8.1) as

=
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Q:% x C,x Lx \[2g x H*"

= % x 0.62 x 1.0 x 2% 9.81 x (.15)** m*s = 0.10635 m*/s

The same discharge passes through the triangular right-angled weir. But discharge, (2, is given by
equation (8.2) for a triangular weir as

8 0 5/2
= — xXC,xtan —x,f2g x H"®
Q=15 %C T

]

90 .
0.10635 = % X .59 X tan —= X JZg HH {~-8=90°and H = H,}

= % x.59 x | x4.429 x H,”* = 1.3936 H,>*

sn_ 010635
13936
H, = (.07631)"* = 0.3572 m. Ans.

Problem 8.5A Water flows through a triangular right-angled weir first and then over a rectangu-
lar weir of | m width. The discharge co-efficients of the triangular and rectangular weirs are 0.6 and

0.7 respectively. If the depth of water over the triangular weir is 360 mm, find the depth of water over
the rectangular weir.

Solution. Given :
For triangular weir ~ : 8=90° C,=0.6, H=360 mm = 0.36 m
For rectangular weir L=1m,C,=07,H=1

l = 0.07631

The discharge for a triangular weir is given by equation (8.2) as

0= % x C, X tan gx,ﬁg x H?

= % » (1.6 % tan (% jx J2 %981 x (0.36)** = 0.1102 m*/s

The same discharge is passing through the rectangular weir. But discharge for a rectangular weir is
given by equation (8.1) as

0= % WGy BN f2e X HP™
2 ,
or 0.1102 = 5 x 0.7 %1 % J2%x9.81 x H”? =2.067 H"”
or HY" = 01102 =0.0533

H = (0.0533)>" = 0.1415 m = 141.5 mm. Ans.



Notches and Weirs 361

Problem 8.6 A rectangular channel 2.0 m wide has a discharge of 250 litres per second, which is
measured by a right-angled V-notch weir. Find the position of the apex of the notch from the bed of the
channel if maximum depth of water is not to exceed 1.3 m. Take C,; = 0.62.

Solution. Given :

Width of rectangular channel, L =2.0m

Discharge, 0 = 250 lit/s = 0.25 m/s

Depth of water in channel =13m

Let the height of water over V-notch = H

The rate of flow through V-notch is given by equation (8.2) as

8 B 502
)= — x C;x 2g xtan— x H""
9, s 1 4 2

where C, = 0.62, 6 = 90°

90
Q0= B3 w62x J2 x9.81 x tan 7 ;i

15
or 0.25 = % X .62 x 4.429 x 1 x H?
or 5’3=&=0.|70?

8 % .62 x 4.429

s H=(1707)*° = (.1707)"* = 0493 m

Position of apex of the notch from the bed of channel
= depth of water in channel-height of water over V-notch
= 1.3 - 493 = 0.807 m. Ans.

> 8.5 ADVANTAGES OF TRIANGULAR NOTCH OR WEIR OVER RECTANGULAR
NOTCH OR WEIR

A triangular notch or weir is preferred to a rectangular weir or notch due to following reasons :

1. The expression for discharge for a right-angled V-notch or weir is very simple.

2. For measuring low discharge, a triangular notch gives more accurate results than a rectangular
notch.

3. Incase of triangular notch, only one reading, i.e., H is required for the computation of discharge.

4. Ventilation of a triangular notch is not necessary.

p 8.6 DISCHARGE OVER A TRAPEZOIDAL NOTCH OR WEIR

As shown in Fig. 8.4, a trapezoidal notch or weir is a
combination of a rectangular and triangular notch or weir.
Thus the total discharge will be equal to the sum of
discharge through a rectangular weir or notch and discharge
through a triangular notch or weir.

Let H = Height of water over the notch

L = Length of the crest of the notch
Fig. 8.4 The trapezoidal notch.

=
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C,, = Co-efficient of discharge for rectangular portion ABCD of Fig. 8.4.
C,. = Co-efficient of discharge for triangular portion [FAD and BCE]
The discharge through rectangular portion ABCD is given by (8.1)

or QF%XCMXLXJEXHM

The discharge through two triangular notches FDA and BCE is equal to the discharge through a
single triangular notch of angle 6 and it is given by equation (8.2) as

8 B 52
=—xC, ®xtan — % \2¢g x H
QE 15 :i‘: n 2 £

Discharge through trapezoidal notch or weir FDCEF = O + 0,

=2 C, Log xH"+ 2 C, xtn 012 x J2g X H%  ..(8.4)
% TS 15

Problem 8.7 Find the discharge through a trapezoidal notch which is 1 m wide at the top and
0.40 m at the bottom and is 30 cm in height. The head of water on the notch is 20 cm. Assume C for
rectangular portion = 0.62 while for triangular portion = 0.60.

Solution. Given :

Top width, AE=1m
Base width, COD=L=04m
Head of water, H=020m

For rectangular portion, C, = 0.62
For triangular portion, C, =060
From AABC, we have

an & _ AB (AE - CD)/2
n—=-—ee-e--— —
2 BC H
(L0-04)/2 _06/2_03 _
03 03 03

Discharge through trapezoidal notch is given by equation (8.4)

2 o] 8 52
Q=3 Cyx Lx 428 xH”’r'+E C,. % tan -g—xﬂ."Zg x H"*

= % % 062 x 04 % 2 x9.81 x (02" + % x.60 % 1 % /2 x9.81 x (027

= 0.06549 + 0.02535 = 0.09084 m’/s = 90.84 litres/s. Ans.

p 8.7 DISCHARGE OVER A STEPPED NOTCH

A stepped notch is a combination of rectangular notches. The discharge through stepped notch is
equal to the sum of the discharges through the different rectangular notches.

L
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Consider a stepped notch as shown in Fig. 8.6. ‘“;W\‘ T
Let H; = Height of water above the crest of notch 1, T e -?: 7
L, = Length of notch 1, X i ":®:_- E ¢ 4t
H,, L, and H,, L, are corresponding values for notches 5 O) S | 1
2 and 3 respectively. imwg ¥
C, = Co-efficient of discharge for all notches e LL' = :
Total discharge Q = Q, + Q, + (4 . = g : ki
I 3 1
or 0= % x C,x L, % {2g [HY - H,*] Fig. 8.6 The stepped notch.
2 2
+ 35 Cux Ly 28 1B, - ) + 3 Cax Ly 2 x H"™ ..(8.5)

Problem 8.8 Fig. 8.7 shows a stepped notch. Find the discharge through the notch if C, for all
section = (.62,

Solution. Given : ij‘:‘:"??_ d-==fzF=zzzzz=""1 m
L,=40cm, L, = 80 cm, 5?{"1 ;,:‘! h |
L,=120 cm 30 cm R
i .
H,=50+30+15=95cm, 15 cm @
H, =80 cm, Hy= 50 cm, f 40 cmy
l——80 cm —I
Cd =0.62 |———120 cm —»
Total discharge, 0 = 0, + Q, + Q5 Fig. 8.7
where 0, = % x C;x L, x 2g [H? - 1,

= % x .62 x 40 x /2 x 981 x [957% — 807
= 732.26[925.94 — 715.54] = 154067 cm*/s = 154.067 lit/s

2 a3
Q= 3 X Cy% Ly X 2 x [H,*? - H;*?)

1}

2 »l 3
T % 0.62 x 80 % /2% 981 x [80* - 50%"

1464.52[715.54 — 353.55] cm’/s = 530141 em¥s = 530.144 lit/s

and Q_,.:%x(‘dx Lyx 2g x H"*

% 0.62 x 120 % J2 x 981 x 502 = 776771 em™fs = 776.771 livs

w2

ot
I

=0, + 0, + 0, =154.067 + 530.144 + 776.771
1460.98 lit/s. Ans.

1
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p 8.8 EFFECT ON DISCHARGE OVER A NOTCH OR WEIR DUE TO ERROR IN
THE MEASUREMENT OF HEAD

For an accurate value of the discharge over a weir or notch, an accurate measurement of head over
the weir or notch is very essential as the discharge over a triangular notch is proportional to H*? and in
case of rectangular notch it is proportional to H. A small error in the measurement of head, will
affect the discharge considerably. The following cases of error in the measurement of head will be
considered :

(i) For Rectangular Weir or Notch.

(ii) For Triangular Weir or Notch.

8.8.1 For Rectangular Weir or Notch. The discharge for a rectangular weir or notch is given
by equation (8.1) as

0= % x C,x Lx 2g x H*?
= KH"? ()
where K = % Cywloesl2e

Differentiating the above equation, we get

3 1.2
dQ =K % E H"= dH (i7)
K x E>< H'" dH
B dQ 2 3 aH
i -_— g9 Tt Th.3 (8.6
ividing (if) by (i) 0 KH 2 7 H i

Equation (8.6) shows that an error of 1% in measuring A will produce 1.5% error in discharge over
a rectangular weir or notch.

8.8.2 For Triangular Weir or Notch. The discharge over a triangular weir or notch is given
by equation (8.2) as
.. C,. tan E,#Zg x B
15 2
- k" ..

Q

where K = % C,;. tan g-@

Differentiating equation (ii7), we get

dQ =K % HY? x dH (i)
5 Jlllq
K—H" dH
- . dQ ) 5 dH
Dividing (iv) by (ifi), we get —=—=——— = — — (8.7
. 4 g 9] KH"? 2 H

Equation (8.7) shows that an error of 1% in measuring H will produce 2.5% error in discharge over
a triangular weir or notch.

L
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Problem 8.9 A rectangular notch 40 cm long is used for measuring a discharge of 30 litres per
second. An error of 1.5 mm was made, while measuring the head over the notch. Calculate the
percentage error in the discharge. Take C, = 0.60.

Solution. Given :

Length of notch, L=40cm

Discharge, @ = 30 liv/s = 30000 cm’fs

Error in head, dH=15mm=0.15 cm
C,=0.60

Let the height of water over rectangular notch = H
The discharge through a rectangular notch is given by (8.1)

or Q:%xcr,xLx Dg % H?
or 30000 = % % 0.60 x 40 x J2 x 981 x H*?

o 3 % 30000

= =42.33
2 x.60 x40 x /2 x 981

H=4233)"*=12.16 cm

or

Using equation (8.6), we get
dQ _3dH_3 015
Q 2 H 2 1216
Problem 8.10 A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of
1.5 mm was made while measuring the head over the notch. Calculate the percentage error in the
discharge. Take C; = 0.62.
Solution. Given :

=0.0185 = 1.85%. Ans.

Angle of V-notch, 8 =190"

Discharge, 0 = 30 lit/s = 30000 cm*/s

Error in head, dH=1.5mm=0.15cm
C,=0.62

Let the head over the V-notch = H
The discharge @ through a triangular notch is given by equation (8.2)

8 0 )
Q=5 Cytan =% |f2¢ x H"?

or 30000 = % % (1.62 % tan [92 )x J2 %981 x H*
= % % .62 % 1 % 44.29 x g2
2 30000 %15 _ 204844
8 x .62 x 44.29

(2048.44)*° = 21.11 em

T
1l

=
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Using equation (8.7), we get
4o _5dH o 0I5
Q 2 H 2111
Problem 8.11 The head of water over a triangular notch of angle 60° is 50 cm and co-efficient of
discharge is 0.62. The flow measured by it is to be within an accuracy of 1.5% up or down. Find the

limiting values of the head.
Solution. Given :

= 0.01776 = 1.77%. Ans.

Angle of V-notch, 6= 060"
Head of water, H =50 cm
C, =062
dQ

— =+ 1.5% =+ 0.015
o

The discharge (J over a triangular notch is

8 B sn
Q_ch 2g tan > H

= % % 0.62 % 2 x 981 X tan % % (50)°

= 14.64 x 0.5773 x 17677.67 = 149405.86 cm’/s
Now applying equation (8.7), we get

L _2H o525 o M OB
¢ 2 H H H 2.5
015 015

dH=2—xH=2——x50=203
25 25

The limiting values of the head

=H+xdH=50%03=50.3 cm, 49.7 cm
= 50.3 cm and 49.7 cm. Ans.

p 8.9. (a) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A
RECTANGULAR WEIR OR NOTCH

Consider a reservoir or tank of uniform cross-sectional area A. A rectangular weir or notch is
provided in one of its sides.
Let L = Length of crest of the weir or notch
C, = Co-efficient of discharge
H, = Initial height of liquid above the crest of notch
f1, = Final height of liquid above the crest of notch
T = Time required in seconds to lower the height of liquid from H, 10 H,.
Let at any instant, the height of liquid surface above the crest of weir or notch be  and in a small
time dT, let the liquid surface falls by “df’. Then,
- Adh = Q0 xdT

—ve sign is taken, as with the increase of T, It decreases.

L
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But Q= % C,xLx . 2g x i*"?

~Adh
% C, x Lx.\2g xh*"*

The total time T is obtained by integrating the above equation between the limits H, and H,.

— Adh = % C,xLx\2g .B*? xdT or dT =

T H, -
J- a=[* Adh
! S o T
3 :
_Hz
_ H. . . 3241
or T= TA—.[ T dh = 2 A 3
C[I)(L)( Flzg H, ZC” XLX.”Q.g _'-__'_l
3 2 g
H,
-3 P 3a [_5] "
20, xLx2g| _1 2C, xLx2g\ 1)|vh],
2 In
3A
PO | (8.8)

1 1
cdxixﬁi{ﬁ_ﬁ]'

(b) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A TRIANGULAR
WEIR OR NOTCH

Consider a reservoir or tank of uniform cross-sectional area A, having a triangular weir or notch in
one of its sides.
Let 8= Angle of the notch
C, = Co-efficient of discharge
H, = Initial height of liquid above the apex of notch
H, = Final height of liquid above the apex of notch
T = Time required in seconds, to lower the height from H, to H, above the apex of the notch.
Let at any instant, the height of liquid surface above the apex of weir or notch be / and in a small
time dT, let the liquid surface falls by *dh". Then
- Adh =0 xdT
—ve sign is taken, as with the increase of T, /i decreases.
And @ for a triangular notch is

Q= % »x C, % tan gq.’zg x ™

- Adh = % x C, % tan gx 2g x PP xdT

L
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daT = g A:éh
= X C, xtan ~ X ,[2g x i*"*
15 2
The total time T is obtained by integrating the above equation between the limits A, and H,.
T 1 —Adh
.[u A= H, EC tangJZ_h"'”
15 @ ogv
= H;
or =5 AB [0 an
15 C; xtan — X .f2g A
) 154 Pl
- 0 3
8xC, xtan —X,2g | ==
2 2 g,

—154 2\[ 1 7™
- B T3
cht,xmn-zx@ : H,

54 1 1
) " {H TR 3;3} (8.9)
4% C, xtan é-x,i'z‘g 2 I

Problem 8.12 Find the time required to lower the water level from 3 m to 2 m in a reservoir of
dimension 80 m x 80 m, by a rectangular notch of length 1.5 m. Take C, = 0.62.
Solution. Given :

Initial height of water, H =3m

Final height of water, Hy=2m
Dimension of reservoir = 80 m x 80 m
or Area, A = 80 x 80 = 6400 m?
Length of notch, L=15m,C;=0.062
Using the relation given by the equation (8.8)
T= 3A 1 1
CyxLx \frﬁ VH: A H,
_ 3 x 6400 1 B _I_
T 062x15%x,2x9381 |2 3

= 4661.35 [0.7071 - 0.5773] seconds
= 605.04 seconds = 10 min 5 sec., Ans.

Problem 8.13 If in problem 8.12, instead of a rectangular notch, a right-angled V-notch is used,
find the time required. Take all other data same.

=
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Solution. Given :

Angle of notch, 8 =190"

Initial height of water, H/ =3m

Final height of water, H,=2m

Area of reservoir, A = 80 x 80 = 6400 m”
C,=0.62

Using the relation given by equation (8.9)

7 5A [ 1 1 }
= 32 gy
4><C{,xtangx,,f2g H, H,

5% 6400 o . :
= 00" F‘*"F Solan 5 =i
4% .62 X tan = X 4/2 % 981 -

=2913.34x[ S }
28284 5196l

= 2913.34 [0.3535 - 0.1924] seconds
= 469.33 seconds = 7 min 49.33 sec. Ans.
Problem 8.14 A right-angled V-notch is inserted in the side of a tank of length 4 m and width 2.5 m.
Initial height of water above the apex of the notch is 30 cm. Find the height of water above the apex if
the time required to lower the head in tank from 30 cm to final height is 3 minutes. Take C, = 0.60.
Solution. Given :

Angle of notch, 8 =90°

Area of tank, A = Length X width = 4 x 2.5 = 10.0 m’

Initial height of water, H =30ecm=03m

Time, T =3 min = 3 x 60 = 180 seconds
C,=0.60

Let the final height of water above the apex of notch = H,
Using the relation given by equation (8.9)

e 5A [ | | ]
- T i
4% C, X tan g—x,ﬁg H, H,

120 5x10 I: 1 1 jl
- ° 3z T
4 %.60 % tan [g%]jxﬁx&m Hy"  (03)

_ 50 1
4x.60x1x4429| H,*  (03)"

or 1 B 1 I180x4x0.60x4.429:3&2ﬁ6.

H,* 037 50
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or % — 6.0858 = 38.266
Hzl

l —
4435
H, = (0.0225)""° = (0.0225)%%°” = 0.0822 m = 8.22 cm. Ans.

0.0225

1
75 = 38.266 + 6.0858 = 44.35 or =

1.
2

» 8.10 VELOCITY OF APPROACH

Velocity of approach is defined as the velocity with which the water approaches or reaches the
weir or notch before it flows over it. Thus if V, is the velocity of approach, then an additional head &,
2
equal to 2;' due to velocity of approach, is acting on the water flowing over the notch. Then initial
£
height of water over the notch becomes (H+ h,) and final height becomes equal to fi . Then all the
formulae are changed taking into consideration of velocity of approach.
The velocity of approach, V, is determined by finding the discharge over the notch or weir
neglecting velocity of approach. Then dividing the discharge by the cross-sectional area of the channel
on the upstream side of the weir or notch, the velocity of approach is obtained. Mathematically,

Y

“™ Area of channel

Vv 2
This velocity of approach is used to find an additional head [ha =2L] Again the discharge is
4
calculated and above process is repeated for more accurate discharge.
Discharge over a rectangular weir, with velocity of approach

= % X Cyx Lx 28 [(H, + k) = 0" ..(8.10)

Problem 8.15 Water is flowing in a rectangular channel of I m wide and 0.75 m deep. Find the
discharge over a rectangular weir of crest length 60 cm, if the head of water over the crest of weir is
20 em and water from channel flows over the weir. Take C; = 0.62. Neglect end contractions. Take
velocity of approach info consideration.

Solution. Given :

Area of channel, A = Width x depth = 1.0 % 0.75 = 0.75 m’
Length of weir, L=60ecm=06m
Head of water, H =20cm=02m

C,=0.62

Discharge over a rectangular weir without velocity of approach is given by

Q=%XC‘1XLX 2g x H*

2
=z % 0.62 % 0.6 X [2%x981 x(0.2)*% m’s
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= 1.098 x 0.0894 = 0.0982 m*/s

: ; Q .0982
Velocity of approach, V = =—=——=0.1309 m/s
Y PP “= A~ 075
oo Additional head, h o= ;r—“ = (.1309]2,"2 * 9.81 =.0008733 m
g

Then discharge with velocity of approach is given by equation (8.10)
Q= ‘__i. X Cyx Lx [2g [(H+h)"™ - 0"

= % X 0.62 % 0.6 x /2 x9.81 [(0.2 +.00087)* - (.00087)*%]

1.098 [0.09002- .00002566]
1.098 x 0.09017 = .09881 m?/s. Ans.

Problem 8.16 Find the discharge over a rectangular weir of length 100 m. The head of water over
the weir is 1.5 m. The velocity of approach is given as 0.5 m/s. Take C; = 0.60.
Solution. Given :

Length of weir, L=100m
Head of water, H =15m
Velocity of approach, V,=0.5m/s
C,=0.60
V.: 05x05
.~ Additional head, h == =0.0127 m

T 2g  2%98]

The discharge, () over a rectangular weir due to velocity of approach is given by equation (8.10)

2 B 2
0= E p 4 Cd' x Lx . f2¢ [(H, + hff}:”- - hﬂy_]

I

%- % 0.6 X 100 x 2x9.81 [(1.5+.0127)*% - 0127%7

1706 [ 151977 — 01273
= 177.16 [1.8605 — .00143] = 329.35 m*/s. Ans.

Problem 8.17 A rectangular weir of crest length 50 cm is used to measure the rate of flow of water
in a rectangilar channel of 80 cm wide and 70 ¢ deep. Determine the discharge in the channel if the
water level is 80 mm above the crest of weir. Take velocity of approach into consideration and value of
C,=0.62.

Solution. Given :

Length of weir, L=50em=05m
Area of channel, A = Width x depth = 80 cm x 70 em = 0.80 x 0.70 = (.56 m’
Head over weir, H =80 mm=0.08 m

C,=0.02

The discharge over a rectangular weir without velocity of approach is given by equation (8.1)

=
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Q:%xc,,xLxng T

= % % 0.62 % 0.5 % /2 x9.81 % (0.08)** m¥/s
=0.9153 x .0226 = .0207 m’/s

0207 ;
Velocity of approach, V.= Q =% =.0369 m/s
A 056
) 0369)°
Head due to V, h,=V [2g= Q =.0000697 m
2x9.81

Discharge with velocity of approach is

Q= %X Cyx Lx \2g [(H, + ""u)m_ ’;’dm]

% % 0.62 % 0.5 x /2 x9.81 [(.08 +.0000697)>* — 00006977

1

0.9153 x [.0800697 " — .0000697")

9153 [.02265 — .000000582] = 0.2073 m*/s. Ans.
Problem 8.18 A suppressed rectangular weir is constructed across a channel of 0.77 m width with
a head of 0.39 m and the crest 0.6 m above the bed of the channel. Estimate the discharge over it.
Consider velocity of approach and assume C, = 0.623.

Solution. Given :

Width of channel, b=0.77m

Head over weir, H=039m

Height of crest from bed of channel = (.6 m
Depth of channel =0.6 +0.39=0.99

Value of C,=0.623

Suppressed weir means that the width of channel is equal to width of weir i.e., there is no end
contraction.
Width of channel = Width of weir = 0.77 m

Now arca of channel, A = Width of channel x Depth of channel
=(L77 % 0.99
The discharge over a rectangular weir without velocity of approach is given by equation (8.1).
Q:% x Cyxbx 2g x H"? (~+ Hereb=1)
2

=3 X 0.623 x 0.77 x 2 x9.81 x 0.39%? = 0.345 m¥s

0 0345

= = 0.4526 m/s
Area of channel (.77 % (.99

Now velocity of approach, V, =

L
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Head due to velocity of approach,

e V.  0.4526°
28 2x981

Now the discharge with velocity of approach is given by,

Q= % x Cyxbx f2g [(H+h)"™-n"

= 0.0104 m

2
£ 32 32
3% 0.623 x 0.77 x /2% 981 [(0.39 + 0.0104)™ - (0.0104)™]

2
3 %0623 x 0.77 x 4.43 [0.2533 ~ 0.00106]
= 0.3573 m'/s. Ans.

Problem 8.19 A sharp crested rectangular weir of | m height extends across a rectangular
channel of 3 m width. If the head of water over the weir is 0.43 m, calculate the discharge. Consider
velocity of approach and assume C,; = 0.623.

Solution. Given :

Width of channel, b=3m
Height of weir =1lm
Head of water over weir, H=0.45m
Depth of channel = Height of weir + Head of water over weir
=1+045=145m
Value of C,=0623

The discharge over a rectangular weir without velocity of approach is given by equation (8.1) as

Q:%xcﬂ,xbx J2g xH?

a % % 0.623 % 3 X 2 X981 x 0.45"2 = 1.665 m*/s

Now velocity of approach is given by

Q

~ Area of channel

B 1.665 _ L.665
Width of channel x Depth of channel 3 x1.45

Head due to velocity of approach is given by,

=().382 m/s

_ v 0382°
97 25 2x981

Now the discharge with velocity of approach is given by,

= 0.0074 m

h

0= % x Cyx b x \2g [(H+ h)"” - (h,)*"]

% x 0.623 x 3 x [2x9.81 [(0.45 + 0.0074)*7 - (0.0074)*%]

1.703 m’/s. Ans.

I

L
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» 8.11 EMPIRICAL FORMULAE FOR DISCHARGE OVER RECTANGULAR WEIR
The discharge over a rectangular weir is given by

o

% C,; 28 XxLx [Hmj without velocity of approach (i)

% 28 X Lx [(H+ h)* - h,*?] with velocity of approach
ve(£7)
Equations (i) and (ii) are applicable to the weir or notch for which the crest length is equal to the

width of the channel. This type of weir is called Suppressed weir. But if the weir is not suppressed, the
effect of end contraction will be taken into account.

(@) Francis’s Formula. Francis on the basis of his experiments estab- [/ 10!
lished that end contraction decreases the effective length of the crest of :::::::E:::«'::::::I‘::E:i::.’::::
weir and hence decreases the discharge. Each end contraction reduces the iﬁﬁﬁﬁﬁ: ,II-:WI"
crest length by 0.1 x H, where H is the head over the weir. For a rectangu- RIS
lar weir there are two end contractions only and hence effective length jbﬁfj‘::ﬁ ',é! :ﬁ;i(
L=(L-02H) PRITIE il SO GO R S
2 ;
and Q:EXC‘,X[L—O.szJXJZg H*”? Fig. 8.8
If C,=10.623, g = 9.81 m/s’, then
2
0= = % 623 X [2 X981 X [L—-0.2 % H] x H"?
= 1.84 [L- 0.2 x HIH™? «(8.11)
If end contractions are suppressed, then
H=1.84 LH*" (8.12)
If velocity of approach is considered, then
O0=184 L[(H+h)"? -0 ..(8.13)

(h) Bazin’s Formula. On the basis of results of a series of experiments, Bazin's proposed the
following formula for the discharge over a rectangular weir as

Q=mxLx . 2g x H" ..(8.14)
where m = = X Cy=0405+ L
3 H
H = height of water over the weir
If velocity of approach is considered, then
Q=m; xLx.\2g [(H+h)" ..(8.15)
where m; = 0.405 + Mg :
(H+h,)

Problem 8.20 The head of water over a rectangular weir is 40 cm. The length of the crest of the
weir with end contraction suppressed is 1.5 m. Find the discharge using the following formulae :
(i) Francis's Formula and (ii) Bazin's Formula.

=
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Solution. Given :

Head of water, H=40cm =040 m

Length of weir, L=15m

(7) Francis’s Formula for end contraction suppressed is given by equation (8.12).
Q=184 LxH"” = 184 x 1.5 x (.40)*"

0.6982 m’/s

(if) Bazin's Formula is given by equation (8.14)

Q=mxLx . f2g x H"

where m = 0.405 + % = (.405 + E = 04125
H 40

Q= 4125 % 1.5 x ,{2x981 x (4)*"*
= 0.6932 m/s. Ans.
Problem 8.21 A weir 36 metres long is divided into 12 equal bays by vertical posts, each 60 ¢m
wide. Determine the discharge over the weir if the head over the crest is 1.20 m and velocity of

appreach is 2 metres per second.
Solution. Given :

Length of weir, L, =36m
Number of bays, =12
For 12 bays, no. of vertical post = 11
Width of each post =60 cm=06m
Effective lenath, L=L -11x06=36-66=294m
Head on weir, H=120m
Velocity of approach, V,=2mls
vV} 2%
Head due to V,, h,= 2= =0.2038 m
2g 2x9.3l1
Number of end contraction, n=2x12 { Each bay has two end contractions}

=24
Discharge by Francis Formula with end contraction and velocity of approach is
Q=184 [L—-0.1 x n(H + h)I[(H + h)** - h,>]
1.84[29.4 — 0.1 x 24(1.20 + .2038)] x [(1.2 + .2038)"° — 2038'"]
1.84[29.4 — 3.369][1.663 - .092]
= 75.246 m’/s. Ans.

Problem 8.22 A discharge of 2000 m’/s is to pass over a rectangular weir. The weir is divided into
a number of openings each of span 10 m. If the velocity of approach is 4 m/s, find the number of

openings needed in order the head of water over the crest is not to exceed 2 m.
Solution. Given :

Total discharge, 0 = 2000 m’/s
Length of each opening, L=10

=
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Velocity of approach, V,=4m/s

Head over weir, H=2m
Let number of openings =N
Head due to velocity of approach,
V2
L T Yl R
2g  2x9.8l1

For each opening, number of end contractions are two. Hence discharge for each opening
considering velocity of approach is given by Francis Formula
ie., Q= 184[L - 0.1 x2x(H+h)I(H+ h)"-n>"?
1.84[10.0 — 0.2 x (2 + .8155)][2.8155"% — .8155'7]
17.363[4.7242 - 0.7364] = 69.24 m’/s

Total discharge _ 2000
Discharge for one opening  69.24

I

I

. Number of opening =

= 28.88 (say 29) = 29. Ans.
» 8.12 CIPOLLETTI WEIR OR NOTCH

Cipolletti weir is a trapezoidal weir, which has side slopes of
1 horizontal to 4 vertical as shown in Fig. 8.9. Thus in AABC,
0 AB_H/4 1
tan — = —=——=
2 BC H 4

) 1

— =tan — = 14° 2,

2 4

By giving this slope to the sides, an increase in discharge through the

triangular portions ABC and DEF of the weir is obtained. If this slope is

not provided the weir would be a rectangular one, and due to end Fig 8.9 The cipolletti weir.

contraction, the discharge would decrease. Thus in case of cipolletti
weir, the factor of end contraction is not required which is shown below.
The discharge through a rectangular weir with two end contractions is

Q:%XC‘:X{L—UJH} g xH"
2 32 2 52
=;><C{,><L><,,i2gH —EXC‘,X 2g xH

; ; 2 ; ;
Thus due to end contraction, the discharge decreases by I_‘- ® Oy 428 % H”. This decrease in

discharge can be compensated by giving such a slope to the sides that the discharge through two
triangular portions is equal to % X Cy; X /28 X H*. Let the slope is given by 8/2. The discharge
through a V-notch of angle 8 is given by

8 B SJI"]
= —xXC,; % 2 xtan — H*
15 4T Ve mHLG

L
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Thus i><l.’fnr>< 2g xlanEHmz:ix(Z‘dx 2g x H?
15 2 15
ani et o ppamitlegry
2 15 8 4 4

Thus discharge through cipolletti weir is

Q:%xq,xLx,jﬁﬁm ..(8.16)
If velocity of approach, V, is to b:e taken into consideration,

Q:%xC,,xLx@ [(H+ h,Y? - h)") .(8.17)

Problem 8.23  Find the discharge over a cipolletti weir of length 2.0 m when the head over the weir
is I m. Take C, = 0.62.
Solution. Given :

Length of weir, L=20m
Head over weir, H=1.0m
C,=062

Using equation (8.16), the discharge is given as

Q:%xcf,xi.x 2g x H"

::%xﬂﬁEx?Dx,thElxﬂfe=35mlﬁﬁ.Am.

Problem 8.24 A cipolletti weir of crest length 60 cm discharges water. The head of water over the
weir is 360 mm. Find the discharge over the weir if the channel is 80 cm wide and 50 cm deep. Take
C, = 0.60.

Solution. Given :

C,= 0.60
Length of weir, L=060cm=0.60m
Head of water, H =360 mm=0.36m
Channel width =80 cm=0.80m
Channel depth =50 cm = 0.50 m

A = cross-sectional area of channel = 0.8 x 0.5 = 0.4 m’
To find velocity of approach, first determine discharge over the weir as

Q:%xq,xLx 2g x H?

The velocity of approach, V, = %

0= % % 0.60 % 0.60 % 2 x9.81 % (0.36)"* m?/s = 0.2296 m*/s

V. = _22& = 0.574 m/s

‘040

=
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Head due to velocity of approach,

3 (0.574)°
h, =V, 2g=———=0.0168 m
#7 2%98l
Thus the discharge is given by equation (8.17) as

Q = % g C“; ®x Lo JE [(H'l' "FH)I-S _hn]j-l

2
3 X 060 x.6 x J2x 981 [(36 + .0168)" — (.0168)"7]

1.06296 % [.2313 - .002177] = 0.2435 m’/s. Ans.

p 8.13 DISCHARGE OVER A BROAD-CRESTED WEIR

A weir having a wide crest is known as broad-crested weir.
Let H = height of waler above the crest
L = length of the crest

Fig. 8.10 Broad-crested weir,

It 2L = H, the weir is called broad-crested weir
It 2L < H, the weir is called a narrow-crested weir
Fig. 8.10 shows a broad-crested weir.
Let /i = head of water at the middle of weir which is constant
v = velocity of flow over the weir
Applying Bernoulli's equation to the still water surface on the upstream side and running water at

the end of weir,

2

O+O+H=[}+-v—+h
2g

o

v
2g

v=42g (H—h)

*. The discharge over weir 0 = C; X Area of flow x Velocity
=C,x Lxhx2¢(H-h)

=Cyx Lx 2¢(HR® — 1’ .(8.18)

=H-h

:
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The discharge will be maximum, if (Hh* - i) is maximum

or % (Hh* ~h*)y=0or2h x H-3h*= 0 or 2H = 3h
h= = H
3

0,1 Will be obtained by substituting this value of £ in equation (8.18) as

-

K 3
S N DRI

F T—
=C xLxqJ2g \’Hxaxﬂ- -—%H]

8)H’

4 8 12 -
=C:IXLX “Izg EH3—EH3 =CHXL>< ,,l'Zg (T

4
C, xLx.J2g EH’ = C,x Lx f2g x0.3849 x H*?

3849 x J2x 981 x C,x Lx H = 1.7047 x C;x L x H*?
1.705 x C;x L x H*, ..(8.19)

» 8.14 DISCHARGE OVER A NARROW-CRESTED WEIR

For a narrow-crested weir, 2L < H. It is similar to a rectangular weir or notch hence, ( is given by

0= % x Cyx Lx J2g x H*? ..(8.20)

» 8.15 DISCHARGE OVER AN OGEE WEIR

Fig. 8.11 shows an Ogee weir, in which the crest of the weir
rises upto maximum height of 0.115 x H (where H is the height of
water above inlet of the weir) and then falls as shown in Fig. 8.11.
The discharge for an Ogee weir is the same as that of a rectangular
weir, and it is given by

@=—xCyx Lx2g x B"? ..(8.21)

| b

Fig. 811 An Ogee weir.
» 8.16 DISCHARGE OVER SUB-MERGED OR DROWNED WEIR

When the water level on the downstream side of a weir is above the crest of the weir, then the weir
is called to be a sub-merged or drowned weir. Fig. 8.12 shows a sub-merged weir. The total
discharge, over the weir is obtained by dividing the weir into two parts. The portion between upstream
and downstream water surface may be treated as free weir and portion between downstream water
surface and crest of weir as a drowned weir.

=
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\w

Fig.8.12 Sub-merged weir,

Let H = height of water on the upstream side of the weir
h = height of water on the downstream side of the weir
Then (}, = discharge over upper portion
e % x C, X Lx 2g [H-h"
(), = discharge through drowned portion
= (,, % Area of flow x Velocity of flow

= C, X LXhX ,2¢(H - h)

. Total discharge, Q0=0,+0,

2
= gqﬁ X Lx \f2g [H-hP? + C; x Lx hx J28(H = h). ..(8.22)

Problem 8.25 (a) A broad-crested weir of 50 m length, has 50 cm height of water above its crest.
Find the maximum discharge. Take C,; = 0.60. Neglect velocity of approach. (b) If the velocity of
appreach is to be taken into consideration, find the maximum discharge when the channel has a cross-
sectional area of 50 m’ on the upstream side.

Solution. Given :

Length of weir, L=50m
Head of water, H=50ecm=05m
C,=0.60

(i) Neglecting velocity of approach. Maximum discharge is given by equation (8.19) as
Qpax = 1.705 X C; % L x HY?
= 1.705 x 0.60 x 50 x (.5)*” = 18.084 m’/s. Ans.

(if) Taking velocity of approach into consideration

Area of channel, A=50m’
, 0 180
Velocity of approach, V,===——=10.36 m/s
y of app %
vl 036x.3
. Head due toV,, e RO L b R
2¢  2x98l

Maximum discharge, Q. is given by
Qs = 1705 X Cy x LX[(H + k)% = 1,7
= 1.705 x 0.6 x 50 x [(.50 + .0066)" - (.0066)" ]
= 51.15[0.3605 — .000536] = 18.412 m’/s. Ans.
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Problem 8.26 An Ogee weir 5 metres long has a head of 40 cm of water. If C, = 0.6, find the
discharge over the weir.

Solution. Given :

Length of weir, L=35m
Head of water, H=40cm = 0.40 m
Cﬂ.f = ﬂ.ﬁ

Discharge over Ogee weir is given by equation (8.21) as
Q:%x(.‘lrxLx 2g x H*"?

2 % % 0.60 X 5.0 X ZX981 x (0.4)*? = 2.2409 m’/s. Ans.

Problem 8.27 The heights of water on the upstream and downstream side of a sub-merged weir of
3 m length are 20 cm and 10 cm respectively. If C, for free and drowned portions are 0.6 and
0.8 respectively, find the discharge over the weir.

Solution. Given :
Height of water on upstream side, H = 20 ¢cm = 0.20 m
Height of water on downstream side, i = 10 cm = 0.10 m

Length of weir, L=3m
C:!: - 0.6
C,, =038

Total discharge O is the sum of discharge through free portion and discharge through the drowned
portion. This is given by equation (8.22) as

2
Q:E‘x Cy X L X [2g [H-h"+ Cy, X Lxhx2g(H—-h)
:%xﬂ.ﬁx.i X 2% 981 [.20 -.10]"% + 0.8 x 3x .10 % /2 x 9.81(2 - 1)

= 0.168 + 0.336 = 0.504 m’/s. Ans.

HIGHLIGHTS

1. A notch is a device used for measuring the rate of flow of a liquid through a small channel. A weir is
a concrete or masonary structure placed in the open channel over which the flow occurs.
2. The discharge through a rectangular notch or weir is given by

2
g=" C,x LxH"

where C; = Co-efficient of discharge,
L = Length of notch or weir,
H = Head of water over the notch or weir.
3. The discharge over a triangular notch or weir is given by
8 0 )
= — C,tan — x 42g x H**
Q 15 ¢ n 3 £

where 8 = total angle of triangular notch.
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4.

10.

11.

The discharge through a trapezoidal notch or weir is equal to the sum of discharge through a
rectangular notch and the discharge through a triangular notch. It is given as

2 po 8 [t} /2
Q=§ Gy XL x 22 x H' +EC"3 X tan Ex,&g x H®
where Cd, = co-efficient of discharge for rectangular notch,

C, = co-efficient of discharge for triangular notch,

6/2 = slope of the side of trapezoidal notch.

The error in discharge due to the error in the measurement of head over a rectangular and triangular notch
or weir is given by
d 3 dH .
___Q =—— ... For a rectangular weir or noich
(¢} 2 H
5 dH y ;
= -5 -h-r— ... For a triangular weir or notch

where @ = discharge through rectangular or triangular notch or weir
H = head over the notch or weir.

. The time required to empty a reservoir or a tank by a rectangular or a triangular notch is given by

= * 1 = : By a rectangular notch
CdL.-.FZg ,IJHZ I-IIHI
= Sg { .]w = i;: ] ... By a triangular notch
4C, tan 5 J2g LHYT Hy

where A = cross-sectional area of a tank or a reservoir

H, = initial height of liquid above the crest or apex of notch

H, = final height of liquid above the crest or apex of notch.
The velocity with which the water approaches the weir or notch is called the velocity of approach. It is
denoted by V, and is given by

_ Discharge over the notch or weir

“  Cross-sectional area of channel ~

2
a

2g

The head due to velocity of approach is given by h, =

. Discharge over a rectangular weir, with velocity of approach,

Q= % CuL 28 [(H, + 1) 0",

Francis’s Formula for a rectangular weir is given by

0=1.84[L-02 H] H"? ... For two end contractions
=1.84 LH"® ... If end contractions are suppressed
=184 L[(H+ hu)m - .‘rﬂm] ... If velocity of approach is considered

where L = length of weir,
H = height of water above the crest of the weir,
h, = head due to veloeity of approach.

Bazin's Formula for discharge over a rectangular weir,
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Q=mL 2gH"* ... without velocity of approach
=mL . j2g [(H+ hu)m] ... with velocity of approach
2 ;
where = 3 C,=0405+ % ... without velocity of approach
=0.405 + O ... with velocity of approach.
(H+h,)

12. A trapezoidal weir, with side slope or | horizontal to 4 vertical, is called Cipolletti weir. The discharge
through Cipolletti weir is given by

Q= % C,xLx Jﬁ i ... without velocity of approach
2
= 5 CyxLx JE [(H + .‘ra}m - ham] ... with velocity of approach.

13. The discharge over a broad-crested weir is given by,

Q=CL 28 (HK - 1)

where H = height of water above the crest
h = head of water at the middle of the weir which is constant
L = length of the weir.

14. The condition for maximum discharge over a broad-crested weiris i= — H

i | 2

and maximum discharge is given by 0, = 1.705 C, L H

15. The discharge over an Ogee weir is given by 0 = % C,L % JE x H*2,

16. The discharge over sub-merged or drowned weir is given by
@ = discharge over upper portion + discharge through downed portion

2
=5 G LX V28 (H=m)*™+ C, Lhx 2g(H~-h)

where  H = height of water on the upstream side of the weir,
h = height of water on the downstream side of the weir.

EXERCISE

(A) THEORETICAL PROBLEMS

Define the terms : notch, weir, nappe and crest.

How are the weirs and notches classified ?

Find an expression for the discharge over a rectangular weir in terms of head of water over the crest of
the weir.

4. Prove that the discharge through a triangular notch or weir is given by

8 8 3
Q= = C,x tan 5><1."2g e

where H = head of water over the notch or weir
8 = angle of notch or weir.

fad ==
Tl el |
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9.
10.

12.
13.
14.

. What are the advantages of triangular notch or weir over rectangular notch ?

Prove that the error in discharge due to the error in the measurement of head over a rectangular notch is
given by

Q 2 H
where () = discharge through rectangular notch
and H = head over the rectangular notch.

. Find an expression for the time required to empty a tank of arca of cross-section A, with a rectangular

notch.

. What do you understand by *Velocity of Approach’ ? Find an expression for the discharge over a rectan-

gular weir with velocity of approach.
Define “end contraction” of a weir. What is the effect of end contraction on the discharge through a weir ?
What is a Cipolletti Weir 7 Prove that the discharge through Cipolletti weir is given by

0=3 CL 25 H”

where L = length of weir, and H = head of water over weir.

. Differentiate between Broad-crested weir and Narrow-crested weir. Find the condition for maximum dis-

charge over a Broad-crested weir and hence derive an expression for maximum discharge over a broad-
crested weir.

What do you mean by a drowned weir ? How will you determine the discharge for the downed weir ?
Discuss ‘end contraction’ of a weir.

State the different devices that can be used to measure the discharge through a pipe also through an open
channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual
discharge with its help.

. What is the difference between a notch and a weir ?

Define velocity of approach. How does the velocity of approach affect the discharge over a weir 7

(B) NUMERICAL PROBLEMS

Find the discharge of water flowing over rectangular notch of 3 m length when the constant head of water
over the notch is 40 cm. Take C, = 0.6. [Ans. 1.344 m'/fs]
Determine the height of a rectangular weir of length 5 m to be built across a rectangular channel. The
maximum depth of water on the upstream side of the weir is 1.5 m and discharge is 1.5 m” per second.
Take C, = 0.6 and neglect end contractions. |Ans. 1.194 m]

. Find the discharge over a triangular notch of angle 60° when the head over the triangular notch is 0.20 m.

Take C, = 0.6. [Ans. 0.0164 m'/s]

. A rectangular channel 1.5 m wide has a discharge of 200 litres per second, which is measured by a right-

angled V-notch weir. Find the position of the apex of the notch from the bed of the channel if maximum
depth of water is not be exceed 1 m. Take C, = 0.62. [Ans. .549 m]

. Find the discharge through a trapezoidal notch which is 1.2 m wide at the top and 0.50 m at the bottom and

is 40 c¢m in height. The head of water on the notch is 30 em. Assume C, for rectangular portion as 0.62
while for triangular portion = 0.60. [Ans. 0.22 m'/s)

. A rectangular notch 50 cm long is used for measuring a discharge of 40 litres per second. An error of 2 mm

was made in measuring the head over the notch. Calculate the percentage error in the discharge. Take
C,=0.6. [Ans. 2.37%]

. A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of 2 mm was made in

measuring the head over the notch. Caleulate the percentage error in the discharge. Take €, = 0.62.
[Ams. 2.37%]
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8.

9.

10.

16.

17.

Find the time required to lower the water level from 3 m to 1.5 m in a reservoir of dimension 70 m x 70 m,

by a rectangular notch of length 2.0 m. Take C; = 0.60. |Ans. 11 min 1 5]
If in the problem 8, instead of a rectangular notch, a right angled V-notch is used, find the time required.
Take all other data same. |Ans. 13 min 31 s]

Water is flowing in a rectangular channel of 1.2 m wide and 0.8 m deep. Find the discharge over a rectan-
gular weir of crest length 70 ¢m if the head of water over the crest of weir is 25 ¢cm and water from channel
flows over the weir. Take C,; = 0.60. Neglect end contractions but consider velocity of approach.

[Ans. 0.1557 m/s]
Find the discharge over a rectangular weir of length 80 m. The head of water over the weir is 1.2 m. The
velocity of approach is given as 1.5 m/s. Take €, = 3.6, [Ans. 208.11 m/s]

. The head of water over a rectangular weir is 50 cm. The length of the crest of the weir with end contraction

suppressed is 1.4 m. Find the discharge using following formulae : (1) Francis's Formula and (i) Bazin's
Formula. [Ans. (i) 0.91 m/s, (if) 901 m’/s]

. A discharge of 1500 m’/s is to pass over a rectangular weir. The weir is divided into a number of openings

each of span 7.5 m. If the velocity of approach is 3 m/s, lind the number of openings needed in order the

head of water over the crest is not to exceed 1.8. [Ans. 37.5 say 38]

. Find the discharge over a cipolletti weir of length 1.8 m when the head over the weir is 1.2 m. Take
C,=062 [Ans. 4331 m'/s)
(a) A broad-crested weir of length 40 m, has 400 mm height of water above its crest. Find the maximum
discharge. Take C, = 0.6. Neglect velocity of approach. [Ans. 10.352 m*/s]

(b) If the velocity of approach is to be taken into consideration, find the maximum discharge when the
channel has a cross-sectional area of 40 m” on the upstream side. [Ans. 10.475 m'/s]

An Ogee weir 4 m long has a head of 500 mm of water. If C; = 0.6, find the discharge over the weir.
[Ans. 2.505 m'/s]
The heights of water on the upstream and downstream side of a sub-merged weir of length 3.5 m are
300 mm and 150 mm respectively. If C, for free and drowned portion are (.6 and 0.8 respectively. find the
discharge over the weir. [Ans. 1.0807 m'/s]
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VISECO\US FLOW

» 9.1 INTRODUCTION

This chapter deals with the flow of fluids which are viscous and flowing at very low velocity. At

low velocity the fluid moves in layers. Each layer of fluid slides over the adjacent layer. Due to relative

. ; ; gt .. du
velocity between two layers the velocity gradient e exists and hence a shear stress T= |1 — acts on

the layers. y @y
The following cases will be considered in this chapter :
I. Flow of viscous fuid through circular pipe.
2. Flow of viscous fluid between two parallel plates.
3. Kinetic energy correction and momentum correction factors.
4. Power absorbed in viscous flow through
(a) Journal bearings, (b) Foot-step bearings, and  (¢) Collar bearings.

» 9.2 FLOW OF VISCOUS FLUID THROUGH CIRCULAR PIPE

For the flow of viscous fluid through circular pipe, the velocity distribution across a section, the
ratio of maximum velocily to average velocity, the shear stress distribution and drop of pressure for a
given length is to be determined. The flow through the circular pipe will be viscous or laminar, if the
Reynolds number (R,*) is less than 2000. The expression for Reynold number is given by

g = PVD
u
where p = Density of fluid flowing through pipe
V = Average velocity of fluid
D = Diameter of pipe and
L = Viscosity of fluid.

TX 2nr A
DIRECTION - ’ : . 4
OF FLOW iﬂ Al X R !
3 = y%;_a - 3
- X p
/‘E o ’T{p+ﬁ{n§l!ﬂf
= | A =]

prr

(a) (B)
Fig. 9.1 Viscous flow through a pipe.

* For derivation, please refer to Art. 12.8.1.
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Consider a horizontal pipe of radius K. The viscous fluid is flowing from left to right in the pipe as
shown in Fig. 9.1 (a). Consider a fluid element of radius r, sliding in a cylindrical fluid element of

radius (r + dr). Let the length of fluid element be Ax. If *p” is the intensity of pressure on the face AB,

5]
then the intensity of pressure on face CD will be [p+§.&r]. Then the forces acting on the fluid

element are :
1. The pressure force, p x Tr* on face AB.

2. The pressure force, [p + -g-‘g- Ax) nr® on face CD.
X

3. The shear force, T x 2mrAx on the surface of fluid element. As there is no acceleration, hence the
summation of all forces in the direction of flow must be zero i.e.,

3 ;
pm'z—[p+—‘p&x] T —TX2mrxAv=0

dx
d
or - A =T X 2mr x Ax =0
dx
d
or B ot LFE=21=0
dx
dp r
R ST +(9.1)
dx 2
) ... dp N
The shear stress T across a section varies with “r° as — across a section is constant. Hence shear
x
stress distribution across a section is linear as shown in Fig. 9.2 (a).
SHEAR STRESS VELOCITY
DISTRIBU'I%ON /DISTRIBUTFON

VN =

Fig. 9.2 Shear stress and velocity distribution across a section.

(i) Veloeity Distribution. To obtain the velocity distribution across a section, the value of shear

du . . ;
stress T=|L d_ is substituted in equation (9.1).
Al

. 2 " i .
But in the relation T= . v is measured from the pipe wall. Hence

dy
y=R—r and dy=-—dr
py e du
—dr dr

Substituting this value in (9.1), we get
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g e 1 dp
dr dx 2 dr 2]1 E]x
Integrating this above equation w.r.t. *r’, we get
"= L-a—p- P+ C 2
4u dx

where C is the constant of integration and its value is obtained from the boundary condition that at
r=R,4=10.
1 dp
4p dx
gl ap
4p dx
Substituting this value of C in equation (9.2), we get
1 ap 1 E}p 2

= —_— ——

4 ax 4p dx

0= —-—L— R+ C

l aﬂ 2 2
= R —-r (%
T ax[ r (9.3)

; J : ; T
In equation (9.3), values of p, El_p and R are constant, which means the velocity, u varies with the
x
square of r. Thus equation (9.3) is a equation of parabola. This shows that the velocity distribution
across the section of a pipe is parabolic. This velocity distribution is shown in Fig. 9.2 (6).
(i) Ratio of Maximum Velocity to Average Velocity. The velocity is maximum, when r = 0 in

equation (9.3). Thus maximum velocity, Um"x is obtained as

Iap

.(9.4)
max = 4“ ax (

The average velocity, u, is obtained by dividing the discharge of the fluid across the section by the
area of the pipe (1mR?). The discharge (Q) across the section is obtained by considering the flow through
a circular ring element of radius r and thickness dr as shown in Fig. 9.1 (#). The fluid flowing per
second through this elementary ring

d() = velocity at a radius r x area of ring element
=uX2nrdr
=- La—'m[!-.’2 = rzj X 2mr dr
411 ox

0= L do = '[—L—(Rz—r)xzmdr

dap >
(ax)xznj (R2— 1) rdr

1 (-dp ko2, A
_a(g)xzni}(ﬂ:—r)dr

L
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4
IL(ﬁ X2nx_=1(ﬂ] R'l
u . dx 8\ dx
(e
Average velocity, u= Y = S ax,,
Area TR
ar E

Ratio of maximum velocity to average velocity = 2.0.
(iif) Drop of Pressure for a given Length (L) of a pipe

—

"=

()

R4
T}

f

From equation (9.5), we have
[ p]
dx

|Tn-

- |

Integrating the above equation w.r.t. x, we get

ol |
L3

_I] dp=J" 3!-'5‘ - xJ--—-L—-—‘
- ) :
Suu Fig. 9.3
=lp-pal= ; —x;lor(p;—py) = : [x; —x]
Suu B : .
= e L {~ x,-x; =L fromFig. 9.3}
- Bkl { R.:E}
(D/2) 2
i
or (p,—p))= ZD“;‘L, where p; — p, is the drop of pressure.
Loss of pressure head = 21— P2
Pg
PPy = 2yl (9.6
pg pgD”

Equation (9.6) is called Hagen Poiseuille Formula.
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Problem 9.1 A crude oil of viscosity 0.97 poise and relative density 0.9 is flowing through a
horizontal circular pipe of diameter 100 mm and of length 10 m. Calculate the difference of pressure
at the two ends of the pipe, if 100 kg of the oil is collected in a tank in 30 seconds.

Solution. Given : 1 = 0.97 poise = U]—?:— =0.097 Ns/m*
Relative density =09
Po. Or density, = 0.9 x 1000 = 900 kg/m’
Dia. of pipe, D =100 mm=0.1 m
L=10m
Mass of oil collected, M =100 kg
Time, t = 30 seconds

Calculate difference of pressure or (p; — p,).
The difference of pressure (p, - p,) for viscous or laminar flow is given by

Pi=P2= 32‘;?{' . where u = average velocity = A?ea
Now, mass of oil/sec = % kols
=Py x@=900x0 ( py=1900)

100
30 900 = Q

Q= 00, 1 - o0037m¥s

30 900
u=-2 0057 007 _ 6471 s,

Area E DE E(l)'-'
4 4
For laminar or viscous flow, the Reynolds number (R,) is less than 2000. Let us calculate the
Reynolds number for this problem.

VD
Reynolds number, R *= L
Tl
where p=p,=900,V= u=0471,D=0.1m, pn=0.097
R, =900 % HT1XO0L _ 43601

0.097
As Reynolds number is less than 2000, the flow is laminar.

2

N/m

R2uul 32 x0.097x.471x10
-D1 Pg = 2 = >
D (1)
= 1462.28 N/m> = 1462.28 % 10"* N/cm® = 0.1462 N/em>. Ans.

* For derivation, please refer to Art. 12.8.1

=
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Problem 9.2 An oil of viscosity 0.1 Ns/m® and relative density 0.9 is flowing through a circular
pipe of diameter 50 mm and of length 300 m. The rate of flow of fluid through the pipe is 3.5 litres/s.
Find the pressure drop in a length of 300 m and also the shear stress at the pipe wall.

Solution. Given : Viscosity, i = 0.1 Ns/m?

Relative density =0.9
Py or density of oil = 0.9 % 1000 = 900 kg/m* (> Density of water = 1000 kg/m*)
D=50mm=.05m
L =300m

() = 3.5 litres/s = 35 =.0035 m'/s
1000

Find (i) Pressure drop, p, — p,
(i) Shear stress at pipe wall, T,

u ~ 0035 003
(7) Pressure drop (p; —p,) = M where wu= Q = 0035 = 0035 = 1.782 m/s
& Area T, T 2
D (.05)
4 4
The Reynolds number (R,) is given by, R, = EEE
u
where p =900 kg/m®, V = average velocity = u = 1.782 m/s
R, =900 x LT82X05 _ 4519
0.1
As Reynolds number is less than 2000, the flow is viscous or laminar
e 32 % 0.1 % 1.782 x 3000
1 2 (.05:]3

= 684288 N/m” = 68428 x 107* N/cm” = 68.43 N/em?. Ans.
(if) Shear Stress at the pipe wall (1;)

The shear stress at any radius r is given by the equation (9.1)

: dp r
ie., = =
dx 2
Shear stress at pipe wall, where r = R is given by
—-dp R
.
ox 2
Now —dp _ —(Pz = Pl) _bi-P _ AP
dx X, — X, X, — X; L
_ BRAZSE NI _ 9280196 Nhwi®
300 m
D 05
and R=—=-O;=.025m
2 2
025 N

T, = 2280.96 % o =512 N/m?. Ans.
m-
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Problem 9.3 A laminar flow is taking place in a pipe of diameter 200 mm. The maximum velocity
is 1.5 m/s. Find the mean velocity and the radius at which this occurs. Alse calculate the velocity at
4 cm from the wall of the pipe.
Solution. Given : Dia. of pipe, D = 200 mm = 0.20 m
U,.=15m/s

Find (i) Mean velocity, u

(ii) Radius at which U occurs

(ifi) Velocity at 4 em from the wall.
(i) Mean velocity, u

= E = 0.75 m/s. Ans.
2.0

E]
|5
-

|

[ ]
=
=
=

Il

[ ]

=

21

Ratio of

(ii) Radius at which u occurs
The velocity, u, at any radius “r" is given by (9.3)

2
s o P rﬂ:—ia—"ﬁz[]—”a}

4p dx 4u ox R
But from equation (9.4) U, is given by
a1 ap Y
Vo= - 2 wmt1-(2) A1
Now, the radius r at which « = & = 0.75 m/s

el )
15[ -(7) |= 1 (55
oz =1-(g7)

[L)z_luﬂml_l_l
0.1 1.50 R

r=0.1 x5 = 0.1 x.707 = 0707 m
= 70.7 mm. Ans.

(i) Velocity at 4 em from the wall
r=R—-4.0= 10 -4.0 = 6.0 cm = 0.06 m

L
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The velocity at a radius = 0.06 m

or 4 em from pipe wall is given by equation (1)

2 2 =T 2 ¥
um[l-(:) ]zs,{]-(ﬂ_ﬁ] ]
R A R=10cm
1.5[1.0 = .36] = 1.5 x .64 = 0,96 m/s. Ans. Fig. 9.4

Problem 9.4 Crude oil of | = 1.5 poise and relative density 0.9 flows through a 20 mm diameter
vertical pipe. The pressure gauges fixed 20 m apart read 35.86 N/em?® and 19.62 N/em® as shown in
Fig. 9.5. Find the direction and rate of flow through the pipe.

Solution. Given : = 1.5 poise = i—ﬂ = (.15 Ns/m’
Relative density =09
Density of oil = 0.9 x 1000 = 900 kg/m’
Dia. of pipe, D=20mm=0.02m
L=20m

Py =58.86 N/em” = 58.86 x 10* N/m”
pp=19.62 Njem® = 19.62 x 10" N/m".
Find (i) Direction of flow
(ii) Rate of flow.

-

(i) Direction of flow. To find the direction of flow, the total energy [i + L+ Z] at the lower end

P 2g
A and at the upper end B is to be calculated. The direction of flow will be given from the higher energy
to the lower energy. As here the diameter of the pipe is same and hence kinetic energy at A and 8 will

<O
be same. Hence to find the direction of flow, calculate (£+ Z] at A and B.
Ps
| 1o =2
Taking the level at A as datum. The value of | —+ Z | at 2
pg 19.62 Niem
A=2s .7 20m
psg '
x 10" x 9. T e RN
=M+n{~.- r =900 ke/em?’} M-
sl 58.86 Niem
= 66.67 m o T
p p |-—l-|— 20 mm
The value of | — + Z | at B:—H+ZB ; K
pg pg Flg 9.5
2x10* x9.81
o 2x10 X981 | o) 2222 420=4222m
900 x 9.81
As the value of [i + Z] is higher at A and hence flow takes place from A to B. Ans.
Pg
(if) Rate of flow. The loss of pressure head for viscous flow through circular pipe is given by

_ 32pul

1 3
j pgD_
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For a vertical pipe hy= Loss of peizometric head

= (fi+ ZAJ—[&;-+ ZBJ = 66.67 — 42.22 = 24.45 m
pg pg
32x0.15xu x20.0
900 x 9.81 x(.02)°

24.45 % 900 % 9.81 ».0004
32 x015x200

The Reynolds number should be calculated. If Reynolds number is less than 2000, the flow will be
laminar and the above expression for loss of pressure head for laminar flow can be used.

2445 =

or u = = (.889 = 0.9 m/s.

Now Reynolds number = i
L
where p = 900 kg/m* and V= u
Reynolds number =900x X092 _ 44¢
0.15
As Reynolds number is less than 2000, the flow is laminar.
Rate of flow = average velocity X area

= u X g D*=09 x ; % (.02)2 m3/s = 2.827 x 10~*m’ss

= (L2827 litres/s. Ans. (o 107 m* = 1 litre)

Problem 9.5 A fluid of viscosity 0.7 Ns/m® and specific gravity 1.3 is flowing through a circular
pipe of diameter 100 mm. The maximum shear stress at the pipe wall is given as 196.2 N/m?®, find
(i) the pressure gradient, (ii) the average velocity, and (iii) Reynolds number of the flow.

Solution. Given : n=07 :S
Sp. o1 =153
Density = 1.3 x 1000 = 1300 kg/m®
Dia. of pipe, D=100mm=0.1m
Shear stress, 1, = 196.2 N/m’
dp

Find (i) Pressure gradient, —
dx

(if) Average velocity, M
(iii) Reynolds number, R,
(i) Pressure gradient, d_p
dx

The maximum shear stress (T,) is given by

dp R D dp " 0.1

dp
=— = 2=—-—=—X—=
Ty 2 or 196 EJ_rX 7 %

L
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dp 1962 x4
dx 0.1
Pressure Gradient = — 7848 N/m” per m. Ans.

= — 7848 N/m” per m

(i) Average velocity, u

E=lUn1'|x =l "La_pR: max=uia_pR2
2™ 2 4p oox ' 8u dx
e
8u ox
- 7848) x (.05)’ { R —us}
SExny Vs xL00) i
=3.50 m/s

(7ii) Reynolds number, R,

uxD uxD pxuxD

R, = =
voooulp i
= 1300 % % = 650.00. Ans.

Problem 9.6 Whar power is required per kilometre of a line to overcome the viscous resistance to
the flow of glycerine through a horizontal pipe of diameter 100 mm at the rate of 10 litres/s ? Take
W = 8 poise and kinematic viscosity (v) = 6.0 stokes.

Solution. Given :

Length of pipe. L=1km=1000m
Dia. of pipe, D =100 mm = 0.1 m
Discharge, 0 = 10 litres/s = 19 m'fs = .01 m/s
1000
Viscosity, i = 8 poise = = N% = 0.8 N s/m*
10 m~
Kinematic Viscosity, v = 0.0 stokes ( | poise = %st m:]
=6.0cm¥s = 6.0 x 10" m%s
Loss of pressure head is given by equation (9.6) as h,= 32,’;?
Power required = W x .-'rJ, watts 1)
where W = weight of oil flowing per sec = pg x
Substituting the values of W and /i, in equation (i),
32 pul =
Power required =(pgx Q) x {—3] watts = M (cancelling pg)
- o g »
But "= € o A . A 4, =1.273 m/s

Area T2 mx(1)?

L
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_ 01x32x0.8x1.273 x1000

(1)?
= 32588.8 W = 32.588 kW. Ans.

- Power required

» 9.3 FLOW OF VISCOUS FLUID BETWEEN TWO PARALLEL PLATES

In this case also, the shear stress distribution, the velocity distribution across a section ; the ratio of
maximum velocity to average velocity and difference of pressure head for a given length of parallel
plates, are to be calculated.

by PARALLEL PLATE
DIRECTION
OF FLOW > T
— {r +Wﬁy)ﬁx x1
. E{ g A== D :
pPxAYX %
y Y o
T (p+=C Ax)ay x1 l
(2 Bax x1© o
% - ﬁ(\ PARALLEL PLATE
AX

Fig. 9.6 Viscous flow between two parallel plates.

Consider two parallel fixed plates kept at a distance *t" apart as shown in Fig. 9.6. A viscous fluid is
flowing between these two plates from left to right. Consider a fluid element of length Av and thick-
ness Ay at a distance v from the lower fixed plate. If p is the intensity of pressure on the face AB of the

a
fluid element then intensity of pressure on the face CD will be [p+ é% Ax | Let T is the shear stress

acting on the face BC then the shear stress on the face AD will be (t+%&y}. If the width of the

element in the direction perpendicular to the paper is unity then the forces acting on the fluid element
are :
1. The pressure force, p ¥ Ay x | on face AB.

d
2. The pressure force, (p +a—p&xj Ay % 1 on face CD.
X

3. The shear force. T x Ax x 1 on face BC.

4. The shear force, [1: + g—t- Ay] Ax % 1 on face AD.
A

For steady and uniform flow, there is no acceleration and hence the resultant force in the direction
of flow is zero.

d J1
pAy x 1 —[p+£ﬁr)&yx 1 —tAex 1+ [t+g.ﬁme>~: 1=0

or - ?f- AxAy + E—E AyAx =10
dx T dx
Dividing by AxAy, we get - 8_p+ E =0 or a_p = E salET)

Ay dx  dy
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(i) Veloeity Distribution. To obtain the velocity distribution across a section, the value of shear

du
stress T = L — from Newton’s law of viscosity for laminar flow is substituted in equation (9.7).

dy
dp _ 0 [u d_u]zu d’u

ar vl dy dy?
Pu_1
dy® | oox
Integrating the above equation w.r.L y, we gel
ﬁ = L a_p y+C, { a_p is constant}
dy W dx dx
; ; 1 dp v°
Integrating again u=s———+Cy+0C, ..(9.8)
poox 2

where C, and C, are constants of integration. Their values are obtained from the two boundary condi-
tions thatis (D aty=0,u=0(mMaty=1ru=0.

The substitution of y =0, u = 0 in equation (9.8) gives
The substitution of v =, 1= 0in equation (9.8) gives
2
0= l@"—.e-(fl X+
ndx 2
__lop  _ 19p

| =

wox 2xt 2 drx
Substituting the values of C, and C, in equation (9.8)

=L, Lo,
2uax - 2u dx

or w=——— [ty =] w(9.9)

) . ;
In the above equation, L, a—p and t are constant. It means u varies with the square of y. Hence
x

equation (9.9) is a equation of a parabola. Hence velocity distribution across a section of the parallel
plate is parabolic. This velocity distribution is shown in Fig. 9.7 (a).
|-|- 15 =

— (@)

Fig. 9.7 Velocity distribution and shear stress distribution
across a section of parallel plates.

=
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(if) Ratio of Maximum Velocity to Average Velocity. The velocity is maximum, when y = /2.
Substituting this value in equation (9.9), we get

I dp| ¢ (r]z
= | Y
e ZJ.IBI{XZ 2}

e w(910)
2p dx 4 8u dx

The average velocity, u., is obtained by dividing the discharge (Q) across the section by the area of
the section (f % 1). And the discharge (J is obtained by considering the rate of flow of fluid through the
strip of thickness dv and integrating it. The rate of flow through strip is

d(Q) = Velocity at a distance v x Area of strip

= L% ixayxi
21 dx
t ! 1 ap 5
- {f —1 —_—_——— | O | d )
0=, do=[ -3t tv-y14
__ L[y y[_tafr ¢
Co2pox[2 3] 2uox|2 3
_lwr_ L,
21 dx 6 12p ox
1
g2 __uoy 1 g (9.11)
Area tx1 12p dx
Dividing equation (9.10) by equation (9.11), we get
L 9p
« Lo, 8 2
12 dx
(iii) Drop of Pressure head for a given Length. From equation (9.11), we have
= | ) u
u= ——a—p.“ or a—p:- 12}1111
12u dx dx £
Integrating this equation w.r.t. x, we get
| L 12pn
dp=| - d:
g P L g
12p1u 12
or Py=p2=- g [x; —x] = —I: [x; = x]
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o @ @
12uul i .
or Pl—Pz=% [ x —x=L] i !
If i1, is the drop of pressure head, then b L[D_z
hf= Py — P =12,’“';_L (9.13) YI)I"V :
P pgt i . :
(iv) Shear Stress Distribution. It is obtained by substituting Hi.l '
the value of u from equation (9.9) into ’ X2 !
o Fig. 9.8
T = -~
du d 1 dp ) 1 dp
T=l—=—|-——=—|ty- =P | ———(t-2y
l dy Ha)[ 2;16.‘-(' y)] “[ l‘pa_t{ )
1 dp
T=-——[t-2y «(9.14)
2 ox [ 7]

In equation (9.14), o' 5 and r are constant. Hence T varies linearly with y. The shear stress distribution

dx
is shown in Fig. 9.7 (b). Shear stress is maximum, when y = 0 or 1 at the walls of the plates. Shear stress
is zero, when y = #/2 that is at the centre line between the two plates. Max. shear stress (T,,) is given by

1 dp
Tg=—-—— 1=~ a3 13)
! 2 dx
Problem 9.7 Calculate : (i) the pressure gradient along flow, (ii) the average velocity, and

(iii) the discharge for an oil of viscosity 0.02 Ns/m” flowing between two stationary parallel plates | m
wide maintained 10 mm apart. The velocity midway between the plates is 2 m/s.

Solution. Given :

Viscosity, H=.02N s/m?

Width, b=1m

Distance between plates, t=10mm=.01lm

Velocity midway between the plates, U, = 2 m/s.

(i) Pressure gradient [d_p]

dx
Using equation (9.10), U _ .=-——1" or 2.0=- — | (.01
ip O100 " Uinay 8 dx 8x.02 \dx L

AP FORERDL. o onmrum wer i
dx .01x.01

(ii) Average velocity (i)

- 2 2x

Using equation (9.12), @ = i u= h: £ = 1.33 m/s. Ans.
u 2 3 3

(iii) Discharge (() =Areaof flow X u = b X t X u = 1 x.01 x 1.33 =.0133 m’/s. Ans.

=
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Problem 9.8 Determine (a) the pressure gradient, (b) the shear stress at the two horizontal parallel
plates and (c) the discharge per metre width for the laminar flow of oil with a maximum velocity of

2 m/s between two horizontal parallel fixed plates which are 100 mm apart. Given y = 2.4525 N s/m”.
Solution. Given:

Upax =2 m/s, £= 100 mm = 0.1 m, p = 2.4525 N/m?
Find (i) Pressure gmdient,,jr—"J

(i) Shear stress at the wall, T,
(iii) Discharge per metre width, Q.

(i) Pressure gradient, gﬂ
X

Maximum velocity, U,,,, is given by equation (9.10)

I N
max 8u ox
Substituting the values :
1 dp 2

20=- ——— x—x (.1

or 8x24525 ax <D
9p _ _20x8x24525 __ 3924 N/m’ per m. Ans.
ox Ix.1

' (i) Shear stress at the wall, ,
T, is given by equation (9.15) as 7, = - l B_p Xt=- % (- 3924) x 0.1 =196.2 N/m’. Ans.

2 ox
(iif) Discharge per metre width, Q
= Mean velocity X Area

=% U X (1X l)=%x2.0x0.1 x 1= 0.133 m¥%s. Ans.

Problem 9.9 An oil of viscosity 10 poise flows berween two parallel fixed plates which are kept at
a distance of 50 mm apart. Find the rate of flow of oil between the plates if the drop of pressure in a
length of 1.2 m be 0.3 N/cm’. The width of the plates is 200 mm.

Solution. Given:

p = 10 poise
10 2 2 [ . 1 NS]
=— Ns/m“=1Ns/ .+ 1 poise =— —
T " POISe =10 m?

t=50mm=0.05m
p1 - p>=0.3 N/m? = 0.3 x 10* N/m?
L=120m

Width, B =200 mm = 0.20 m.
Find Q, rate of flow
The difference of pressure is given by equation (9.13)
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12l
M= l.uv

Substituting the values, we get

ux1.20

0.3 x10*=12 x 1.0 x
05%.05

—_ 03x10" x10x 05 .05
- 12 % 1.20

= (.52 m/s

u % Area=0.52 x (B x 1)
0.52 x 0.20 x .05 m*/s = .0052 m*/s

= 0.0052 x 10 litre/s = 5.2 litre/s. Ans.
Problem 9.10 Water at 15°C flows between two large parallel plates at a distance of 1.6 mm apart.
Determine (i) the maximum velocity (ii) the pressure drop per unit length and (iii) the shear stress at
the walls of the plates if the average velocity is 0.2 m/s. The viscosity of water at 153°C is given as
0.01 poise.

Solution. Given : t=1.6mm=16x%10"m
=0.0016 m

.. Rate of flow

u = 0.2 m/sec, p = .01 poise = % =0.001 N s/m”
(f) Maximum velocity, [/, is given by equation (9.12)
3

max = o
2

ie., U u=15%0.2=0.3 m/s. Ans.

(i) The pressure drop, (p, — p,) is given by equation (9.13)

12uul
Pi—P2= IJ;
i
or pressure drop per unit length = 12|;m
2

or /) =12 % ﬂ;(Lz = 937.44 N/m’ per m.
ax 10 (.0016)

(iii) Shear stress at the walls is given by eguation (9.15)

= Ldp L 937.44 % .0016 = 0.749 N/m>. Ans.
2 dx 2

Problem 9.11 There is a horizontal crack 40 mm wide and 2.5 mm deep in a wall of thickness
100 mm. Water leaks through the crack. Find the rate of leakage of water through the crack if the
difference of pressure between the two ends of the crack is 0.02943 N/cm’. Take the viscosity of water
equal to 0.01 poise.

Solution. Given :

Width of crack, b =40 mm=0.04 m

Depth of crack, t=25mm=.0025m

Length of crack, L=100mm=0.1m

Ty

=
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Py = Pr = 0.02943 N/fem® = 0.02943 x 10* N/m?* = 294.3 N/m?

.01 Ns
= .01 poise = ———
H P 10

m’
Find rate of leakage (Q)
(p, — p») is given by equation (9.13) as
pi=pi= L o 2048 = 105 P WU
. t” 10 (.0025x%.0025)
= 294.3 x 10 x.0025 x .0025 =< ST mi
12x.01x0.1]

Rate of leakage = u % area of cross-section of crack
1.538 x (bx 1
1.538 x .04 x .0025 m¥/s = 1.538 x 10" * m"/s
1.538 x 10" x 10? litre/s = 0.1538 litre/s. Ans.
Problem 9.12 The radial clearance between a hvdraulic plunger and the cylinder walls isO.0 mm ;
the length of the plunger is 300 mm and diameter 100 mm. Find the velocity of leakage and rate of
leakage past the plunger at an instant when the difference of the pressure between the two ends of the
plunger is 9 m of water. Take ti = 0.0127 poise.
Solution. Given :
The flow through the clearance area will be the same as the flow between two parallel surfaces,
t=0.1 mm = 0.0001 m
L =300 mm=03m

i

Diameter, D=100mm=0.1m
Difference of pressure I St R 9 m of water
Ps
Py =pa=9x1000 x9.81 N/m” = 88290 N/m?
Viscosity, u =.0127 poise = A7 &
10 m=
Find (i) Velocity of leakage, i.e., mean velocity u

(if) Rate of leakage, 0
(i) Velocity of leakage (ir). The average velocity (i) is given by equation (9.11)

E = - La—‘u Iz
12y dx
i 1012? xPL= P2 0001) x (.0001)
12 = L
10
L 88290 0001) x (.0001)
12x0127 03

193 m/s = 19.3 cm/s. Ans.

L
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(i) Rate of leakage, ¢

Q = u x area of flow
=0.193 x D x tm*/s = 0.193 x 1t x .1 % .0001 m*/s
=6.06 x 10°° m?/s = 6.06 x 10°°x 10? litre/s
= 6.06 x 107 litre/s. Ans.

b 9.4 KINETIC ENERGY CORRECTION AND MOMENTUM CORRECTION
FACTORS

Kinetic energy correction factor is defined as the ratio of the kinetic energy of the flow per second
based on actual velocity across a section to the kinetic energy of the flow per second based on average
velocity across the same section. It is denoted by c.. Hence mathematically,

o = K.E./sec based on actual velocity (9.16)

" K.E./sec based on average velocity

Momentum Correction Factor. It is defined as the ratio of momentum of the flow per second
based on actual velocity to the momentum of the flow per second based on average velocity across a
section. It is denoted by B. Hence mathematically,

ﬁ:

Momentum per second based on actual velocity

C
Momentum per second based on average velocity ' g o
Problem 9.13 Show that the momentum correction factor and energy correction factor for laminar
flow through a circular pipe are 4/3 and 2.0 respectively.

Solution. (i) Momentum Correction Factor or

The velocity distribution through a circular pipe for laminar flow at any radius r is given by
equation (9.3)

or = i[ma—pJ (R= =) (1)
4p . ox
Consider an elementary area dA in the form of a ring at a radius r and of width dr, then
dA = 2nr dr
. ) Ty
- it - - )7) i T
-
dA = 2ardr
Fig.9.9

Rate of fluid flowing through the ring
= dQ = velocity x area of ring element
=u X 2mr dr
Momentum of the fluid through ring per second
= mass % velocity
=pXdQxu=pX2nrdrxuxu=2np u’rdr
Total actual momentum of the fluid per second across the section

¥ 2
= J- 2np ur dr
0



Viscous Flow 405

Substituting the value of u from (1)

Rl 1 (-op . 2
=2np : [E(E](R —-r )} rdr

_ 1 (-dp S n 2 a2
_2]Tp|j$ [?)] i [R —.’"] redr

R
j {R4 + -—2.‘(13‘2) rdr

4]

=% [16:.13] (%:T

"

= T[p, a_p J {R"'r+ r5—2fi3r‘1’] dr

8u- Ldx ) <o
< 20 (BTHR it R_E[@T R R 2RC

8u? L ax 2 6 4 | sPlax)[2 6 4
_mp (a_p)l 6R® +2R® - 6R®
" 8u” Lox 12
—i‘l(ﬁﬂ]lxﬂ:—_—“p (QET R 2)
~osp? Lax 6 481> L ox

Momentum of the fluid per second based on average velocity
mass of fluid .
= ———— X average velocity
sec
=pAu X u = pAu’
Umnx

2

=1 L_.E_}E 2 - _Lﬁa_ﬂ :-
_zx H[ &r)R { Um-4u( a}]R}

(%)
_811[ aAJR

Momentum/sec based on average velocity

2 1 P 2 2_ 2 I _,a_'f_z 4
=px 1R x{g[—a—x]fi} =px7aR XMPE[ F)_rJ R

-

(- 5]
| ox, (3)
64p°

where A= Area of cross-section = TR*, u = average velocity =

Momentum / sec based on actual velocity

Momentum / sec based on average velocity
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. Ans.

LU (a_PT RS
__48y* \ox 64 _
8

_ELGﬁry_
64p’ | ox

W

(ii) Energy Correction Factor, o. Kinetic energy of the fluid flowing through the elementary ring

of radius ‘r' and of width ‘dr’ per sec

—xmassqu_%xdeXu

M-—-

1
2
Total actual kinetic energy of flow per second

j npru dhjn npr[l ( )( = ):|

= 1(_o 8 s
_rr,px|:4u( Bp.]]j (R* - PV rd

3
=1p X 1 [_a_p] I:(Rﬁ—rﬁ-BR‘rzi-SR‘r‘}rdr

__m (_ap)

" W[ ax) [ @7 387 + 38 dr
_mp (_a_p]’ B 3Ry ]
T 64’ ox 7 8 4 6 |,
_ (a_p) R_R 3R 3R
Teap’l ) |2 8 4 6
o [_@]’Rs[lz-sqsﬂz]

T’ | ox 24
=_ﬂL(_§z)’R_’

64\ ox) 8

Kinetic energy of the flow based on average velocity
= - X mass Ph =% X pAuXU =% X pAU
Substituting the valueof A = (nR?)
and u= L(——aﬁ] R -

=-—xpx(uxandr}xu”:%prnm’dr:upm’dr

-(4)
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Kinetic energy of the flow/sec

1 1 pY
=— X p X R? x 3(-——‘0) x R
2 64 x 8 dx
3
__Pr (_Op) g8
128x8|.13( ax] X ~(3)

o= K.E/sec based on actual velocity _ Equation (4)
" K.EJsec based on average velocity Equation (5)

&(_Qz)’xk_’

. 64° | ox 8 128 x 8

= > WY =S8 =2.0. Ans.
128 8° [’aJ <K

» 9.5 POWER ABSORBED IN VISCOUS FLOW

For the lubrication of the machine parts, an oil is used. Flow of oil in bearings is an example of
viscous flow. If a highly viscous oil is used for lubrication of bearings, it will offer great resistance and
thus a greater power loss will take place. But if a light oil is used, a required film between the rotating
part and stationary metal surface will not be possible. Hence, the wear of the two surface will take place.
Hence an oil of correct viscosity should be used for lubrication. The power required to overcome the
viscous resistance in the following cases will be determined :

1. Viscous resistance of Journal Bearings,
2. Viscous resistance of Foot-step Bearings,
3. Viscous resistance of Collar Bearings.
9.5.1 Viscous Resistance of Journal Bearings. Consider a shaft of diameter D rotating in a
journal bearing. The clearance between the shaft and journal bearing is filled with a viscous oil. The oil
film in contact with the shaft rotates as the same speed as that of shaft while the oil film in contact with
journal bearing is stationary. Thus the viscous resistance will be offered by the oil to the rotating shaft.

Let N = speed of shaft in r.p.m.

t = thickness of oil film
L =length of oil film

Angular speed of the shaft, ® = %

Tangential speed of the shaft=w xR or V= %x%:%

The shear stress in the oil is given by, T=p %



y
o
- L

Fig. 9.10 Journal bearing.
As the thickness of oil film is very small, the velocity distribution in the oil film can be assumed as
linear.

de V-0 V =nDN
Hence —= =—=
- dy t r 60xt
; DN
=) 60x1t

Shear force or viscous resistance = T X Area of surface of shaft
2 2
unDN o un“D-NL

? 60t 60
Torque required to overcome the viscous resistance,

T = Viscous resistance X -;—)

_Wn’D’NL D _pn’D’NL

60r 2 120¢
Power absorbed in overcoming the viscous resistance

_27NT _ 27N un’DNL

*p
60 60 120t
Inin2
_usDNL ; 9.18
—__Goxﬁﬂxt watts. Ans. ...(9.18)

Problem 9.14 A shaft having a diameter of 50 mm rotates centrally in a journal bearing having a
diameter of 50.15 mm and length 100 mm. The angular space between the shaft and the bearing is
filled with oil having viscosity of 0.9 poise. Determine the power absorbed in the bearing when the
speed of rotation is 60 r.p.m.

Solution. Given :

Dia. of shaft, D =50 mm or .05 m
Dia. of bearing, D, =50.15 mm or 0.05015 m
Length, L=100mmor0.1 m

*Power, P=Tx m=Tx%=M watts = 2nNT

kW.
60 60,000
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0.9 Ns
of oil = 0.9 poise = — —
. P 10 m”
N =600 r.p.m.
Power =7
Thickness of oil film, &= 3 2‘ L 50-12‘ 50

= %5 =0.075 mm = 0.075 % 10 m

RDN _ 1% 0.05 % 600

Tangential speed of shaft, V= = 0.5 x T m/s
60 60
Shear stress T=p . u LA )<D'57>“t15 = 1883.52 N/m?
dy r 10 0075x10~
Shear force (F) =T Area= 1883.52 x D x L

= 1883.52 x  x .05 x 0.1 = 29.586 N
Resistance torque T=Fx -g = 29.586 x % = (0.7387 Nm
Power _ 2ANT _ 2mx 600 x 0.7387 _ A6A1 W. Ans.

60 60

Problem 9.15 A shaft of 100 mm, diameter rotates at 60 r.p.m. in a 200 mm long bearing. Taking
that the two surfaces are uniformly separated by a distance of 0.5 mm and taking linear velocity

distribution in the lubricating oil having dynamic viscosity of 4 centipoises, find the power absorbed in
the bearing.

Solution. Given :

Dia. of shaft, D=100 mm=0.1 m

Length of bearing, L=200mm=02m
r=05mm=.5x10"m

L = 4 centipoise = .04 poise = % 1%

1

m-
N = 60 r.p.m.
Find power absorbed

i un’D*NL
60 x 60 x1

_ o 7 x(1)° % (60)° x0.2
T 107 60%x60x0.5%10
Problem 9.16 A shaft of diameter 0.35 m rotates at 200 r.p.m. inside a sleeve 100 mm long. The
dynamic viscosity of lubricating oil in the 2 mm gap between sleeve and shaft is 8 poises. Calculate the
power lost in the bearing.
Solution. Given :
Dia. of shaft, D=035m

Using equation (9.18),

= 4,961 x 102 W. Ans.

L
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Speed of shaft, N =200 r.p.m.
Length of sleeve, L=100mm=0.1m
Distance between sleeve and shaft, = 2 mm = 2 % 10 m
N
Viscosity, I =& poise = i-—s
10 m-

The power lost in the bearing is given by equation (9.18) as

].l?t?'DleL

= — watts
60 <60 xt

o % (35)° % (200)° x 0.1
T100 60x60x2x10 7
Problem 9.17 A sleeve, in which a shaft of diameter 75 mm, is running at 1200 r.p.m., is having a
radial clearance of 0.1 mm. Calculate the torque resistance if the length of sleeve is 100 mm and the
space is filled with oil of dynamic viscosity 0.96 poise.
Solution. Given :

= 590.8 W = (.59 KW. Ans.

Dia. of shaft, D=75mm=0.075m
N = 1200 r.p.m.
r=0.1mm=0.1x10"m
Length of sleeve, L=100mm=0.1m
1 = 0.96 poise = 9_?_,5_' Nf
10 m-
Tangential velocity of shaft, V = 1N - 275 1200 =4.712 mfs
60 60
Shear stress, rep Y20 2712 45935 Nim?
t 10 1x107
Shear force, F=1xnDL
=4523.5 xnx.075 x.1 = 106.575 N
Torgue resistance =Fx g
075

= 106.575 % T = 3.996 Nm. Ans.

Problem 9.18 A shaft of 100 mm diameter runs in a bearing of length 200 mm with a radial clear-
ance of 0.025 mm at 30 r.p.m. Find the velocity of the oil, if the power required to overcome the viscous
resistance s 183.94 watls.
Solution. Given :
D=100mm=0.1m
L=200mm=0.2m
t=.025mm=0.025 x 10~ m
N=30r.p.m.; HP.=0.25
Find viscosity of oil, .
The h.p. is given by equation (9.18) as

=
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P = ur'D*NIL

5

3 3
183.04 = HE x ()7 %(30)" x 0.2

or

60 % 60 % 1 60 x 60 % 0.025% 10

= 183.94 x 60 x 60 x.025 x 10" Ns
T 2’ x.001x900%x02  m?

=296 D% =296 % 10.=29/6 polse. Asis.

m?

9.5.2 Viscous Resistance of Foot-Step Bearing. Fig. 9.11 shows the foot-step bearing, in
which a vertical shaft is rotating. An oil film between the bottom surface of the shaft and bearing is
provided, to reduce the wear and tear. The viscous resistance is offered by the oil to the shaft. In this
case the radius of the surface of the shaft in contact with oil is not constant as in the case of the journal
bearing. Hence, viscous resistance in foot-step bearing is calculated by considering an elementary

circular ring of radius r and thickness dr as shown in Fig. 9.11.
Let N = speed of the shaft
t = thickness of oil film
R = radius of the shaft

Area of the elementary ring = 2mrdr
i d V IR
Now shear stress is given by r=u & p—
dy t
where V' is the tangential velocity of shatt at radius r and is equal to t+-+—

MmxXr= xr

Shear force on the ring = dF = T x area of elementary ring
2nN 10 e NF*

=SUX —X—X2nrdr= dr
' 60 ' Fig. 9.11
Torque required to overcome the viscous resistance, YT
dT=dF xr
=M NP drx r= i =8 N dr
15¢ 151
Total torque required to overcome the viscous resistance,
R R
T= j ar= [ B wndar
0 o 15¢
# 4R
r bl
= L ?IEN r‘}dr: _I-l_ wN|— :Lﬁ"
15¢ 0 |5t 4 |, 15t
= H g
60t
2rNT
Power absorbed, P= 60 watts

IN2p?
_2=N _Q CNR? = um

60  60r T 60 %301

Foot-step bearing.

(9.19)
R-4
4
(9.194)
(9.20)
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Problem 9.19 Find the torque required to rotate a vertical shaft of diameter 100 mm at 750 r.p.m.
The lower end of the shaft rests in a foot-step bearing. The end of the shaft and surface of the bearing

are both flat and are separated by an oil film of thickness 0.5 mm. The viscosity of the oil is given
1.5 poise.

Solution. Given :

Dia. of shaft, D=100mm=0.1m
D 0l
R=—=—=0.05m
2 2
N =750 r.p.m.
Thickness of oil film, t=0.5 mm = 0.0005 m
1.5 Ns

=3

= 1.5 poise = —
S T
The torque required is given by equation (9.19) as

=" NR*Nm
60t
_ls m x 750 % (.05)*
10 60 % .0005

Problem 9.20 Find the power reguired to rotate a circular disc of diameter 200 nmm at 1000 r.p.m.

The circular disc has a clearance of 0.4 mm from the bottom flat plate and the clearance contains oil
of viscosity 1.05 poise.
Solution. Given :

= 0.2305 Nm. Ans.

Dia. of disc, D=200mm=02m
R = 2 — E =0.1m
2 2
N = 1000 r.p.m.
Thickness of oil film, =04 mm=0.0004 m

LO5
i = 1.05 poise = —— N s/m’
10
The power required to rotate the disc is given by equation (9.20) as

_ ur’N*R*

= ——— watls
60 x 30 xr

_ 105 n* x1000% x (0.1)*
10~ 60x30x.0004

9.5.3 Viscous Resistance of Collar Bearing. Fig. 9.12 shows the collar bearing, where the
face of the collar is separated from bearing surface by an o1l film of uniform thickness.
Let N = Speed of the shaft in r.p.m.
R, = Internal radius of the collar

=452.1 W. Ans.
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» = External radius of the collar
t = Thickness of oil film.
COLLAR

SHJ;FT\ \ L _A__FE -
0 = - =

Fadidudsdy fadi fo
k-

OIL

b

] |-
C,
Fig.9.12 Collar bearing.

Consider an elementary circular ring of radius *r" and width dr of the bearing surface. Then the

torque (d7T) required to overcome the viscous resistance on the elementary circular ring is the same as
given by equation (9.19A) or

dar=L 2 N2 ar
151

Total torque, required to overcome the viscous resistance, on the whole collar is

R
R R 4 |7
7= ar= ’anwr?‘dr:inw[r—]

R R 15t 15¢ 4 |,

=B R R = N RS RN (921)
15t x4 - 601

Power absorbed in overcoming viscous resistance
p= 2nNT - 2N - L Tl.'zN [R; . Rl.;]
60 60 60t
372

e N 4 4 d

=—|[R, -R atts. w{(9.22)
60300 2 TR (

Problem 9.21 A collar bearing having external and internal diameters 150 mm and 100 mm
respectively is used to lake the thrust of a shaft. An oil film of thickness 0.25 mm is maintained
hetween the collar surface and the bearing. Find the power lost in overcoming the viscous resistance
when the shaft rotates at 300 r.p.m. Take y = 0.91 poise.

Solution. Given :

External Dia. of collar, D, =150 mm = 0.15m

D, 15
R, = > =?:0.0?5m
Internal Dia. of collar, D, =100mm=0.1m
D, A
R = —'=0— =0.05m
2 2
Thickness of oil film, t=0.25 mm = 0.00025 m
N = 300 r.p.m.
0.91 Ns

= 0.91 poise = — —
# R 10 m?
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The power required is given by equation (9.22) or

P=———— [R-R}
6(:-><3{]><r["' v

091 ™ x300% x[075* - 05*]
= b

10 60 x 30 x .00025

= 564314 [.00003164 - .00000625]

= 564314 x .00002539 = 14.327 W. Ans.
Problem 9.22 The external and internal diameters of a collar bearing are 200 mm and 150 mm
respectively. Between the collar surface and the bearing, an oil film of thickness 0.25 mm and of
viscosity 0.9 poise, is maintained. Find the torque and the power lost in overcoming the viscous
resisiance of the oil when the shaft is running at 250 r.p.m.

Solution. Given :

D, =200 mm=0.2m
D, _02

R,= =—=0.1m
2 2
D, =150 mm=0.15m
L L
2 2
t=0.25 mm = .00025 m
0.9 Ns
= (0.9 poise = — —
T P
Torque required is given by equation (9.21)
2 4 4
n° x250]0.07 -.075
= N RS -rY= 22k [ ]Nm

60 10 60 x 0.00025

= 148044 | .0001 - .00003164] = 1.0114 Nm. Ans.
Power lost in viscous resistance

_2rNT _ 2mx250x1.0114

= 26.48 W. Ans.
60 60

> 9.6 LOSS OF HEAD DUE TO FRICTION IN VISCOUS FLOW

The loss of pressure head, f;,—in a pipe of diameter D, in which a viscous fluid of viscosity [ is

flowing with a velocity i is given by Hagen Poiseuille formula i.e., by equation (9.6) as

hy= ()

where L = length of pipe
The loss of head due to friction™ is given by

duf i LVY &b
Dx2g Dx2g

{ - velocity in pipe is always average velocity .. V= u}

hf= ".[“-]

*For derivation, please refer to Art. 10.3.1.

L
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where f = co-efficient of friction between the pipe and fluid.

Rpul 4. f. L.u
pegD’ Dx2g

Equating (i) and (if), we get

2uul x D x2g 161

f.= = ﬂ_—__ {... ;=V}
4.L.u .pg.D° u.p.D
=16x L= 16x—
pVD R,
where o L and R, = Reynolds number = &
pVD R, | u
16
= ={9:23)
f R

(3
Problem 9.23 Water is flowing through a 200 mm diameter pipe with coefficient of friction
= 0.04. The shear stress at a point 40 mm from the pipe axiy iy 0.00981 Nfem®, Calculate the shear
stress at the pipe wall.

Solution. Given :

Dia. of pipe, D =200 mm = 0.20 m

Co-efficient of friction, f=0.04

Shear stress at r = 40 mm, T = 0.00981 N/cm?

Let the shear stress at pipe wall = ;.

First find whether the flow is viscous or not. The flow will be viscous if Reynolds number R, is less
than 2000.

Using equation (9.23), we get [ = E or .04 = E
Rl.' RI:'
16
R,=— =400
T4

This means flow is viscous. The shear stress in case of viscous flow through a pipe is given by the
equation (9.1) as

__%r
dy 2
But B_p is constant across a section. Across a section, there is no variation of x and there is no
X
variation of p.
Te<r
At the pipe wall, radius = 100 mm and shear stress is T,
T_ Ty - 0.00981_}&
ro 100 40 100
100 x 0.00981

Ty = 5 = 0.0245 N/em®. Ans.

L
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Problem 9.24 A pipe of diameter 20 em and length 10" m is laid at a slope of 1 in 200. An oil of
sp. gr. 0.9 and viscosity 1.5 poise is pumped up at the rate of 20 litres per second. Find the head lost
due to friction. Also calculate the power required to pump the oil,

Solution. Given :

Dia. of pipe, D=20cm=250m
Length of pipe, L = 10000 m
1

Slope of pipe, i=1in200=—

pe oF pipe 200
Sp. gr. of oil, §=09

Density of oil, p = 0.9 »x 1000 = 900 kgfm3

Viscosity of oil, W= 1.5 poise = %i\:
Discharge, 0 = 20 litre/s = 0.02 m?/s {1000 litres = 1 m’}

0] _ 0.020 _ 0.020
Area EDE E{_z)z
+ 4
R, = Reynolds number
_ pvD _ 900 % 0.6366 x .2

Velocity of flow, u = = 0.6366 m/s

u 15
10
_ 900 %6366 x .2 10 {~ V=u=0.6366}
L5
= 763.89

As the Reynolds number is less than 2000, the flow is viscous. The co-efficient of friction for
viscous flow is given by equation (9.23) as

_16_ 16

i = = 0.02094
R, 763.89
4.f.L.u
. Head lost due Lo friction,f, = SE s
Dx2g

_ 4 x.02094 x 10000 x (.6366)°
- 0.2 x2x9.81

Due to slope of pipe 1 in 200, the height through which oil is to be raised by pump
= Slope x Length of pipe

=:'><L=L>< 10000 = 50 m
200

m = 86.50 m. Ans.

Total head against which pump is to work,
H=h+ixL=28650+50=13650m
Power required to pump the oil

L
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_ pg.Q.H _900x981x020 x136.50
1000 1000

» 9.7 MOVEMENT OF PISTON IN DASH-POT

= 24.1 kW, Ans.

Consider a piston moving in a vertical dash-pot containing oil as

shown in Fig. 9.13. DASH-POT
Let [ = Diameter of piston,
L = Length of piston, :
W = Weight of piston, T
K = Viscosity of oil,
V = Velocity of piston, 5
u= Average velocity of oil in the clearance, l
| = Clearance between the dash-pot and piston, -
Ap = Difference of pressure intensities between the two ends PISTON
of the piston.
The flow of oil through clearance is similar to the viscous flow
between two parallel plates. The difference of pressure for parallel plates
for length L’ is given by Fig. 9.13
12pi L .
Ap = ”1 =)
t
Also the difference of pressure at the two ends of piston is given by,
Weight of piston w 4w .
Ap = £ : p = = 1 .. (1i)
Area of piston T 2 D
Equating (i) and (ii), we get lzqu = 4—“';
t D
il ¥
_ 4w t Wi~
= < EIT)

= 7 x =~ a
nD-  12pul  3mpLD-
Vis the velocity of piston or the velocity of oil in dash-pot in contact with piston. The rate of flow

of oil in dash-pot

. oo
= velocity % area of dash-pot = V % 7} D

Rate of flow through clearance = velocity through clearance x area of clearance = iy X D X (
Due to continuity equation, rate of flow through clearance must be equal to rate of flow through dash-pot.

;Txerx:=VxED2
=Vx x D* x : = YD
D=t 4t
Equating the value of & from (ii7) and (iv), we get
we* VD

IMULD? 41

.(iv)
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. 4’'w  awr
LD’V 3nLD'V’

-{9.24)

Problem 9.25 An oil dash-pot consists of a piston moving in a cylinder having oil. This arrange-
ment is used to damp out the vibrations. The piston falls with uniform speed and covers 5 cm in
100 seconds. If an additional weight of 1.36 N is placed on the top of the piston, it falls through 5 cm
in 86 seconds with uniform speed. The diameter of the piston is 7.5 cm and its length is 10 cm. The
clearance between the piston and the cylinder is 0.12 cm which is uniform throughout. Find the
viscosity of oil.

or

or

or
or

Solution. Given :
Distance covered by piston due to self weight, = 5 cm

Time taken, = 100 sec

Additional weight, =136N

Time taken to cover 3 em due to additional weight, = 86 sec
Dia. of piston, D=75cm=0.075m

Length of piston, L=10cm=0.1m

Clearance, t=0.12cm=0.0012 m

Let the viscosity of oil =u

W = Weight of piston,
V = Velocity of piston without additional weight,
V* = Velocity of piston with additional weight.
Using equation (9.24), we have

4w’ 4[w +136]1°

M 3wy T 3Ly
4wr’
W _W+l36 Ganeeliiis = -
% V* nD'L
Vv w )
= (i
V: o W+136
But V' = Velocity of piston due to self weight of piston
Distance covered 5
= =——cm/s
Time taken 100
Similarty, v = Distance covered due tonselt weight + additional weight
Time taken
= 3, cm/s
36
v 5
=—x i =0.86 (i)
v 100 5

Equating (i) and (ii), we get B = (.86
W+ 1.36

W=0.80W + .80 % 1.36
W—0.86 W=10.14 W= .86 x 1.36

L
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W= 0.86 x L.36

=8.354 N
0.14
| ‘ 4wr’
Using equation (9.24), we get |1 = DLV
3
~ 4)(3.354)((.00'2) ] { V:T%c]nfszﬁXTéa mfﬁ}
3n % (0.075)° x.10 % [— x —]
100 100

=0.29 N s/m” = 0.29 x 10 poise = 2.9 poise. Ans.

» 9.8 METHODS OF DETERMINATION OF CO-EFFICIENT OF VISCOSITY

The following are the experimental methods of determining the co-efficient of viscosity of a liguid:

1. Capillary tube method,

2. Falling sphere resistance method,

3. By rotating cylinder method, and

4. Orifice type viscometer.

The apparatus used for determining the viscosity of a liquid is called viscometer.
9.8.1 Capillary Tube Method. In capillary tube method, the viscosity of a liquid is calculated
by measuring the pressure difference for a given length of the capillary tube. The Hagen Poiscuille law
is used for calculating viscosity,

L P UPLPLPURLPUPUPUAURLR |

S e e e = ? L _I \\3:\10\
CONSTANT HEAD
TANK
MEASURING
TANK —*

Fig. 9.14 Capillary tube viscometer.

Fig. 9.14 shows the capillary tube viscometer. The liquid whose viscosity is to be determined is
filled in a constant head tank. The liquid is maintained at constant temperature and is allowed to pass
through the capillary tube from the constant head tank. Then, the liquid is collected in a measuring tank
for a given time. Then the rate of liquid collected in the tank per second is determined. The pressure
head *#" is measured at a point far away from the tank as shown in Fig. 9.14.

Then fi = Difference of pressure head for length L.
The pressure at outlet is atmospheric.
Let D = Diameter of capillary tube,

L = Length of tube for which difference of pressure head is known,
p = Density of fluid,

=
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and p = Co-efficient of viscosity.
uE
Using Hagen Poiseuille’s Formula, = 220
pgh”
J )
But u = 0 e n(‘
Area n?
4
where (2 is rate of liquid flowing through tube.
32u % er x L
r il 1281 0. L
1= r =
pgD’ npgD’
hD*
or M= ol «(9.25)
128Q.L

Measurement of D should be done very accurately.

9.8.2 Falling Sphere Resistance Method.

Theory. This method is based on Stoke’s law, according to which the drag force, F on a small
sphere moving with a constant velocity, U through a viscous fluid of viscosity, p for viscous conditions
is given by

F=3nuld (1)
where  d = diameter of sphere
U/ = velocity of sphere. CONSTANT_|
When the sphere attains a constant velocity U, the drag TEMPB%S-':"TURE q
force is the difference between the weight of sphere and :,::EE
buoyant force acting on it. SPHERE L
Let L = distance travelled by sphere in viscous tluid,
t = time taken by sphere to cover distance [,
p, = density of sphere,
pr= density of fluid,
W = weight of sphere,
and Fj = buoyant force acting on sphere. Fig. 9.15 Falling sphere resistance method.
Then constant velocity of sphere, U =%
Weight of sphere, W = volume % density of sphere x g
= g dxp,%g { volume of sphere = %d"'}

and buoyant force, F, = weight of fluid displaced
= volume of liquid displaced x density of fluid > g

n
= d’xp;x g {volume of liquid displaced = volume of sphere)

=
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For equilibrium,
Drag force = Weight of sphere — buoyant force
or F=W-Fy
Substituting the values of F, W and F, we get

3rtpUd=gcIP‘Xp_‘.xg—gdaxpjxg=gd%><3£ﬂ.\—l3ﬂ

d* % glp, - :
or il £fp. —p/] 2 . _ Pl ..(9.26)

6 3nUd 18U
where p,= Density of liquid

Hence in equation (9.26), the values of d, U. p, and p; are known and hence the viscosity of liquid
can be determined.

Method. Thus this method consists of a tall vertical transparent cylindrical tank, which is filled
with the liquid whose viscosity is to be determined. This tank is surrounded by another transparent
tank to keep the temperature of the liquid in the cylindrical tank to be constant.

A spherical ball of small diameter ‘d” is placed on the surface of liquid. Provision is made to release
this ball. After a short distance of travel, the ball attains a constant velocity. The time to travel a
known vertical distance between two fixed marks on the cylindrical tank is noted to calculate the
constant velocity U of the ball. Then with the known values of d, p,, p, the viscosity [ of the fluid is
calculated by using equation (9.26).

9.8.3 Rotating Cylinder Method. This method _TORSIONAL

consists of two concentric cylinders of radii R, and R, as SPRING

shown in Fig. 9.16. The narrow space between the two DIAL POINTER
Pt

cylinders is filled with the liquid whose viscosity is to be
determined. The inner cylinder is held stationary by means

of a torsional spring while outer cylinder is rotated at con- e )5 E*ﬁ};‘}&""‘m}“ﬁ"{m =
stant angular speed . The torque T acting on the inner  LIQUID (u) ;‘T =
cylinder is measured by the torsional spring. The torque on ‘-§§§ i R&*Egé
the inner cylinder must be equal and opposite to the torque  ouTER _, F= il I
applied on the outer cylinder. ROTATING = l | =

The torque applied on the outer cylinder is due to RYLRER Ef_‘ """"" 22‘15
viscous resistance provided by liquid in the annular space == TT R p—
and at the bottom of the inner cylinder. LI[;;PW

Let m = angular speed of outer cylinder.

Tangential (peripheral) speed of outer cylinder Fig. 9.16 Rotating cylinder viscometer.

=mx R,

Tangential velocity of liquid layer in contact with outer cylinder will be equal to the tangential
velocity of outer cylinder.
Velocity of liquid layer with outer cylinder = w x R,
Velocity of liquid layer with inner cylinder = 0 {- Inner cylinder is stationary }
Velocity gradient over the radial distance (R, — R))
_du R, -0 oR,
dy R,-R R,-R

. Shear stress (1) =u Ec_f_:” i
dy (R, - R)
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- Shear force (F) = shear stress x area of surface
=tx2nRH
{- shear stress is acting on surface area = 2t R x H}
mR,
=u——x2nRH
(R, - R)
The torque T, on the inner cylinder due to shearing action of the liquid in the annular space is
T, = shear force ¥ radius
R,

—— X2n R, HxR,
RI_RI:l

2mueH R R, i
—_—mTr el
(R, - R,)
If the gap between the bottom of the two cylinders is */1", then the torque applied on inner cylinder
(T,) is given by equation (9.194) as

T, = 2 n? NR*

©o60t
But here R=R, t=hthen T,= 1 m®NR*
T 60k
W= M orN= @
2n
T,= ?5—"; xx?x 0% L 4= “;;" R, D
Total torque T acting on the inner cylinder is

2nuoH R'R,  mo 4 2 [ R H an]
= B R™=2n ol S sl (1]
(R, —R)  2h ' Sl PR T
2(R, — R )hT

" wRw[4HIR, + R (R, - R)]

m .(9.27)

where T = torque measured by the strain of the torsional spring,
R,, R, =radii of inner and outer cylinder,
h = clearance at the bottom of cylinders,
H = height of liquid in annular space,
I = co-efficient of viscosity to be determined.
Hence, the value of 1 can be calculated from equation (9.27).

9.8.4 Orifice Type Viscometer. In this method, the time taken by a certain quantity of the
liquid whose viscosity is to be determined, to flow through a short capillary tube is noted down. The
co-efficient of viscosity is then obtained by comparing with the co-efficient of viscosity of a liguid
whose viscosity is known or by the use conversion factors.

Viscometers such as Saybolt, Redwood or Engler are usually used. The principle for all the three
viscometer is same. In the United Kingdom, Redwood viscometer is used while in U.S.A.., Saybolt
viscometer is commonly used.
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Fig. 9.17 shows that Saybolt viscometer, which consists of a tank |
at the bottom of which a short capillary tube is fitted. In this tank the | CONSTANT
liquid whose viscosity is to be determined is filled. This tank is sur- TEMPERATURE
rounded by another tank, called constant temperature bath. The lig- BATH
uid is allowed to flow through capillary tube at a standard
temperature. The time taken by 60 c.c. of the liquid to flow through
the capillary tube is noted down. The initial height of liquid in the tank
is previously adjusted to a standard height. From the time measure- ;- MEASURING
ment, the kinematic viscosity of liquid is known from the relation, CYLINDER
v=Ar- il ’ TR et
t Fig. 9.17 Saybolt viscometer.

where A =0.24, B = 190, ¢ = time noted in seconds, v = kinematic viscosity in stokes.
Problem 9.26 The viscosity of an oil of sp. gr. 0.9 is measured by a capillary tube of diameter
50 mm. The difference of pressure head between two points 2 m apart is 0.5 m of water. The mass of
oil collected in a measuring tank is 60 kg in 100 seconds. Find the viscosity of oil.

Solution. Given :

Sp. gr. of oil =0.9
Dia. of capillary tube, D=50mm=5cm=0.05m
Length of tube, L=2m
Difference of pressure head, i=0.5m
Mass of oil, M =60 kg
Time, 1=100s
. 60
Mass of oil per second = 100 = 0.6 kg/s
Density of oil, p = sp. gr. of oil x 1000 = 0.9 x 1000 = 900 kg/m*
Discharge, 0= M s 0 m’/s = 0.000667 m*/s
Density ]
Using equation (9.25), we get viscosity,
4
o FPRhD [here /i = hy= 0.5]
1280 .L

4
_ BX900x981X05X(05)" _ <175 (] Units) N s/m?

128 x 0.000667 x 2.0
= (.5075 x 10 poise = 5.075 poise. Ans.
Problem 9.27 A capillary tube of diameter 2 mm and length 100 mm is used for measuring viscosity
of a liquid. The difference of pressire between the two ends of the tube is 0.6867 Nfcm® and the viscosity
of liquid is 0.25 poise. Find the rate of flow of liquid through the tube.
Solution. Given :

Dia. of capillary tube, D=2m=2x10"m
Length of wbe, L=100mm=10cm=0.1m
Difference of pressure, Ap = 0.6867 N/em? = 0.6867 % 10* N/m?

Ap  0.6867 x10°
Ditference of pressure head, /= i i o

P8 Ps
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Viscosity, u = 0.25 poise
= __"__0.25 Ns/m?
10
Let the rate of flow of liquid = ¢

0.6867 x 10* J {2 G 0""]4

4
Using equation (9.25), we get |1 = RpghD npg X P8

128.0-.1 128 x 0 x 0.1

025 mx0.6867x10*x(2x107)’
or 0 128 x O % 0.1

nx0.6867x10* x2* x107"? x10
or 0= m’/s
128 x 0.1 x 0.25

107.86 % 10 *m%s = 107.86 x 10 * x 10° ecm’/s
107.86 x 107" ecm?s = 1.078 em’/s. Ans.

Problem 9.28 A sphere of diameter 2 mm falls 150 mm in 20 seconds in a viscous liguid. The
density of the sphere is 7500 kg/m’ and of liquid is 900 kg/m®. Find the co-efficient of viscosity of the

liguid.
Solution. Given :
Dia. of sphere, d=2mm=2x%x10"m
Distance travelled by sphere = 150 mm =0.15m
Time taken, t = 20 seconds
Velocity of sphere, U= M= 3 L0075 m/s
Time 20
Density of sphere, p, = 7500 kg/m*
Density of liquid, p; =900 kg/m*
od? 981x[2x10°]
Using relation (9.26), we get = =— [p, —pd = 7500 — 900
¢ 0200 we get b= 1oy 1P PA= g5 ooors ! :
9.81x 4 x10° x 6600 Ns
= = lgl? —
18 % 0.0075 m

= 1.917 % 10 = 19,17 poise. Ans.
Problem 9.28 Find the viscosity of a liguid of sp. gr. 0.8, when a gas bubble of diameter 10 mm
rises steadily through the liquid at a velocity of 1.2 em/s. Neglect the weight of the bubble.
Solution. Given :

Sp. er. of liquid =0.8

Density of liquid, p;= 0.8 x 1000 = 800 kg/m®
Dia. of gas bubble, D=10mm=1cm=0.01m
Velocity of bubble, F'=12cm/s =.012 m/s

As weight of bubble is neglected and density of bubble

L
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p,=0
; ; gdl cag a ;
Now using the relation, lL= E Ip, - pj-] which 1s for a falling sphere.
For a rising bubble, the relation will become as
gd’
= Ipr— Py
=g Prod
Substituting the values, we get = 2B [800 - 0] N—z =3.63 Nf
18 %012 m m-

3.63 x 10 = 36.3 poise. Ans.
Problem 9.30 The viscosity of a liquid is determined by rotating cylinder method, in which case
the inner cylinder of diameter 20 cm is stationary. The outer cylinder of diameter 20.5 cm, containg
the liguid upto a height of 30 cm. The clearance at the bottom of the two cylinders is 0.5 cm. The outer
cylinder is rotated at 400 r.p.m. The torque registered on the torsion meter attached to the inner
cvlinder is 5.886 Nm. Find the viscosity of fluid.

Solution. Given :

Dia. of inner cylinder, D, =20 cm

. Radius of inner cylinder,R;, = 10 cm = 0.1 m

Dia. of outer cylinder, D, =20.5cm

- Radius of outer cylinder,R, = ? =1025¢cm = .1025m

Height of liguid from bottom of outer cylinder = 30 em
Clearance at the bottom of two cylinders, i = (0.5 cm = .005 m
Height of inner cylinder immersed in liquid
=30-/h=30-05=295m
or H=295cm=.295m
Speed of outer cylinder, N =400 r.p.m.
o= 2N o 2 xmx 400
60 60
Torque measured, T =5.886 Nm
2(R, -R)xhxT
nRi® [4HAR, + R (R, - R,)|

=41.88

Using equation (9.27), we get 4 =

2(.1025 - 0.1) X005 x 5.886
mx (1)° x 41.88[4 x 295 x 005 x 1025 + .17 (1025 - 1))

2 %0025 x .005 X 5.886
1 x .01 x 41.88 [.0006047 — .000025]

=(.19286 Ns/m” = 0.19286 x 10 = 1.9286 poise. Ans.

L
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Problem 9.31 A sphere of diameter 1 mm falls through 335 m in 100 seconds in a viscous fluid.
If the relative densities of the sphere and the liguid are 7.0 and 0.96 respectively, determine the
dyvnamic viscosity of the liguid.

Solution. Given :

Dia. of sphere, d=1mm=0.001m
Distance travelled by sphere =335 mm =0.335m
Time taken, t = 100 seconds
Velocity of spliere; &7 =2ance D333 0.00485 mibec
Time 100
Relative density of sphere =7
Density of sphere, p, =7 x 1000 = 7000 kg/m*
Relative density of liquid =0.96
Density of liquid, Py = 0.96 x 1000 = 960 kg/m”
_ , gd’ 981x0.001%
Using the relation (9.26), we get L = =— [p, - pl = ———————— [7000 - 960
B e el CRON e Bt W= 1o 1P~ Taomoaas !
_ 0.00000981 x 6040 = 0.981 Ns/m?
18 % 0.00335

=(.981 x 10 = 9.81 poise. Ans.

Problem 9.32 Determine the fall velocity of 0.06 mm sand particle (specific gravity = 2.65) in
water at 20°C, take gt = 10 A kg/ms.

or

Solution. Given :

Dia. of sand particle, d=0.06 mm=0.06x 10" m
Specific gravity of sand = 2.65
Density of sand, p, = 2.65x 1000 kg/m® (- p for water in S.I unit = 1000 ke/m?)
= 2650 kg/m”
Viscosity of water, u* =10 kg/ms = 10* Ns/m” |: N—:: (kg X EE) Pt %: Ei|
m 8 m ms
Density of water, py= 1000 kg/m®
Sand particle is just like a sphere.
For equilibrium of sand particle,
Drag force = Weight of sand particle — buoyant force
Fp=W-Fyg (1)
But Fp=3nu x U xd, where U = Velocity of particle

=3nx 107 x U x0.06 X 107 N
W = Weight of sand particle

=EX£XP"X‘E=%X (0.06 x 107°)* x 2650 x 9.81 N

Fy = Buoyant force = Weight of water displaced

*Viscosily in 8.1 unit =N sim>. But IN=1 kg =1 m/s

]
Hence viscosity = (M)x iq = kg/ms. Hence kg/ms = —.
s m” m

=
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& % Xdxp xg= % % (0.06 x 107*)* x 1000 x 9.81 N
Substituting the above values in equation (i), we get
3 x 107 x U x 0.06 % 10~ = E % (0.06 % 107%)° % 2650 % 9.81 -g % (0.06 % 1073)* x 1000 % 9.81
Cancelling (r x 0.06 x ]0'3}2 throughout, we get

IxU= éx[}.Oﬁzx 10 % 2650 x 9.81 — % % 0.06% % 10 x 1000 x 9.81
= é % 0.06% % 107 % 9.81 (2650 — 1000)

= % % 0.0036 x 107 x 9.81 % 1650 = 0.009712
U =0.009712/3 = 0.00323 m/sec. Ans.

HIGHLIGHTS

1. A flow is said to be viscous if the Reynolds number is less than 2000, or the fluid flows in layers.
2. For the viscous flow through circular pipes,

aP I 1 ap el
f) Shear stress ...... T=——— ii) Velocity ...... U=-——[R -1
(i) EEEs (if) ¥ RIS [ 1
(#if) Ratio of velocities UT“ =20 (iv) Loss of pressure head, h,= 32‘“‘;_'
] peD
ap : : :

where .éx- = pressure gradient, r = radius at any point,

R = radius of the pipe. U . = maximum velocity or velocity at r =0,

i = average velocity = % . L = co-efficient of viscosity,

T

D = diameter of the pipe.
3. For the viscous flow between two parallel plates,

P 3 3 B et
=—=—— (ty—y7) .. Yelocity distribution
2u ax W=y ;
u
—OE = 1.5 ... Ratio of maximum and average velocity
M
h,= IZMEL ... Loss of pressure head
pat
1
i LB o Shed siiess diirbtion
2 ox

where = thickness or distance between two plates,
¥ = distance in the vertical direction from the lower plate,
T = shear stress at any point in flow.
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4. The kinetic energy correction factor o is given as

K.E. per second based on actual velocity
K.E. per second based on average velocity

=2.0 ... for a circular pipe.
5. Momentum correction factor, [} is given by

_ Momentum per second based on actual velocity
Momentum per second based on average velocity

4
= T for a circular pipe.

6. For the viscous resistance of Journal Bearing.

22
D=NL
= Pl , Shear force = il
601
2 L
T[grque, = w and power = M
1200 60 x 60 x

where [=length of bearing, N = speed of shaft
I = clearance between the shaft and bearing.
7. For the Foot-Step Bearing, the shear force, torque and h.p. absorbed are given as :

z 3

N R

Shear force, = STy B
15 ¢+ 3

Torque, T= % n° NR?
Inrpd

Power = _M
60 x30xt

where R= radius of the shaft, N = speed of the shaft.
8. For the collar bearing the torque and power absorbed are given as

32
=t 2NRA-RY, p=MEN ps RY
60t z 60x30r
where R, = internal radius of the collar, R, = external radius of the collar,
1 = thickness of oil film, P = power in watls.
9. For the viscous flow the co-efficient of friction is given by, f= -]fl
where R, = the Reynolds number = prE = E
L v
: o . awr’
10. The co-efficient of viscosity is determined by dash-pot arrangement as pL = LDV
T
where W= weight of the piston, it = clearance between dash-pot and piston,
L = length of the piston, D = diameter of the piston,

V = velocity of the piston.
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11. The co-efficient of viscosity of a liquid is also determined experimentally by the following method :

4
: : npghD
Capillary tub thod, p = ——
(i) Capillary tube method, p 128 OL
2
gd”|p;—p
(i) Falling sphere method, |l = __Lf._.ud
18U
. . 2(Ry — R )hT
(1) Rolating cylinder method, 1 = = 5
nRiw |[4HIR, + R} (R, - R))|
where w = specific weight of fluid, L = length of the tube,
D = diameter of the capillary be, O = rate of flow of fluid through capillary tube,
d = diameter of the sphere, p, = density of sphere,
Py = density of fluid, U = velocity of sphere,
R, = radius of outer rotating cylinder, R, = radius of inner stationary cylinder,
T = torque.
EXERCISE

(A) THEORETICAL PROBLEMS

1. Define the terms : Viscosity, Kinematic viscosity, velocity gradient and pressure gradient.

2. What do you mean by *Viscous Flow’?

3. Derive an expression for the velocity distribution for viscous flow through a circular pipe. Also sketch the

velocity distribution and shear stress distribution across a section of the pipe.

4. Prove that the maximum velocity in a circular pipe for viscous flow is equal to two times the average
velocity of the flow. (Dethi University, December 2002)

. Find an expression for the loss of head of a viscous fluid flowing through a circular pipe.

. What is Hagen Poiseuille’s Formula ? Derive an expression for Hagen Poiseuille’s Formula.

. Prove that the velocity distribution for viscous flow between two parallel plates when both plates are fixed
across a section is parabolic in nature. Also prove that maximum velocity is equal to one and a half times
the average velocity.

8. Show that the difference of pressure head for a given length of the two parallel plates which are fixed and

through which viscous fluid is flowing is given by

~] & th

12pi L
hy = > 2
pgt
where 1 = Viscosity of luid, u = Average velocity,
I = Distance between the two parallel plates, L = Length of the plates.

9. Define the terms : Kinetic energy correction factor and momentum correction factor.
10. Prove that for viscous flow through a circular pipe the kinetic energy correction factor is equal to 2 while

momentum correction factor = 3
11. A shaft is rotating in a journal Bearing. The clearance between the shaft and the bearing is filled with a
viscous oil. Find an expression for the power absorbed in overcoming viscous resistance.
12. Prove that power absorbed in overcoming viscous resistance in foot-step bearing is given by
p_ BTN
60x 30¢
where R = Radius of the shaft, N = Speed of the shaft,
t = Clearance between shaft and foot-step bearing, p = Viscosity of fluid.
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13.

14.

17.

18.
19.

(=]
.

:JI

Show that the value of the co-efficient of friction for viscous flow through a circular pipe is given by,
16
f= = where R, = Reynolds number.

3
Prove that the co-efficient of viscosity by the dash-pot arrangement is given by,

4w
H= v
where W = Weight of the piston, t = Clearance between dash-pot and piston,
L = Length of piston, D = Diameter of piston,

V' = Velocity of piston.
What are the different methods of determining the co-efficient of viscosity of a liquid ? Describe any two
method in details.

. Prove that the loss of pressure head for the viscous flow through a circular pipe is given by

32u wl
z
psd
where 1 = Average velocily, w = Specific weight.
For a laminar steady flow, prove that the pressure gradient in a direction of motion is equal to the shear
gradient normal to the direction of motion.

hj-=

Describe Reynolds experiments to demonstrate the two types of flow.
For the laminar flow through a circular pipe, prove that :

(i) the shear stress variation across the section of the pipe is linear and
(1) the velocity variation is parabolic.

(B) NUMERICAL PROBLEMS

. A crude oil of viscosity 0.9 poise and sp. gr. 0.8 is flowing through a horizontal circular pipe of diameter

80 mm and of length 15 m. Calculate the difference of pressure at the two ends of the pipe, if 50 kg of the
oil is collected in a tank in 15 seconds. [Ans. 0.559 N/em?]
A viscous flow is taking place in a pipe of diameter 100 mm. The maximum velocity is 2 m/s. Find the
mean velocity and the radius at which this occurs. Also calculate the velocity at 30 mm from the wall of
the pipe. [Ans. | m/s, r=35.35 mm, u = 1.68 m/s]
A fluid of viscosity 0.5 poise and specific gravity 1.20 is flowing through a circular pipe of diameter
100 mm. The maximum shear siress at the pipe wall is given as 147.15 N/m?, find : (a) the pressure
aradient, (b) the average velocity, and (¢) the Reynolds number of the flow.

[Ans. (a) — 64746 N/m’ perm, (#) 3.678 m/s, (c) 882.72]

. Determine () the pressure gradient, (/) the shear stress at the two horizontal parallel plates and (c) the

discharge per metre width for the laminar flow of oil with a maximum velocity of 1.5 m/s between lwo
1962 Ns
m*

[Ans. (a) — 3678.7 N/m” per m, (b} 147.15 N/m®, (¢} .08 m%/s]

Water is flowing between two large parallel plates which are 2.00 mm apart. Determine : (g) maximum

velocity, () the pressure drop per unit length and (c) the shear stress at walls of the plate if the average

velocity is 0.4 m/s. Take viscosity of water as 0.0] poise.
[Ans. (a) 0.6 m/s, (B) 1199.7 N/m? per i, (c) 1.199 me"]

horizontal parallel fixed plates which are 80 mm apart. Take viscosity of oil as

. There is a horizontal crack 50 mm wide and 3 mm deep in a wall of thickness 150 mm. Water leaks

through the crack. Find the rate of leakage of water through the crack if the difference of pressure between
the two ends of the crack is 245.25 N/m". Take the viscosity of water as 0.0] poise. [Ans. 1839 cm'/s)
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7.

10.

12.

1A

17.

18.

19.

A shaft having a diameter of 10 ¢cm rotates centrally in a journal bearing having a diameter of 10.02 ¢m and
length 20 ¢cm. The annular space between the shaft and the bearing is filled with oil having viscosity of 0.8
poise. Determine the power absorbed in the bearing when the speed of rotation is 500 r.p.m.

[Ans. 343.6 W]

. A shaft 150 mm diameter runs in a bearing of length 300 mm, with a radial clearance of 0.04 mm at

40 r.p.m. Find the viscosity of the oil, if the power required to overcome the viscous resistance is 220,725 W,
[Ans. 6.32 poise]
Find the torque required to rotate a vertical shaft of diameter 8 cm at 800 r.p.m. The lower end of the shaft
rests in a foot-step bearing. The end of the shaft and surface of the bearing are both flat and are separated
by an oil film of thickness 0.075 cm. The viscosity of the oil is given as 1.2 poise. [Ans. 0.0538 Nm]
A collar bearing having external and internal diameters 20 ¢m and 10 cm respectively is used to take the
thrust of a shaft. An oil film of thickness (.03 cm is maintained between the collar surface and the bearing.
Find the power lost in overcoming the viscous resistance when the shaft rotates at 250 r.p.m. Take p =04
poise. [Ans. 30.165 W)
Water is flowing through a 150 mm diameter pipe with a co-efficient of friction f= .05. The shear stress at
a point 40 mm from the pipe wall is 0.01962 N/em?, Calculate the shear stress at the pipe wall.
[Ans. 0.04198 Niem®]
An oil dash-pot consists of a piston moving in a cylinder having oil. The piston falls with uniform speed
and covers 4.5 cm in 80 seconds. If an additional weight of 1.5 N is placed on the top of the piston, it falls
through 4.5 cm in 70 seconds with uniform speed. The diameter of the piston is 10 cm and its length is
15 cm. The clearance between the piston and the cylinder is 0.15 cm, which is uniform throughout. Find
the viscosity of oil. [Ans. 0.177 poise|
The viscosity of oil of sp. gr. 0.8 is measured by a capillary tube of diameter 40 mm. The difference of
pressure head between two points 1.5 m apart is 0.3 m of water. The mass of oil collected in a measuring
tank is 40 kg in 120 seconds. Find the viscosity of the oil. [Ans. 2.36 poise]

. A capillary tube of diameter 4 mm and length 150 mm is used for measuring viscosity of a liquid. The

difference of pressure between the two ends of the tube is .7848 Nfem” and the viscosity of the liquid is
(.2 poise. Find the rate of flow of liquid through the tube. [Ans. 16.43 cm?/s]
A sphere of diameter 3 mm falls 100 mm in 1.5 seconds in a viscous liquid. The density of the sphere is
7000 kg/m” and of liquid is 800 kg/m”. Find the co-efficient of viscosity of the liquid. [Ans. 45.61 poise]

. The viscosity ol a liquid is determined by rotating cylinder method, in which case the inner cylinder of

diameter 25 cm is stationary. The outer cylinder of diameter 25.5 cm contains the liquid upto a height of
40) cm. The clearance at the bottom of the two cylinders is (.6 cm. The outer cylinder is rotated at 300
r.p.m. The torque registered on the torsion metre attached to the inner cylinder is 4,905 Nm. Find the
viscosity of liquid. [Ans. .77 poise]
Calculate : (a) the pressure gradient aleng the flow, (/) the average velocity, and (¢) the discharge for an
oil of viscosity 0.02 Ns/m® flowing between two stationary parallel plates 1 m wide maintained 10 mm
apart. The velocity midway between the plates is 2.5 m/s.
[Ans. (a) — 4000 N/m® per m, (b) 1.667 m/s, (¢) .01667 m'/s]

Calculate :

(1) the pressure gradient along the flow,

(i) the average velocity, and

(iii) the discharge for an oil of viscosity 0.03 N s/m? flowing between two stationary plates which are parallel

and are at 10 mm apart. Width of plates is 2 m. The velocity midway between the plates is 2.0 m/s.

A eylinder of 100 mm diameter, 0.15 m length and weighing 10 N slides axially in a vertical pipe of
104 mum dia. If the space between cylinder surface and pipe wall is filled with liquid of viscosity p and the
cylinder slides downwards at a velocity of 0.45 m/s, determine p.
[Hint. D =100 mm =0.1, L=015m, W=10N, D, = L4 mm = 0.104 m,

V=045 m/fs. Hence t ={0.104 — 0.1)/2 = 0.002 m.
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21.

22,

awr*  4x10x0.002°

—= . =503 % 1075 N s/m?]
ALV 3rx 007 % 015% .45

“:

. A liquid is pumped through a 15 em diameter and 300 m long pipe at the rate of 20 tonnes per hour. The

density of liquid is 910 kg/m® and kinematic viscosity = 0,002 m*/s, Determine the power required and
show that the flow is viscous,
[Hint. D = 15 cm = 0.15 m, L = 300 m, W = 20 tonnes/hr

= 20 x 1000 kgf/60 x 60 sec = 5.555 kgf/sec = 5.555 x 9.81 N/s.

_w 5555)-(98] = 0.0061 ms. V= gz 0.0061

pg 910 % 9.81 A E[.ISE)
4

= 0.345 m/s, v = 0.002 m’fs.
VD VxD 0345x015
Now R = =2587
u v 0.002

which is less than 2000. Hence flow is viscous.

h,=32 uLprng, where v = L S u=vxp=0.002x910=1.382
P

3 3
Hence. o 32x 182x300x0345 _

910 % 9.81 % 0,153}

P =pg.Q.0/1000 =910 9.81 x 0.0061 > 30/1000 = 1.633 kW. |
An oil of specific gravity 0.9 and viscosity 10 poise is flowing through a pipe of diameter 110 mm. The
velocity at the centre is 2 m/s, find : (i) pressure gradient in the direction of flow, (i) shear stress at the pipe
wall ; (iff) Reynolds number, and (iv) velocity at a distance of 30 mm {rom the wall.
[Hint. p = 900 kg/m® ; p = 10 poise = 1 Ns/m? ; D= 110 mm =0.11 m,

1 (—dpY
U . =2mls;i=1mis; Um=—( PJR-
4t
(i) [‘“’ﬂ: WX s _AX1X2 _ 14 6 Nim®
dx R 0.055

- 0.0} )
(i) T,= (ﬂ]x L 2644.6 x L 72.72 N/fm®;
dx 2 2
pxuxD _900x1x0.11
u a 1
1 (—d 2 2
(iv) u= —(—PJ (RF=-r)=
4u\ dx

Determine (7) the pressure gradient, (if) the shear stress at the two horizontal plates, (iff) the discharge per

=00 : and

(iii) R, =

‘ : (2644.6) (0.055" — 0.025%) = 1.586 m/s.]
b4

metre width for laminar flow of il with a maximum velocity of 2 m/s between two plates which are
150 mm apart. Given : L = 2.5 N s/m>. (Delhi University, December 2002)

[Hint. U =2 m/s, t= 150 mm = 0.15m, p = 2.5 N s/m*
d ap - —8x2
) Up=-Bp . O _—8Upy —8X25X2 o 9 Nim,
8y dx dx - 0.15"

| d I
() Ty=———L xt=-— (= 1777.77) X 0.15 = 133.33 N/m’.
2 dx 2

(iii) Q = Mean velocity x Area = [%U,,,M] X1y = [%x 2] % (0.15 % 1) = 0.2 m¥s.]
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TURBULENT FLOW N
T o

p 10.1 INTRODUCTION

The laminar flow has been discussed in chapter 9. In laminar flow the fluid particles move along
straight parallel path in layers or laminae, such that the paths of individual fluid particles do not cross
those of neighbouring particles. Laminar flow is possible only at low velocities and when the fluid is
highly viscous. But when the velocity is increased or fluid is less viscous, the fluid particles do not
move in straight paths. The fluid particles move in random manner resulting in general mixing of the
particles. This type of flow is called turbulent flow.

A laminar flow changes to turbulent flow when (i) velocity is increased or (i7) diameter of a pipe is

increased or (i) the viscosity of fluid is decreased. O. Reynold was first to demonstrate that the

- : : . VD
transition from laminar to turbulent depends not only on the mean velocity but on the quantity p_+

pVD

This quantity is a dimensionless quantity and is called Reynolds number (R ). In case of circular

pipe if K, < 2000 the flow is said to be laminar and if R, > 4000, the flow is said to be turbulent. If
R, lies between 2000 to 4000, the flow changes from laminar to turbulent.
» 10.2 REYNOLDS EXPERIMENT

pV x
1L

The type of flow is determined from the Reynolds number i.e., . This was demonstrated by

0. Reynold in 1583, His apparatus is shown in Fig. 10.1.

DYE CONTAINER
DYE

¥
/|

VALVE

/
AL D
!

GLASS \
WATER TUBE ELL_EMEMT OF

Fig. 10.1 Reynold apparatus.
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The apparatus consists of :
(i) A tank containing water at constant head,
(77} A small tank containing some dye,
(iii) A plass tube having a bell-mouthed entrance at one end and a regulating value at other ends.
The water from the tank was allowed to flow through the glass tube. The velocity of flow was varied
by the regulating valve. A liquid dye having same specific weight as water was introduced into the
glass tube as shown in Fig. 10.1.

The following observations were made by Reynold : /EIEMEMT
(i} When the velocity of flow was low, the dye fila- "

ment in the glass tube was in the form of a straight line.

This straight line of dye filament was parallel to the (a) Laminar flow WAVY

elass tube, which was the case of laminar flow as shown FILAMENT
in Fig. 10.2 (a). NM
(i7) With the increase of velocity of flow, the dye- - SRR
filament was no longer a straight-line but it became a ) Transition FILAMENT
wavy one as shown in Fig. 10.2 (b). This shows that
flow 1s no longer laminar.
(iti) With further increase of velocity of flow, the {c) Turbulent flow
wavy dye-filament broke-up and finally diffused in
water as shown in Fig. 10.2 (¢). This means that the

Fig. 10.2 Different stages of filament.

fluid particles of the dye at this higher velocity are moving in random fashion, which shows the case
of turbulent flow. Thus in case of turbulent flow the mixing of dye-filament and water is intense and
flow is irregular, random and disorderly.

In case of laminar flow, the loss of pressure head was found to be proportional to the velocity but in
case of turbulent flow. Reynold observed that loss of head is approximately proportional to the square
of velocity. More exactly the loss of head, hf = V", where n varies from 1.75 to 2.0

b 10.3 FRICTIONAL LOSS IN PIPE FLOW

When a liguid is flowing through a pipe, the velocity of the liquid layer adjacent to the pipe wall is
zero. The velocity of liquid goes on increasing from the wall and thus velocity gradient and hence
shear stresses are produced in the whole liquid due to viscosity. This viscous action causes loss of
energy which is usually known as frictional loss.

On the basis of his experiments, William Froude gave the following laws of fluid fraction for
turbulent flow.

The frictional resistance for turbulent flow is :

(i) proportional to V", where n varies from 1.5 to 2.0,

(if) proportional to the density of fluid,
(iif) proportional to the area of surface in contact,
(iv} independent of pressure,

(v) dependent on the nature of the surface in contact,

10.3.1 Expression for Loss of Head Due to Friction in Pipes. Consider a uniform hori-
zontal pipe. having steady flow as shown in Fig. 10.3. Let 1-1 and 2-2 are two sections of pipe.
Let p, = pressure intensity at section 1-1,

V, = velocity of flow at section 1-1,
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L = length of the pipe between sections 1-1 and 2-2,
d = diameter of pipe,
f" = frictional resistance per unit wetted area per unit velocity,
.fi_r- = loss of head due to friction,
and p,, ¥, = are values of pressure intensity and velocity at section 2-2.

Fig. 10.3 Uniform borizontal pipe.

Applying Bernoulli’s equations between sections 1-1 and 2-2,
Total head at 1-1 = Total head at 2-2 + loss of head due to friction between 1-1 and 2-2

2 2

or ﬂ+V—l+z:,= ‘0—2+V1 + I+ hy
pg 2g pg 2g
But 7, = Z as pipe is horizontal

V| =V, as dia. of pipe is same at 1-1 and 2-2

Tl =&+hf or .":J:ﬂ— &

pe  pe pe peg

()

But /2, is the head lost due to friction and hence intensity of pressure will be reduced in the direction

of flow by frictional resistance.

Now frictional resistance = frictional resistance per unit wetted area per unit velocity x wetted area

x velocity®

or F,=f"xndLx V2 [+ wetted area = Td % L, velocity = V= V= ¥,
=f X PxLxV? [ -+ md = Perimeter = P] ...(if)

The forces acting on the fluid between sections 1-1 and 2-2 are :
1. pressure force at section 1-1=p, x A
where A = Area of pipe
2. pressure force at section 2-2 = p, X A
3. frictional force F| as shown in Fig. 10.3.
Resolving all forces in the horizontal direction, we have

pA-pA-F =0 -{10.1)

or (p,—p)A=F, =f xPxLxV [ -+ From (ii), F, = f'PLV?]
f'xPxLxV?
or Bi-pi=

But from equation (i), p; = p, = pghy



436 Fluid Mechanics

Equating the value of (p; - p,). we get

f'XPxLxV?
h, =
P&hy n
or nf=i><fo>< V? . (iii)
pg A
. ... P Wetted perimeter md 4
In equation (iii), — = = =
A Area Edz d
4
h =in xLxV2=Lx4LV_ L)
pg d Pg

Putting L % where fis known as co-efficient of friction.

p

4.f LVv* _4f.L.V?
26 d dx2g
Equation (10.2) is known as Darcy-Weisbach equation. This equation is commonly used for finding
loss of head due to friction in pipes.
Sometimes equation (10.2) is written as
= R
dx2g

Then fis known as friction factor.

Equation (iv), becomes as /i, = .-{10.2)

..(10.24)

10.3.2 Expression for Co-efficient of Friction in Terms of Shear Stress. The equation (10.1)
gives the forces acting on a fluid between sections 1-1 and 2-2 of Fig. 10.3 in horizontal direction as

PA-pA-F =0

or (py — p2)A = F| = force due to shear stress T,
= shear stress x surface area
=Ty Xmdx L
b8 m .-
or (pt—pgjzd2=t.}xnde {-.-A=Ea“}

Cancelling nd from both sides, we have
d
Py —pa) E =Ty X L
4T, ® L
or (Py—p) = —— «.(10.3)
= d
pi—py _4f.L.V*
Pg dx2g

Equation (10.2) can be written as !.l_,-:

L
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2

4f.L.V~©
dx2g
Equating the value of (p, — p,) in equations (10.3) and (10.4),

dt,xL _4f.L.V?

or p,-p)= X pg (10.4)

= x
d dx2g "%
2g 2g
Vv? .
or To= pT ...(10.53)
i B (10.6)
pv
» 10.4 SHEAR STRESS IN TURBULENT FLOW
The shear stress in viscous flow is given by Newton’s law of viscosity as
T,= U j—u. where T, = shear stress due to viscosity.
¥

Similar to the expression for viscous shear, J. Boussinesq expressed the turbulent shear in math-
ematical form as

t,:nﬂ .{10.7)
dy
where T, = shear stress due to turbulence
N = eddy viscosity
i = average velocity at a distance y from boundary.
The ratio of 1 (eddy viscosity) and p (mass density) is known as kinematic eddy viscosity and is
denoted by € (epsilon). Mathematically it is written as

P
If the shear stress due to viscous flow is also considered, then the total shear stress becomes as
du diu :
T=T,+5 =l — + 1 — -(10.9)
dy dy

The value of 1 = 0 for laminar flow. For other cases the value of 1 may be several thousand times
the value of p. To find shear stress in turbulent flow, equation (10.7) given by Boussinesq is used. But
as the value of 1 (eddy viscosity) cannot be predicted, this equation is having limited use.

10.4.1 Reynolds Expression for Turbulent Shear Stress. Reynolds in 1886 developed
an expression for turbulent shear stress between two layers of a fluid at a small distance apart, which
is given as
T=pu’v’ L(10.10)
where u’, v" = fluctuating component of velocity in the direction of x and y due to turbulence.
As u” and v" are varying and hence T will also vary. Hence to find the shear stress, the time average
on both the sides of the equation (10.10) is taken. Then equation (10.10) becomes as
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T=pu'v (10011
The turbulent shear stress given by equation (10.11) is known as Reynold stress.

10.4.2 Prandtl Mixing Length Theory for Turbulent Shear Stress. In equation (10.11),
the turbulent shear stress can only be calculated if the value of ©” v is known. But it is very difficult to
measure u’v’. To overcome this difficulty, L. Prandtl in 1925, presented a mixing length hypothesis
which can be used to express turbulent shear stress in terms of measurable guantities.

According to Prandtl, the mixing length /, is that distance between two layers in the transverse
direction such that the lumps of fluid particles from one layer could reach the other layer and the
particles are mixed in the other layer in such a way that the momentum of the particles in the direction
of x is same. He also assumed that the velocity fluctuation in the x-direction u” is related to the mixing
length [ as

and v’ the fluctuation component of velocity in y-direction is of the same order of magnitude as u’
and hence

v =1 ﬂ

dy
Now u’ XV becomes as u’ v’ = Jd—u X fﬂ =/’ d_u
dy dy dy

Substituting the value of #"v' in equation (10.11), we get the expression for shear stress in turbulent
flow due to Prandtl as

T=pl [d—“} .(10.12)

Thus the total shear stress at any point in turbulent flow is the sum of shear stress due to viscous
shear and turbulent shear and can be written as

E:Ilj—"wf[j"} (10.13)
v y

But the viscous shear stress is negligible except near the boundary. Equation (10.13) is used for
most of turbulent fluid flow problems for determining shear stress in turbulent flow.

» 10.5 VELOCITY DISTRIBUTION IN TURBULENT FLOW IN PIPES

In case of turbulent flow, the total shear stress at any point is the sum of viscous shear stress and
turbulent shear stress. Also the viscous shear stress is negligible except near the boundary. Hence it
can be assumed that the shear stress in turbulent flow is given by equation (10.12). From this equation,
the velocity distribution can be obtained if the relation between /, the mixing length and y is known.
Prandtl assumed that the mixing length, [ is a linear function of the distance y from the pipe wall i.e.,
[ = kv, where k is a constant, known as Karman constant and = (0.4,

Substituting the value of [ in equation (10.12), we get
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2

?orrsz(k}!}zx[ﬂ]
dy

M duY  (du)
or t=pk5? | 2L or [ 2] = wprty?
dy dy

or il = -——3—;==Jﬂ L3 LL(10.14)
dy \pk'y™ kyyp

For small values of y that is very close to the boundary of the pipe, Prandtl assumed shear stress T
to be constant and approximately equal to T, which presents the turbulent shear stress at the pipe
boundary. Substituting T = T, in equation (10.14), we get

du 1 |z,

P el w1013
dy ;

“1rp—2 fr2
In equation (10.15), 1:—':' has the dimensions % i L—, = E . But E is velocity and hence
p ML r T T

T
—L has the dimension of velocity, which is known as shear velocity and is denoted by u..
\p

T . du |
Thus % = u., then equation (10.15) becomes — = — u..
P dyv  ky
For a given case of turbulent flow, w. is constant. Hence integrating above equation, we get
u*

k

H= log, v+ C . (10.16)

where C = constant of integration.

Equation (10.16) shows that in turbulent flow, the velocity varies directly with the logarithm of the
distance from the boundary or in other words the velocity distribution in turbulent flow is logarithmic
in nature. To determine the constant of integration, C the boundary condition that at y = R (radius of
pipe), & = u,,,, is substituted in equation (10.16).

[

Uy
Hence o = Ty log. R+C .. C=u,, - n log,. R

Substituting the value of C in equation (10.16), we get

s s ta
"= 73 log, v+ uy.. — e log, R=u,,, + * (log, y—log, R)

— Ymax

. + ;—:1 log, (v/R) [ k= 0.4 = Karman constant]

= U, + 2.5 u. log, (WR) -(10.17)

Equation (10.17) is called ‘Prandtl’s universal velocity distribution equation for turbulent flow in
pipes. This equation is applicable to smooth as well as rough pipe boundaries. Equation (10.17) is also
written as
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Hpaw — U =—2.5u log, (y/R) = 2.5 u. log, (Rly)
Dividing by u,., we get
U

P =8 _ 235 log, (Riy) =25 %23 log,, (Riv) [ log, (RW) =23 log,, (RA)]
Hﬂ

o Unx ~ ¥ _ 575 log, (Ry) (10.18)
[
In equation (10.18), the difference between the maximum velocity u_ ., and local velocity u at any

point i.e., (i, — 1) is known as “velocity defect’.

10.5.1 Hydrodynamically Smooth and Rough Boundaries. Let k is the average height of
the irregularities projecting from the surface of a boundary as shown in Fig. 10.4. If the value of & is
large for a boundary then the boundary is called rough boundary and if the value of & is less, then
boundary is known as smooth boundary, in general. This is the classification of rough and smooth
boundary based on boundary characteristics. But for proper classification, the flow and fluid charac-
teristics are also to be considered.

oo TAMIMARGBUBLAVER =~ LAMINAR SUBLAYER

(a) Smooth boundary (b) Rough boundary

Fig. 10.4 Smooth and rough boundaries.

For turbulent flow analysis along a boundary, the flow is divided in two portions. The first portion
consists of a thin layer of fluid in the immediate neighbourhood of the boundary, where viscous shear
stress predominates while the shear stress due to turbulence is negligible. This portion is known as
laminar sub-layer. The height upto which the effect of viscosity predominates in this zone is denoted
by &°. The second portion of flow, where shear stress due to turbulence are large as compared to
viscous stress is known as turbulent zone.

If the average height k of the irregularities, projecting from the surface of a boundary is much less
than &', the thickness of laminar sub-layer as shown in Fig. 10.4 (a), the boundary is called smooth
boundary. This is because, outside the laminar sub-layer the flow is turbulent and eddies of various
size present in turbulent flow try to penetrate the laminar sub-layer and reach the surface of the
boundary. But due to great thickness of laminar sub-layer the eddies are unable to reach the surface
irregularities and hence the boundary behaves as a smooth boundary. This type of boundary is called
hydrodynamically smooth boundary.

Now, if the Reynolds number of the flow is increased then the thickness of laminar sub-layer will
decrease. If the thickness of laminar sub-layer becomes much smaller than the average height &k of
irregularities of the surface as shown in Fig. 10.4 (b), the boundary will act as rough boundary. This is
because the irregularities of the surface are above the laminar sub-layer and the eddies present in
turbulent zone will come in contact with the irregularities of the surface and lot of energy will be lost.
Such a boundary is called hydrodynamically rough boundary.

From Nikuradse’s experiment :

k k
1. If 5 is less than 0.25 or 5 < (1.25, the boundary is called smooth boundary.
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k
2. If — is greater than 6.0, the boundary is rough,
EJ

3. If0.25 < [gj < 6.0, the boundary is in transition.

.k
\Y

-
-

In terms of roughness Reynolds number

0

< 4, boundary is considered smooth,

.k

2. If lies between 4 and 100, boundary is in transition stage, and

.k
v

L

If

> 100, the boundary is rough.

10.5.2 Velocity Distribution for Turbulent Flow in Smooth Pipes. The velocity distri-
bution for turbulent flow in smooth or rough pipe is given by equation (10.16) as

Ha

u=—log,y+C

It may be seen that at y = ), the velocity u at wall is — ==. This means that velocity u is positive at
some distance far away from the wall and — == (minus infinity) at the wall. Hence at some finite distance
from wall, the velocity will be equal to zero. Let this distance from pipe wall is ¥". Now the constant
C is determined from the boundary condition i.e., at y = ', u = (. Hence above equation becomes as

s ’ e r
0= % log, ¥ +C0rC=—T log, v
Substituting the value of C in the above equation, we get

e s ’ s #
u=—-log,y—~~log.y' = ~~log, (/y)

Substituting the value of £ = 0.4, we get

u= (;‘4 log, (y/y") = 2.5 u. log, (v/v")
< = 2.5 x 2.3 log,, (v/y") [+ log, (v/y) = 2.3 log,, (vy)]
"w
I
or — = 5.75 log,; (3/v) ..{10.19)
Hs

For the smooth boundary, there exists a laminar sub-layer as shown in Fig. 10.4 (a). The velocity
distribution in the laminar sub-layer is parabolic in nature. Thus in the laminar sub-layer, logarithmic
velocity distribution does not hold good. Thus it can be assumed that y" is proportional to &, where &'
is the thickness of laminar sub-layer. From Nikuradse's experiment the value of v* is given as
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yi= &
107
. llev : G , ;
where 8" = . where v = Kinematic viscosity of fluid.

[

yl= ll.{w>< 1 0.108v

we 107w

Substituting this value of y'in equation (10.19), we obtain

uo y
e =5.75 log,, T0%v
u,
yu* i,y )
=575 log,y | 22— | = 5.75 log Y %9259
”'“(,mavJ ”“‘[ v
=5.75 log;s 2 4 5.75 log,, 9.259 [ L—gzs';]
TR Ty Rl R 0108
= 5.75 log,, =X + 5.55 ..(10.20)

10.5.3 Velocity Distribution for Turbulent Flow in Rough Pipes. In case of rough
boundaries, the thickness of laminar sub-layer is very small as shown in Fig. 10.4 (). The surface
irregularities are above the laminar sub-layer and hence the laminar sub-layer is completely destroyed.
Thus y* can be considered proportional to the height of protrusions k. Nikuradse's experiment shows

k
the value of y’ for pipes coated with uniform sand (rough pipes) as v = 30

Substituting this value of ¥’ in equation (10.19), we get

I
— =575 log [ﬁ) = 5.75 [log,, (¥/k) x 30]

= 5.75 log,, (vk) + 5.75 log,, (30.0) = 5.75 log,, (»/k) + 8.5 ..(10.21)

Problem 10.1 A pipe-line carrving water has average height of irregularities projecting from the
surface of the boundary of the pipe as 0.15 mm. What type of boundary is it ? The shear stress
developed is 4.9 N/m®. The kinematic viscosity of water is .0 stokes.

Solution. Given :

Average height of irregularities, k=0.15mm = 0.15x 107 m

Shear stress developed, T,=49 N/m’
Kinematic viscosity, v = 0.01 stokes = .01 em*/s = .01 x 10 m%s
Density of water, p = 1000 kg/m*

]

Shear velocity, iy

JTolp= 1f% =+/0.0049 = 0.07 m/s

=
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wk _0.07x0.15x107°

= 10.5.
v 01x107*

Roughness Reynold number =

ek ; ; i
Since — lies between 4 and 100 and hence pipe surface behaves as in transition.
v

Problem 10.2 A rough pipe is of diameter 8.0 cm. The velocity at a point 3.0 cm from wall is 30%
more than the velocity at a point | cm from pipe wall. Determine the average height of the roughness.

or
or
or
or
or
or
or

or

Problem 10.3 A smooth pipe of diameter 80 mm and 800 m long carries water at the rate of

Solution. Given :

Dia. of rough pipe, D=8 cm=.08m
Let velocity of flow at 1 cm from pipe wall =u
Then velocity of flow at 3 cm from pipe wall =13 u

The velocity distribution for rough pipe is given by equation (10.21) as

u

= 5.75 log, (w/k) + 8.5, where k = height of roughness.
ua

For a point, 1 cm from pipe wall, we have

I

=5.75 log,, (1.0/k) + 8.5 i)
u‘

For a point, 3 cm from pipe wall, velocity is 1.3 u and hence
1.3u

[

=5.75 log,, (3.0/k) + 8.5 (D)

5.75 log,, (3.0 / k) + 8.5
5.75log,,(1/ k) +85

1.3[5.75 log,, (1/k) + 8.5] = 5.75 log,,, (3.0/k) + 8.5

7475 log,, (1/k) + 11.05 = 5.75 log,, (3.0/k) + 8.5
7.475 log,, (1/k) — 5.75 log,, (3/k) = 8.5 - 11.05 = - 2.55
7.475 [log,; 1.0 — log,, k] — 5.75 [log,, 3.0 — log,g k] = — 2.55

Dividing (ii) by (i), we get 1.3 =

7475 [0 - log,, k] - 5.75 [.4771 - log,, kK] = - 2.55
- 7.475 log,, k- 2.7433 + 5.75 logy k= - 2.55
— 1.725 log, k = 2.7433 - 2.55 = 0.1933
1933 -
log,, k= Ll P 0.1120 = 1.888
-1725

k=.7726 cm. Ans.

0.480 m’/minute. Calculate the loss of head, wall shearing stress, centre line velocity, velocity and
shear stress at 30 mm from pipe wall. Also calculate the thickness of laminar sub-layer. Take kin-
ematfic viscosity of water as 0.0135 stokes. Take the value of co-efficient of friction “ffrom the relation
given as

0791

= Fﬁ- . where R, = Reynolds number.
R
¥

=
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Solution. Given:

Dia. of smooth pipe, d =80 mm = .08 m
Length of pipe, L=2800m
. 3, 0.48 3

Discharge. 0 = 0.048 m”/minute = 3 =.008 m™/s
Kinematic viscosity, v=.015 stokes = 015 % 10 m%s [Stokes = em?/s]
Density of water, p = 1000 kgﬁ"m'3
Mean velocity, V= 0 = 0.008 = 1.391 m/s

Area T 2

1 (.08)

_ Vxd _1591x0.08
T v 015x10°
As the Reynolds number is more than 4000, the flow is turbulent.
0791 0791

R (3485%10%)"

Reynolds number, R = 8.485 x 10*

= .004636

Now the value of *f’is given by f=

(i) Head lost is given by equation (10.2) as

_4.f.L.V'  4x.004636 x 800 x 1.591

I, = 23.42 m. Ans.

* dx2g 08x2 %981
(if) Wall shearing stress, T, is given by equation (10.5) as
1= PPV~ 004636 x 1990 1.501% = 5.866 N/m?. Ans.

(iii) Centre-line velocity, u . for smooth pipe is given by equation (10.20) as

N

u "y

— = 5.75 log,; + 5.55 1)
Uy v
5.
where us is shear velocity and = |2 = 3396 _ 40065 mis
) 1000
d_ 08

The velocity will be maximum when y = T 04 m.

Hence aty= 04 m, u = u Substituting these values in (i), we get

AN,

B 59915y SR o op

0765 015%x107*
= 5.75 log,, 2040 + 5.55
=5.75 %3309 + 555 = 19.03 + 5.55 = 24.58
w .= .0765 x 24.58 = 1.88 m/s. Ans.

= A
(iv) The shear stress, T at any point is given by

ap r
e LS (A
X dx 2 )

L
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where r = distance from centre of pipe
and hence shear stress at pipe wall where r= R is

dp R
LT ey (B
0 I 2 (B)
Dividing equation (A) by equation (B), we get
LT
T, R
y Ty r
.. Shear stress T=—
R

A point 30 mm from pipe wall is having r=4-3=lcm= .0l m

T, .01 _ 5.866
04

Velocity at a point 3 cm from pipe wall means v=3 cm = .03 m

%Y 4 5.55, where u. = 0765, y=.03
v

Tat(r=.01 m)= = 1.4665 N/m®. Ans.

and is given by equation (10.20) as Y. =575 log,,
Uy

0765 x.03
——— =375 8 e ard
0765 015x10
=5.75 log, 1530 + 5.55 = 23.86
b u=0.0765 x 23.86 = 1.825 m/s. Ans.
(v) Thickness of laminar sub-layer is given by
-4
L, ll.6xv= 116 x.015x10 2274 %10 m
u, 0765
=2.274 x 107° ¢m = .02274 cm. Ans.

Problem 10.4 Determine the wall shearing stress in a pipe of diameter 100 mm which carries water.
The velocities at the pipe centre and 30 mm from the pipe centre are 2 m/s and 1.5 m/s respectively.

+ 5.55

5!

The flow in pipe is given as turbulent.
Solution. Given :
Dia. of pipe. D=100mm=0.10m

Radius, R = ? =0.05m

Velocity at centre, Yy = 2 M/S
Velocity at 30 mm or 0.03 m from centre = 1.5 m/s

Velocity (at r=0.03 m), v = 1.5 m/s

Let the wall shearing stress = 1
For turbulent flow, the velocity distribution in terms of centre line velocity (u..) 1

tion (10.18) as
Bax —¥ _ 595 log,; [EJ
y

ul:
where u=15m/saty=(K-r)=0.05-0.03=.02m

s given by equa-

L
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D=1 05 i
-1 s log,, 05 _52880r &3 = 2088
e .02 .
THE B . 0.2185 m/s
2.288
Using the relation M. = 4/Ty / p, where p for water = 1000 kg/m?
T
0.2185 = [—2—or —2— = 0.2185% = 0.0477
1000 1000

or 17, = 0.0477 x 1000 = 47.676 N/m®. Ans.

10.5.4 Velocity Distribution for Turbulent Flow in Terms of Average Velocity. The

average velocity U , through the pipe is obtained by first finding the total discharge Q and then dividing
the total discharge by the area of the pipe.
ELEMENTARY CIRCULAR RING

Fig. 10.5 Awerage wvelocity for turbulent flow.

Consider an elementary circular ring of radius *r’ and thickness dr as shown in Fig. 10.5. The
distance of the ring from pipe wall is v = (R — r), where R = radius of pipe.
Then the discharge, d(), through the ring is given by
d() = area of ring x velocity
=21rdr X 1= u X 2nrdr

R
Total discharge, 0= I dQ = j u X 2rdr .(10.22)
[i]

(@) For smooth pipes. For smooth pipes, the velocity distribution is given by equation (10.20) as

4 =5751085 =2 +55
v

s
or "= _5.?5 ]ugm% + 5.5} X U
But y= (_R -r)
u= -5.’.’5 log,, @ + 5.5:| X Uy

Substituting the value of u in equation (10.22), we get

R w.(R-r)
0= j 575108, L 55| u. x 2nrdr
0 v
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Average velocity, U = Q :%
Area mR

1 R u(R—-r)
= 3 j 575log, ———+ 5.5 | u, 2nrdr
k- Jo v

Integration of the above equation and subsequent simplification gives the average velocity for
turbulent flow in smooth pipes as
Y osasiep,, R 175 ..(10.23)
Uy v

(&) For rough pipes. For rough pipes, the velocity at any point in turbulent flow is given by
equation (10.21) as

L =575 10g,, (W/K) + 8.5
u'
But y=(R-71)
2L =57510g,, [%J + 8.5

®

R-r
or U=, [5-75 log, [T) + &5:|

Substituting the value of i in equation (10.22), we get

K R-r
0= L U {5.?5 log,, (T)+ 3.5} 21rdr

R _
2 J uy [5.75 log, (%} + 8.5} 2mrdr
{

nR* TR’
Integration of the above equation and subsequent simplification will give the following relation for
average velocity, U for turbulent flow in rough pipe as

Average velocity, U =

7
— =5.75log,, % +4.75 (10.24)

U,

(¢) Difference of the velocity at any point and average velocity for smooth and rough pipes.
The velocity at any point for turbulent flow for smooth pipes is given by equation (10.20) as

L] R_
b 55 BT e [ y=R-1]
e Vv

and the average velocity is given by equation (10.23) as

Y 57 tog,y 2% 4 175
s Ay

Difference of velocity u and U for smooth pipe is obtained as
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— (R~ )
2 = [5,‘;5 log,, MJF 5_5]— [5.?5 log,, i F I.?S]
W, u, v v
_ AR - .R
or u-U = 5.75 |:|Dgw M-logm -u—~i| +55-1.75
U, v v
AR - .R
=575 joglu [u—u j| +3?5
v
= 5.75 log,, [R — r] +3.75
=375 log (¥/R) + 3.75 w(1025) [ R-r=y]

Similarly the velocity, u at any point for rough pipe is given by equation (10.21) as
X —57510g,4 (k) +8.5
“‘
and average velocity is given by equation (10.24) as
7
u-v

Difference of velocity u and U for rough pipe is given by

-
X 2~ 575 log,, (VK) + 8.5] - [5.75 log,, (RIK) + 4.75]
i, M.
= 5.75 log o [(W/K) + (RA)] + 8.5 — 4.75
=7
or U= 575102, (WR) + 3.75 ..(10.26)
u‘

Equations (10.25) and (10.26) are the same. This shows that the difference of velocity at any point
and the average velocity will be the same in case of smooth as well as rough pipes.

Problem 10.5 Determine the distance from the pipe wall at which the local velocity is equal to the
average velocity for turbulent flow in pipes.

Solution. Given :

Local velocity at a point = average velocity

or u="U
For a smooth or rough pipe, the difference of velocity at any point and average velocity is given by
equation (10.25) or equation (10.26) as

=

u_

= 5.75 log,, (WR) + 3.75
u-v

Substituting the given condition i.e., 1 = U , we get
U-U

U

=0 =575 log,, (WR) + 375 or 5.75 log,, (w/R) = 3.75

L
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375 —
or lo yWR)= - —— = - (1.6521 = - 1.3479
210 V/R) 575

yIR =0.22279 = ().2228 or y = .2228 R. Ans.

Problem 10.6 For turbulent flow in a pipe of diameter 300 mm, find the discharge when the centre-
line velocity is 2.0 m/s and the velocity at a point 100 mm from the centre as measured by pitot-tube
is 1.6 m/s.

Solution. Given :

Dia. of pipe. D=300mm=03m
3
Radius, R= 02 =0.15m
Velocity at centre, Upax = 2.0 m/fs
Velocity (at r=100 mm=0.1 m), u= 1.6 m/s
Now y=R-r=0.15-010=0.05m
Velocity (atr=0.1moraty=005m),u=1.6ms

The velocity in terms of centre-line velocity is given by equation (10.18) as

B —¥ _ 595 log,q (RIy)
[
20-16 15 v y=05m
ituting t 5, { —— =575 —
Substituting the values, we ge 5 5.75 log, 05 { 0 =[}.15m:|
=575 log,;, 3.0 = 2.7434
or 0.4 =2.7434
ui
i =0.1458 m/s (i)
T 27434

Using equation { 10.26) which gives relation between velocity at any point and average velocity, we
have

U _s7s log,q (¥/R) + 3.75
ui‘
at y = R, velocity v becomes = u,,,,
Uy — U
Tm 7 - 5.75log,, (RIR) +3.75=575%x0+3.75=3.75
U,
But U = 2.0 and u. from (i) = 0.1458
2-U =3.75
0.1458

or U =2.0-.1458 x 3.75 = 2.0 - 0.5467 = 1.4533 m/s
. Discharge, O = Area x average velocity

=
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£ 5. .= B “ E
= E D il = Z (0.3)" % 1.4533 = 0.1027 m™/s. Ans.

10.5.5 Velocity Distribution for Turbulent Flow in Smooth Pipes by Power Law. The
velocity distribution for turbulent flow as given by equations (10.18), (10.20) and (10.21) are
logarithmic in nature. These equations are not convenient to use. Nikuradse carried out experiments
for different Reynolds number to determine the velocity distribution law in smooth pipes. He expressed
the velocity distribution in exponential form as

u

= (y/R)'" (10.27)

i max

1
where exponent — depends on Reynolds number
n

(1 A .
The value ot [— decreases, with increasing Reynolds number.

I
For R, =4x10° 1_1
n 6
R,=1.1x10° Tl
no 7
R,22x10°% 1ol
n 10

L1 1 e
Thus if —= ?, the velocity distribution law becomes as

n

i v 17

= [_J .(10.28)
umﬂ!. R

Equation (10.28) is known as 1/7th power law of velocity distribution for smooth pipes.

p 10.6 RESISTANCE OF SMOOTH AND ROUGH PIPES

The loss of head, due to friction in pipes is given by equation (10.2) as

4.f.L.V?
= ———————
dx2g
In this equation, the value of co-efficient of friction, fshould be known accurately for predicting the
loss of head due to friction in pipes. On the basis of dimensional analysis, it can be shown that the

pressure loss in a straight pipe of diameter D, length L, roughness k, average velocity of flow U,
viscosity and density of fluid gl and p is

T2
ﬂpzﬁq{gﬂﬁ,g} o P _ [Rpi,i}
2 D D =

Experimentally it was found that pressure drop is a function of — to the first power and hence

L
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1, k X D k
%f =0 [R‘,,—] or = =5 = ¢ I:Rr‘_:|
plU D D LPU D

) 2

k
The term of the right hand side is called co-efficient of friction f. Thus f= ¢ {R'”E}

This equation shows that friction co-efficient is a function of Reynolds number and &/D ratio, where
k is the average height of pipe wall roughness protrusions.

(@) Variation of *f* for Laminar Flow. In viscous flow chapter, it is shown that co-efficient of
friction *f for laminar flow in pipes is given by

16
= — «(10.29)
4 R

Thus friction co-efficient is only a function of Reynolds number in case of laminar flow. It is inde-
pendent of (k/D) ratio.

(5) Variation of *f” for Turbulent Flow. For turbulent flow, the co-efficient of friction is a function
of R, and &/D ratio. For relative roughness (k/D), in the turbulent flow the boundary may be smooth or
rough and hence the value of *f " will be different for these boundaries.

(i) *f" for smooth pipes. For turbulent flow in smooth pipes, co-efficient of friction is a function
of Reynolds number only. The value of laminar sub-layer in case of smooth pipe is large as compared
to the average height of surface roughness k. The value of 'f " for smooth pipe for Reynolds number
varying from 4000 to 100000 is given by the relation

0791

I= (Rf)”“

The equation (10.30) is given by Blasius.
The value of *f” for R, > 107 is obtained from equation (10.23) which gives the velocity distribution

..(10.30)

for smooth pipe in terms of average velocity [L_"} as

73 . R
B = 5siogs (R) 175 (10.31)
u, v

2
From equation (10.6), we have f = ::l_ , where V = average velocity
p

f: Z,E].,:,_ﬁiz( I—OJ =mi:)<n‘2¢ ['.' T—”:i.l‘..:|
pU> U\ p u P
=LY
2
or =0 g (10.314)

Substituting the value of u. in equation (10.31), we get

U JF12
Y =575 10m | Y2 | R+ 175
ULfi2 v
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1 UR
or =5751o —fr2|+1.35
m Eio [ V f )

Taking R = D/2 and simplifying, the above equation is written as

1 UuD
=2.03 —J4f | =091
;—4}, 03 log,, [ v fJ

up : ;
But — = R, and hence above equation is written as
v

L = 203108, (R.AT) - 091 .(10.32)

NEYA
Equation (10.32) is valid upto R, = 4 x 10°
Nikuradse's experimental result for turbulent flow in smooth pipe for °f’is

|
ﬁ - 2‘0 Iﬂg]U (Rfr‘f‘q‘r ) S 08 flﬂf‘ﬂ)
This is applicable upto R, = 4 x 107. But the equation (10.33) is solved by hit and trial method. The
value of *f " (i.e., co-efficient of friction) can alternately be obtained as

{05525
The value of *f '[i.e., friction factor which is used in equation (10.24)] is given by
f=0.0032 + % . (10.344)

(4
(7i) Value of *f "for rough pipes. For turbulent flow in rough pipes, the co-efficient of friction is
a function of relative roughness (/D) and it is independent of Reynolds number. This is because the
value of laminar sub-layer for rough pipes is very small as compared to the height of surface rough-
ness. The average velocity for rough pipes is given by (10.24) as

]
= 5.75 log,, (R/) + 4.75
u‘

But u.=U [F12

Substituting the value of u. in the above equation, we pet

U
U m gln
1
which is simplified to the form as — = 2.03 log,, (R/k) + 1.68 -(10.35)

N

But Nikuradse’s experimental result gave for rough pipe the following relation for f " as

i log,, (RIk) + 1.74 ..(10.36)

Jaf
(¢) Value of *f * for commercial pipes. The value of ‘" for commercial pipes such as pipes made
of metal, concrete and wood is obtained from Nikuradse’s experimental data for smooth and rough

L
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pipes. According to Colebrook, by subtracting 2 log,, (R/k) from both sides of equations (10.33) and
(10.36), the value of *f" is obtained for commercial smooth and rough pipes as :
1. Smooth pipes

1
7

— 2 log, (RIK) = 2 102, (R,J&f ) — 0.8 — 2 log,, (R/k)

=2log,, [R" '4’f] -0.8 «(10.37)

Rk

2. Rough pipes

1
VA
=1.74. .-(10.38)

Problem 10.7 For the problem 10.6, find the co-efficient of friction and the average height of rough-
ness projections.
Solution. From the solution of problem 10.6, we have

-2 log,, (R/k) = 2 log,, (Rfk) + 1.74 - 2 log, (R/k)

R=0.15m
e = 0.1458 m/s
U =14533 m/s
For co-efficient of friction, we know that
u, =17 fr2
or 0.1458 = 1.4533 ,/F /2
- 0.1458
JII2 = =0.1
* ! 14533

. f=2.0%(.1)*=.02. Ans.
Height of roughness projection is obtained from equation (10.36) as

BT

Substituting the values of R and f, we get

=2 log, (R/&) + 1.74

| 015 A5
—_— =20 — |+ .74 or 3.5355=21o0 — |+ 1.74
4%02 g'“[ k ] g“’(k]
15 S5355- 1.
or Iugw [— = M =().8977 = ]ngm 7.00
k 2
—-—ULIS =790
k
015

k= —— =0.01898 m = 18.98 mm. Ans.
7.90

Problem 10.8 Water is flowing through a rough pipe of diameter 500 mm and length 4000 m at the
rate of 0.5 m’/s. Find the power required to maintain this flow. Take the average height of roughness
as k = 0.40 mm.

=
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Solution. Given :

Dia. of rough pipe, D =500 mm = 0.50 m
.. Radius, R= g =0.25m
Length of pipe, L =4000 m
Discharge, Q=05 m?/s

Average height of roughness, £ = 0.40 mm = 0.4 x 107 m

First find the value of co-efficient of friction. Then calculate the head lost due to friction and then
power required.

For a rough pipe, the value of *f " is given by the equation (10.36) as

1 25
"—V!i;f— =2 ]nglll (R!k) + 1.74 = 2 |ﬂgiu [W] -+ 1?4
= 2 log,, (625.0) + 1.74 = 5.591 + 1.74 = 7.331
A !

or

= 0.1364 or f = (0.1364)%*/4 = .00465
7331 '

Il

Discharge _ 0.5 0.5

Also the average velocity, U = = 2.546

4.f.L.V?  4x.00465x 4000 x 2.546

. Head lost due to friction, fi, =

dx2g 0.5x%2 %981
=49.16 m [« V=U =2.546,d = D =(.5]
Wxh, wQ.h, XgxQxh
. Power required, P= L= 0.hy L PR 0%y KW
1000 1000 1000
1000 x 9.81 x 0.5 x 49.16

= = 241.13 kW. Ans.
1000 "

Problem 10.9 A smooth pipe of diameter 400 mm and length 800 m carries water at the rate of
0.04 .ln","s. Determine the head lost due to friction, wall shear stress, centre-line velocity and thickness
of laminar sub-layer. Take the kinematic viscosity of water ay 0.018 stokes.

Solution. Given :

Dia. of pipe, D =400 mm = 0.40 m
Radius, R= g =0.20 m
Length of pipe. L=3800m
Discharge, Q0 =0.04 m’/s
Kinematic viscosity, v = 0.018 stokes = 0.018 em?/s = 0.018 % 10 m?/s
Average velocity, U = 0 I 0.3183 m/s

Arca T 2
0.4
3 (04)

VxD UxD 03183x04

Reynolds number, R,= = wer
v v 018%10

= 7.073 x 10*

L
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The flow is turbulent.
The co-efficient of friction 'f " is obtained from equation (10.30) as

0791 00791 0791

= = = .00485
(R)" (7.013x10*)" 1630

4.f.L.V* 4. f.L.U*

(i) Head lost due to friction, i, = -
Dx2g Dx2g

~ 4x.00485 x 800 x (3183)°
- 040 x2 %981
(i) Wall shear stress (T,) is given by equation (10.5) as

=f+p.V2=f.p.ﬁz B o
2 2 '

=0.20 m. Ans.

Ty

(3184)°

= 0.00485 x 1000 x N/m? = 0.245 N/m>. Ans.

(iff) The centre-line velocity (i
W=HU,, aty=R

may) For smooth pipe is given by equation (10.20) as in which

«R ; :
Imax - 5.75 log,, 22 4555 [Putin equation (10.20), u = u,,, at y = R]
s v '

24
where the shear velocity o= |20 = Lo v0.000245 = 0.0156 m/s

p 1000
Substituting the values of 1., R and v in the above equation, we get
s _ 5% iog DURIED, opge sl
0.0156 018 x10
or Wy = 24173 % 0156 = 0.377 m/s. Ans.

(iv) The thickness of laminar sub-layer (§") is given by

_1l6xv  116x.018x10°"
i, 0156
Problem 10.10 A rough pipe of diameter 400 mm and length 1000 m carries water at the rate of
0.4 m’/s. The wall roughness is 0.012 mm. Determine the co-efficient of friction, wall shear stress,
centre-line velocity and velocity at a distance of 150 mm from the pipe wall.

Solution. Given :

o’ =.001338 m = 1.338 mm. Ans.

Dia. of rough pipe, D =400 mm = 0.4 m
D 04

-. Radius, R= = DT =0.20m

Length of pipe, L=1000m

Discharge, 0=04 m’/s

Wall roughness, k=0.012mm=0.012x 107 m

L
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(i) The value of co-efficient of friction *f " for rough pipe is given by the equation (10.36) as

1.0
_4f =2log |, (R + 1.74
or i:llogm &3 + 1.74
Jar 012%10

= 2 log,, (16666.67) + 1.74 = 10.183
]. 2
4f = [—] = .00964
10.183

_ 00964
40

f = .00241. Ans.

(if) Centre-line velocity (u,,,) for rough pipe is given by equation (10.21) in which u is made

= Uy, @ty = R and hence

Bmax = 575 log,q (R/K) + 8.5
M.

where shear velocity, e = %
and T, = wall shear stress = %
witeo: Fies DOOAIES, EQ = 2  _ 3.183 mss. Ans.

Area T p? _{.4}2

4 4
.p.V? 3.183°
(iii) .. = 2PV - 00241 x 1000 x 222

b
AL L ST
p 1000

Substituting the value of u., R, k in equation (i), we get

" 0.2
—m% _ 575 logg | = | + 8.5 = 32.77
011 €10 [.{]ilxlﬂ 3J

Moy = 32.77 % 0.11 = 3.60 m/s. Ans.
(iv) Velocity () at a distance y = 150 mm = 0.15 m
The velocity (1) at any point for rough pipe is given by equation (10.21) as

;”; = 5.75 log,, (v/k) + 8.5

where u,. = 0.11 m/s and y = .15 m, &k = 0.012 x 10~ m

= 12.2 N/m’. Ans.

(i)

L



Turbulent Flow 457

i 0.15
0.11 012x107°

u= 3205 x0.11 = 3.52 mfs. Ans.

Problem 10.11 A smoath pipe line of 100 mm diameter carries 2.27 m’ per minute of water at 20°C
with kinematic viscosity of 0.0098 stokes. Calculate the friction factor, maximum velocity as well as
shear stress al the boundary.

Solution. Given :

=5.75 log,, [ ] +8.5=32.05

Dia. of pipe, D =100 mm=0.1m
Radius of pipe, R=0.05m
Discharge, 0 =2.27 m*/min = % m’/s = 0.0378 m/s

Kinematic viscosity, v = 0.0098 stokes = 0.0098 cm?/s = 0.0098 % 107* m%/s
Q _ 00378 _ 00378 x 4

Now average velocity is given by U = = 4.817 m/s

UxD  4817x0.1
0.0098 %10 *

The flow is turbulent and R, is more than 10°. Hence for smooth pipe, the co-efficient of friction
‘fis obtained from equation (10.33) as

=4.9154 x 10°.

Reynolds number is given by, R, =

|
Ji7 = 20logy (R.4f)-0.8

or %:2.() log,, (4.9154 x 10° % \[4f) - 0.8
=2.0 [log,, 4.9154 % 10° + log, MI -0.8
=2.0[5.6915+log;, [4f |- 0.8 =2 x5.6915 + 2 log,, \/4f - 0.8
= 113830 + log,, (A7) - 0.8 = 11.383 + log,, (4/) - 0.8

or - log,, (4) = 11.383 — 0.8 = 10.583 (D)

NAf
(i) Friction factor
Now, friction factor (f*) = 4 x co-efficient of friction = 4f
Substituting the value of *4f" in equation (i), we get

;‘ - log,, f* = 10.583 (1)
3

The above equation is solved by hit and trial method.

Let /* = 0.1, then L.H.S. of equation (i7), becomes as

. A
LHS. = 7=~ log;g 0.1 = 3.16 - (- 1.0) = 4.16

L
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Let f = 0.01, then L.H.S. of equation (ii), becomes as

LHS e g D0 = 1 -0y 13

J0.01

But for exact solution, L.H.S. should be 10.583. Hence value of f* lies between 0.1 and 0.01.
Let f* = 0.013 then L.H.S. of equation (i7), becomes as

L.HS.=

1
~ 0013

which is approximately equal to 10.583.
Hence the value of f* is equal to 0.013.

~10g,0 0.013 = 8.77 - (~ 1.886) = 8.77 + 1.886 = 10.656

Friction factor, f* =0.013. Ans.
(it) Maximum velocity (u”mr]
Now we know that fF=daf

*
Co-efficient of friction, f= fT = % = (.00325

Now the shear velocity (u.) in terms of co-efficient of friction and average velocity is given by

equation (10.314) as
- 003
=T ‘E = 4817 x 1/“”2‘ 23 4.817 % 0.0403 = 0.194

For smooth pipe, the velocity at any point is given by equation (10.20)

=, [5.75 I, 22T 5.55}
v

The velocity will be maximum at the centre of the pipe,
where y=R =0.05
i.e., radius of pipe. Hence the above equation becomes as

Upn = the [5.75 i 555]
Vv

0.194 x 0.05
0.0098 x 10"

=(.194 [22.974 + 5.55] = 5.528 m/s. Ans.
(iff) Shear stress at the boundary (T,)

Jt T
We know that e = |-L oruli= -2
p P

T, = p u’. = 1000 x 0.194% = 37.63 N/m>. Ans.

=0.194 [5.75 log,, + 5.55}

Problem 10.12 Hydrodynamically smooth pipe carries water at the rate of 300 l/s at 20°C
(p = 1000 kg/m’, v = 107" m’/s) with a head loss of 3 m in 100 m length of pipe. Determine the pipe

0.221 X LxV? VD
diameter. Use [ = 0.0032 + ——535 equation for f, where h, = SRLEY and R, = e
R ' Dx2g ' u

€

L



Turbulent Flow 459

Solution. Given :
Discharge,

Density,

Kinematic viscosity,
Head loss,

Length of pipe.

Value of friction factor,

Reynolds number,

Find : Diameter of pipe.

Let D = Diameter of pipe

0 =300 l/s = 0.3 m’s
p = 1000 kg/m*
v=10"°m%s

= 100 m

: 0.221
f=0.0032 + W

[

R _pVD _VxD
¢ L_! v
D
YXD _yxpx10®
10

Head loss in terms of friction factor is given as

FxLxV?
hy==———"——
Dx2g
fx100x V?
or =t
Dx2x981
IxDx2x981 0.5886 D
or fer——— i =t
lﬂOV vV
Now 0=Ax
or 03 = ED'me' D*x V= 4XO'3:D.382
4 T
V= U.;E:Z
Also F=0.0032 + %
% 0.5886 D = 0.0032 + 0.221 —
v? (Vx.’)xll'lﬁ) '
( From equation (i), f = w
i w = 00032+ —— S
(0"§ ] (ﬁ§ xDxl{l“)
D- D-

[ From equation(i), V =

(*

he=3,L=

" \,]

p

100 m)
D)

(i)

and R, =V x Dx10 )

0.382 J

L
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: 5 0221
o M = 0.0032 + -
0382 (0382x10°)
D“‘.ZJ? )
or 4.033 D7 = 0.0032 + 0.0105 x p™¥7
or 4.033 D° - 0.0105 D" - 0.0032 = 0 LD

The above equation (iif) will be solved by hit and trial method.
(/) Assume D =1 m, then L.H.8. of equation (iii), becomes as
L.H.S. = 4.033 x 1° - 0.0105 x 1"*7 - 0.0032
= 4.033 — 0.0105 - 0.0032 = 4.0193

By increasing the value of D more than 1 m, the L.H.8. will go on increasing. Hence decrease the
value of D.

(if) Assume D = (0.3 m, then L.H.S. of equation (iif),
becomes as L.H.S. = 4.033 x 0.3 - 0.0105 x 0.3"*" - 0.0032
= 0.0098 — 0.00789 — 0.0032 = - 0.00129
As this value is negative, the value of D will be slightly more than 0.3.
(#if) Assume D = (0.306 m, then L.H.S. of equation (i), becomes as
L.H.S. = 4.033 x 0.306° - 0.0105 x 0.306"**" - 0.0032
= (L0108 - 0.00793 — 0.0032 = - 0.00033

This value of L.H.S. is approximately equal to zero. Actually the value of D will be slightly more
than 0.306 m say 0.308 m. Ans.

Problem 10.13 Water is flowing through a rough pipe of diameter 600 mm at the rate of
600 litres/second. The wall roughness is 3 mm. Find the power lost for I km length of pipe.

Solution. Given :

Dia. of pipe, D =600 mm=0.6 m
Radius of pipe, R= 0?6 =0.3m
Discharge, Q = 600 litre/s = 0.6 m/s
Wall roughness, k=3mm=3x10"m=0.003m
Length of pipe, L=1km=1000m

For rough pipes, the co-efficient of friction in terms of wall roughness, & is given by equation (10.36)
as

| 03
L o 2log, (BRI +174=2log o[22 ) + 1.74 = 5.74
0810 (R/K) ¥l (0.[}03]

NEX
- Jar = s]T@: 0.1742 or 4f = (0.1742) = 0.03035
4fx LxV*

The head loss due to friction is given by, k=
Dx2gp

L
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0 06

where V= ==——— = 2,122 m/s

The power* lost is given by, P =

i eI ; 2
. Co-efficient of friction is expressed in terms of shear stress as = e

j{n.ff )

_ _ 003035 x1000 x 2.122°
! 0.6%2 %9381

=11.6m

Pg X0 xh; 1000x9.81x0.6x116

= kW = 68.27 kW. Ans.
1000 1000

HIGHLIGHTS

If the Reynold number is less than 2000 in a pipe, the flow is laminar while if the Reynold number is
more than 4000, the flow is turbulent in pipes.

. Loss of pressure head in a laminar flow is proportional to the mean velocity of flow, while in case of

turbulent flow it is approximately proportional to the square of velocity.

. Expression for head loss due to friction in pipes is given by Darcy-Weisbach equation,

_4xfxLxV?
dx2g

_ FxExV*
dx2g

kf ., where f = co-efficient of friction

., where f = friction factor

Tg
P
where V = mean velocity of flow, p = mass density of fluid.

. Shear stress in turbulent flow is sum of shear stress due to viscosity and shear stress due to turbulence,

L.e.,
T =1,+7T, Where T, = shear stress due to viscosity
T, = shear stress due to turbulence
=u di L di
dy dy

Turbulent shear stress by Reynolds is given as T = p u'v'
where 1’ and v" = fluctuating component of velocity.

2
2 d
. The expression for shear stress in turbulent flow due to Prandtl is T = pl® [%) , where [ = mixing length.

. The velocity distribution in the turbulent flow for pipes is given by the expression

uw=u, +2.5u*log, (¥R}
where  u. = is the centre-line velocity,
y = distance from the pipe wall,

R = radius of the pipe,

and 1. = shear velocity which is equal 1o T—“.
V p

* Power = pg x Q % f, watt =

®Oxh
PEXQXHy .
1000
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9,

10.

11.

12.

13.

14.

Velocity defect is the difference between the maximum velocity (u,,.) and local velocity (u) at any
point and is given by (u,,,, — ) = 5.75 x u. log,, (Rfy).

The boundary is known as hydrodynamically smooth if &, the average height of the irregularities project-
ing from the surface of the boundary is small compared to the thickness of the laminar sub-layer (8") and
boundary is rough if & is large in comparison with the thickness of the sub-layer.

k
or if % < (.25, the boundary is smooth ; if ? = 6.0, the boundary is rough

and if B_k' lie between 0.25 to 6.0, the boundary is in transition.

Velocity distribution for turbulent flow is

L —575108,, =Y 4+ 5.55 for smooth pipes
v

=5.75 log,,, (y/k) + 8.5 for rough pipes
where # = velocity at any point in the turbulent flow,

T ; o - ;
i, = shear velocity and = -2, v = kinematic viscosity of fluid,
\’ p

¥ = distance from pipe wall, and & = roughness factor.
Velocity distribution in terms of average velocity is

U R
— =573 log, H*T + 1.75 for smooth pipes,
Uz

= 5.75 log,, Rk + 4.75 for rough pipes.
Difference of local velocity and average velocity for smooth and rough pipes is

- U _ 575 108, (4R +3.75.
The co-efficient of friction is givcl; by
= 18 for laminar flow,
0.0791

= ——— for turbulent flow in smooth pipes for R, = 4000 by < 107
R,

05525
237

=3

= 0008 + for R, < 10° but 2 4 x 107

:&F = 2 log,, (R/k) + 1.74 for rough pipes where R, = Reynolds number.

EXERCISE

(A) THEORETICAL PROBLEMS

. What do you understand by turbulent flow ? What factor decides the type of flow in pipes ?
. (a) Derive an expression for the loss of head due to friction in pipes.

(h) Derive Darcy-Weishach equation. (JN.T.U., Hyderahad, § 2002)

. Explain the term co-efficient of friction. On what factors does this co-efficient depend ?
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= ot

=

11.

12.

—
e

Obtain an expression for the co-efficient of friction in the terms of shear stress.

What do you mean by Prandtl mixing Length Theory ? Find an expression for shear siress due to Prandtl.
Derive an expression for Prandtl's universal velocity distribution for turbulent flow in pipes. Why this
velocity distribution is called universal ?

What is a velocity defect ? Derive an expression for velocity defect in pipes.

How would you distinguish between hydrodynamically smooth and rough boundaries ?

Obtain an expression for the velocity distribution for turbulent flow in smooth pipes.

. Show that velocity distribution for turbulent flow through rough pipe is given by

M =575 log,, (k) + 8.5
Na

where . = shear velocity, y = distance from pipe wall, & = roughness factor.
Obtain an expression for velocity distribution in terms of average velocity for
(a) smooth pipes and (b) rough pipes.
Prove that the difference of local velocity and average velocity for turbulent flow through rough or smooth
pipes is given by
u-U

s

= 5.75 log,, (¥/R) + 3.75.

Obtain an expression for velocity distribution in turbulent flow for (i) smooth pipes and (i) rough pipes.
(Dethi University, December, 2002)

(B) NUMERICAL PROBLEMS

A pipe-line carrving water has average height of irregularities projecting from the surface of the
boundary of the pipe as (.20 mm. What type of the boundary is it ? The shear stress development is
7.848 N/m”. Take value of kinematic viscosity for water as 0.01 stokes. [Ans. Boundary is in transition]
Determine the average height of the roughness for a rough pipe of diameter 10.0 cm when the velocity at
a point 4 cm from wall is 40% more than the velocity at a point | cm from pipe wall. [Ans. (.94 cm]

. A smooth pipe of diameter 10 em and 1000 m long carries water at the rate of (.70 m?/minute. Calculate

the loss of head, wall shearing stress, centre line velocity, velocity and shear stress at 3 cm from pipe wall.
Also calculate the thickness of the laminar sub-layer. Take kinematic viscosity of water as 0.015 stokes
and value of co-efficient of friction *f" as

f= LQ:L where R, = Reynolds number.

(R.)

[Ans. 20.05 m, 4.9 N/m® : 1.774 m/s ; 1.65 m/s 1 19.62 N/m?® 1 0.248 mm]

. The velocities of water through a pipe of diameter 10 cm, are 4 m/s and 3.5 m/s at the centre of the pipe and

2 cm from the pipe centre respectively. Determine the wall shearing stress in the pipe for turbulent flow.
[Ans. 15.66 kgf/m®]

. For turbulent flow in a pipe of diameter 200 mm, find the discharge when the centre-line velocity is

30 m/s and velocity at a point 80 mm from the centre as measured by pitot-tube is 2.0 m/s.
[Ans. 64.9 litres/s]

. For problem 5, find the co-efficient of friction and the average height of roughness projections.

[Ans. 0.029, 25.2 mm)]

. Water is flowing through a rough pipe of diameter 40 cm and length 3000 m at the rate of 0.4 m’/s. Find

the power required to maintain this flow, Take the average height of roughness as K = 0.3 mm.
[Ans. 278.5 kN]
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8.

A smooth pipe of diameter 300 mm and length 600 m carries water at rate of 0.04 m?/s. Determine the
head lost due to friction, wall shear stress, centre-line velocity and thickness of laminar sub-layer.
Take the kinematic viscosity of water as 0.018 stokes. [Ans, 0.588 m, 0.72 N/em®, 0.665 m/s, 0.779 mim|

. A rough pipe of diameter 300 mm and length 800 m carries water at the rate of 0.4 m’/s. The wall

roughness is 0.015 mm. Determine the co-efficient of friction, wall shear stress, centre line velocity and
velocity at a distance of 100 mm from the pipe wall.

[Ans. f=.00263, T, = 42.08 Nfem”, u,,,, = 6.457 m/s, u = 6.249 m/s]
Determine the distance from the centre of the pipe, at which the local velocity is equal to the average
velocity for turbulent flow in pipes. [Ans. 0.7772 R]
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FLOW, THROUGH
PIPES

» I1.1 INTRODUCTION

In chapters 9 and 10, laminar flow and turbulent flow have been discussed. We have seen that when
the Reynolds number is less than 2000 for pipe flow, the flow is known as laminar flow whereas when
the Reynolds number is more than 4000, the flow is known as turbulent flow. In this chapter, the
turbulent flow of fluids through pipes running full will be considered. If the pipes are partially full as in
the case of sewer lines, the pressure inside the pipe i1s same and equal to atmospheric pressure. Then the
flow of fluid in the pipe 15 not under pressure. This case will be taken in the chapter of flow of water
through open channels. Here we will consider flow of fluids through pipes under pressure only.

» 11.2 LOSS OF ENERGY IN PIPES

When a fluid is flowing through a pipe, the fluid experiences some resistance due to which some of
the energy of fluid is lost. This loss of energy is classified as :
Energy Losses

Y
1. Major Etargy Losses 2. Minor Energy Losses

' i
This is due to friction and it is This is due to
calculated by the following (a) Sudden expansion of pipe
formulae : (b) Sudden contraction of pipe
(a) Darcy-Weisbach Formula (c) Bend in pipe
(0) Chezy's Formula (d) Pipe fittings etc.

(&) An obstruction in pipe.

» 11.3 LOSS OF ENERGY (OR HEAD) DUE TO FRICTION

(a) Darcy-Weisbach Formula. The loss of head (or energy) in pipes due to friction is calculated
from Darcy-Weisbach equation which has been derived in chapter 10 and is given by

o 4-f.L.V?
I~ dx2g
where = loss of head due to friction

T

465
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f = co-efficient of friction which is a function of Reynolds number

1
—6 for R, < 2000 (viscous flow)

.4

?
UO for R, varying from 4000 to 10°

|."
L = length of pipe,
V = mean velocity of flow,
d = diameter of pipe.
(&) Chezy’s Formula for loss of head due to [riction in pipes. Refer to chapter 10 article 10.3.1
in which expression for loss of head due to friction in pipes is derived. Equation (iif) of article 10.3.1, is

I

F:szxﬁxvaz S
Pg
where /1, = loss of head due to friction, P = wetted perimeter of pipe,
A = area of cross-section of pipe, L = length of pipe,
and V = mean velocity of flow.
Now the ratio of & [= {uca il - J is called hydraulic mean depth or hydraulic radius and
Perimeter (wetted )

is denoted by m.

A 2% 4
. Hydraulic mean depth, m = — o
P Tl 4
Substituting i = or E— L in equation (11.2), we get
P A m
, h
I:I_L % L% V2 x lm VZ—I:pr—g X m X — l =P8 mxL
L. I L

Let p_g = (, where Cis a constant known as Chezy's constant and L =i, where i is loss of head

per unit length of pipe.

h
Substituting the values of f% and ”Tf in equation (11.3), we get

V=C Jmi w(11.4)

Equation (11.4) is known as Chezy’s formula. Thus the loss of head due to friction in pipe from

Chezy’s formula can be obtained if the velocity of flow through pipe and also the value of C is known.
The value of m for pipe is always equal to d/4.



Flow Through Pipes 467

Problem 11.1 Find the head lost due to friction in a pipe of diameter 300 mm and length 50 m,
through which water is flowing at a velocity of 3 m/s using (i) Darcy formula, (ii) Chezy's formula for
which C = 60.

Take v for water = 0.01 stoke.

Solution. Given :

Dia. of pipe, d =300 mm = 0.30 m
Length of pipe, L=50m

Velocity of flow, V=3mls

Chezy’s constant, C=60

Kinematic viscosity, v= 0.01 stoke = 0.01 cm?/s

=0.01 x 10~ m%s.

(i) Darcy Formula is given by equation (11.1) as

- S 00
hy= ————
dx2g

where °f " = co-efficient of friction is a function of Reynolds number, R,

Vxd 3 3
But R, is given by R, = [}? = ?n 0 _9x10°
v x®

. Value of f= LA 00256

RV (9 % 1(]5)”4

2
. Head lost, o AEONNKE o4, Kk
03 x2.0 x93

(if) Chezy’s Formula. Using equation (11.4)

V=CJmi

where C =60, m = E—ﬂzﬂ.ﬁ?ﬁm
4 4
3y 1
3=060 JO0I5xiori=|—| x— =0.0333

60 075
h f
But f:rr!—v:—ié{-
L 50

= .0333

Equating the two values of i, we have

hy= 50 % .0333 = 1.665 m. Ans.
Problem 11.2  Find the diameter of a pipe of length 2000 m when the rate of flow of water through
the pipe is 200 litres/s and the head lost due to friction is 4 m. Take the value of C = 50 in Chezy’s
formulae.

=
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Solution. Given :

Length of pipe, L =2000m

Discharge, Q= 200 litre/s = 0.2 m/s
Head lost due to friction, hf= 4m

Value of Chezy’s constant, C = 50

Let the diameter of pipe = d

Velocity of flow, y o Discharge = 0 _ 02 _ 0.2>i
Area Rz T e~
4 4

: d
Hydraulic mean depth, m = z
Loss of head L. (T
oss of head per unit length, i= —=—— =,

per it tengt, £ = = 5000

Chezy’s formula is given by equation (11.4) as V = C +/mi
Substituting the values of V, m. i and C, we get

nd’ nd?

00509° _ 0000259

rd
d* d*

Squaring both sides, % x.002 =

_ 4x.0000259
B 002

02 x4 &5 J%xmz or \{%xmz __02x4 _.00509

x50  d*

= (0.0518

- d = 3/00518=(.0518)"" = 0.553 m = 553 mm. Ans.
Problem 11.3 A crude oil of kinematic viscosity 0.4 stoke is flowing through a pipe of diameter
300 mm at the rate of 300 litres per sec. Find the head lost due to friction for a length of 50 m of the pipe.

Solution. Given :

Kinematic viscosity, v=04stoke=04cm*s=4x10"m
Dia. of pipe, d =300 mm=0.30m
Discharge, O = 300 litres/s = 0.3 m%/s
Length of pipe, L=50m
Velocity of flow, V= Q = 03 =4.24 m/s
Area n 2
-1{0.3}

_Vxd _ 424 x030
‘T v 04x10
As R, lies between 4000 and 100000, the value of fis given by

079 079
f: 7 = A 174 = 0059]
(R.) (318 x10%)

. Reynolds number, R =3.18 x 10*

s

L
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4.f.L.V' _ 4x00591x50 x 4.24°
dx2g ~ 03x2x981

Problem 11.4 An oil of sp. gr. 0.7 is flowing through a pipe of diameter 300 mm at the rate of

500 litres/s. Find the head lost due 1o friction and power required to maintain the flow for a length of

1000 m. Take v = .29 stokes.
Solution. Given :

= 3.61 m. Ans.

.. Head lost due to friction, :‘rj-=

Sp. gr. of oil, S=0.7
Dia. of pipe, d =300 mm=0.3m
Discharge, Q = 500 litres/s = 0.5 m*/s
Length of pipe, L= 1000 m
Velocity, p= 2 08 USKE ooeniuk
Area Edz nx(0.3
4
Reynolds number, R, = Vxd = 7073 x(].j =7.316 x (10*
Y 0.29 x10
07 79
Co-efficient of friction, [ = 0”3 = L 7 = 0048
R, (7.316 x10% )

4x fxLxV?® 4x.0048 x 1000 x 7.073
dx2g 0.3 %2 x9.81

.0.h
o PBOty
1000
where p = density of oil = 0.7 x 1000 = 700 kg/m>
Power required = L 9'8]]:;0(:)'5 S 560.28 kW, Ans.

Problem 11.5 Calculate the discharge through a pipe of diameter 200 mm when the difference of
pressure head between the two ends of a pipe 500 m apart is 4 m of water. Take the value of

Head lost due to friction, I:Jr: =163.18 m

Power required

'f* = 0.009 in the formula h; = w
dx2g
Solution. Given :
Dia. of pipe, d =200 mm=0.20m
Length of pipe, L=500m
Difference of pressure head, hj =4 m of water
f=.009
_AXfxLxV?

Using equation (11.1), we have .‘fJr T
X8

_ 4x.009x500x VZ 2 40x02x2x981

or 4.0 or
0.2x2x981 4.0 x.009 x 500

=(.872

L
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V= /0872 = 0.9338 = 0.934 m/s
- Discharge, () = velocity x area

= 0934 x = 220934 x X (0.2)2
4 4

=0.0293 m’/s = 29.3 litres/s. Ans.

Problem 11.6  Water is flowing through a pipe of diameter 200 mm with a velocity of 3 m/s. Find the
head lost due to friction for a length of 5 m if the co-efficient of friction is given by f = 0.02

+ F, where R, is Reynolds number. The kinematic viscosity of water = .01 stoke.
Solution. Given :
Dia. of pipe, d =200 mm =0.20 m
Velocity, V=3m/ls
Length, L=5m
Kinematic viscosity, v = 0.01 stoke = .01 x 107 m%/s
3Ix0.
- Reynolds number, R, = ycd s 8 L 2?4 =6x10°
v 01x10
A ; 0.09
Value of f='02+0_‘?3='02+i'3=‘02+5413
R~ (6x10°) ok

=.02 +.00166 = 0.02166

4% fx LxV? _ 4.0x.02166 % 5.0 x 3°
dx2g  020%2.0x981

= 0.993 m of water. Ans.
Problem 11.7 An oil of sp. gr. 0.9 and viscosity 0.06 poise is flowing through a pipe of diameter
200 mm at the rate of 60 litres/s. Find the head lost due to friction for a 500 m length of pipe. Find
the power required o maintain this flow.
Solution. Given :

. Head lost due to friction, ii=

Sp. gr. of oil =09
Viscosity, 1 = 0.06 poise = E'[%E Ns/m”
Dia. of pipe, d=200mm=02m
Discharge, Q = 60 litres/s = 0.06 m”/s
Length, L=500m
Density p = 0.9 x 1000 = 900 kg/m®
. Reynolds number, R = pva =900 x w

o 005

10

where V = Q = g% = nﬂ.%1 = 1.909 m/s = 1.91 m/s
Area Zdz _('2}-

=
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1.91x 02 x10

R, =900 x ———————— = 57300
0.06
As R, lies between 4000 and 10°, the value of co-efficient of friction, f is given by
079 0.079
=090 . O0P - Gosi

Rfﬂ.lﬂ (5?300)&25

4x fxLxV?  4x.0051x%500x191°
dx2g 0.2 x2x981

. Head lost due to friction, .‘rf:

= 9.48 m of water. Ans.

_pg-Q.hy 900x981%0.06x9.48

= = 5.02 kW. Ans.
1000 1000

*. Power required

> 11.4 MINOR ENERGY (HEAD) LOSSES

The loss of head or energy due to friction in a pipe is known as major loss while the loss of energy
due to change of velocity of the following fluid in magnitude or direction is called minor loss of
energy. The minor loss of energy (or head) includes the following cases :

1. Loss of head due to sudden enlargement,

Loss of head due to sudden contraction,
Loss of head at the entrance of a pipe,

Loss of head at the exit of a pipe,

Loss of head due to an obstruction in a pipe,
Loss of head due to bend in the pipe,

Loss of head in various pipe fittings.

In case of long pipe the above losses are small as compared with the loss of head due to friction and
hence they are called minor losses and even may be neglected without serious error. But in case of a
short pipe, these losses are comparable with the loss of head due to friction.

RO B

11.4.1 Loss of Head Due to Sudden Enlargement. Consider a liquid flowing through a pipe
which has sudden enlargement as shown in Fig. 11.1. Consider two sections (1)-(1) and (2)-(2) before
and after the enlargement.

Fig. 11.1 Sudden enlargement.
Let Py = pressure intensity at section 1-1,
V| = velocity of flow at section 1-1,
A, = area of pipe at section 1-1,
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PV, and A, = corresponding values at section 2-2.

Due to sudden change of diameter of the pipe from D to D,, the liquid flowing from the smaller
pipe is not able to follow the abrupt change of the boundary. Thus the flow separates from the boundary
and turbulent eddies are formed as shown in Fig. 11.1. The loss of head (or energy) takes place due to
the formation of these eddies.

Let p’ = pressure intensity of the liquid eddies on the area (A, — A )

fi, = loss of head due to sudden enlargement
Applying Bernoulli’s equation at sections 1-1 and 2-2,

v V)
st +——+ L= Py + o 25 + loss of head due to sudden enlargement
pg  2g pg 22
But 2, = 2, as pipe is horizontal
V' _p W
ﬂ+_f = LJ’__Z + hp
pg 28 pg 28
AWE
or .';,,=[ﬂ—p—-]+[4——2} (D)
Pg pPs) \28 2g
Consider the control volume of liquid between sections 1-1 and 2-2. Then the force acting on the

liguid in the control volume in the direction of flow is given by
Fo=piA +p(A; - A) - paA,
But experimentally it is found that p” = p,
Fo=pAr+ pAy — Ay - priy = pidy — paiy
= (py — pa)A, (i)
Momentum of liquidfsec at section 1-1 = mass x velocity
2
=pA, Vi x V= pAY,”
Momentum of liquid/sec at section 2-2 = pA,V, x V; = pA,V,”
Change of momentum/sec = pszf B pAI‘.a"]2
But from continuity equation, we have

AV,

A|V| :A1V2 or Al =

] Aqv-, bl ]
Change of momentum/sec = pA,V," — p % T x V"= pA, vV, — pA, V|V,
1
= ALV, - V, Vil )
Now net force acting on the control volume in the direction of flow must be equal to the rate of
change of momentum or change of momentum per second. Hence equating (if) and (iir)

o BB _ylrowy,
p

2 3
Dividing by g on both sides, we have PP L 11 or b _P —w
Pg 8 Pg P8 4

L
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P P_zJ in equation (i), we get

Substituting the value of [
PE  PE

_ V- WV, _l_]"{|2 vy _2V33-2V]if'3 + V-V

h, Soue SPH
g 2g 2g 2g
_ RV -y, (V-n)
2g 2g
vV -V,)
h,= (’7’} .(11.5)
2g

11.4.2 Loss of Head due to Sudden Contraction. Consider a liquid flowing in a pipe which
has a sudden contraction in area as shown in Fig. 11.2. Consider two sections 1-1 and 2-2 before and
after contraction. As the liquid flows from large pipe to smaller pipe, the area of flow goes on
decreasing and becomes minimum at a section C-C as shown in Fig. 11.2. This section C-C is called
Vena-contracta. After section C-C, a sudden enlargement of the area takes place. The loss of head due
to sudden contraction is actually due to sudden enlargement from Vena-contracta to smaller pipe.

Let A, = Area of flow at section C-C ©)
V. = Velocity of flow at section C-C !
A, = Area of flow at section 2-2 | © @
i i
V, = Velocity of flow at section 2-2 : W
3 P1i1~: L Pofg
h. = Loss of head due to sudden contraction. e e

Now h, = actual loss of head due to enlargement from
section C-C to section 2-2 and is given by equation (11.5) as

V\ e i | ? 52 . :
= (_A— ¥s [EL_I} (D) @

28 2g [V, Fig. 1.2 Sudden contraction.
From continuity equation, we have
A,
ATeay o Ve L 1 [ve-%|
W V. A, (At. .UL} C. 2

v
Substituting the value of V—‘" in (i), we get

-

P LI (11.6)
2g | C.
K2 1T
=—2 where k=|——1
28 [CL- }

If the value of C_is assumed to be equal to 0.62, then

2

I 2
k =|——==1| =0.375
[0.62 ]
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Then /1. becomes as h, = Ba 0.375 Vi
2g 20
If the value of C_ is not given then the head loss due to contraction is taken as
v, 15
=05 —orh.=05—. «J11T)
28 28

Problem 11.8 Find the loss of head when a pipe of diameter 200 mm is suddenly enlarged to a
diameter of 400 mm. The rate of flow of water through the pipe is 250 litres/s.

Solution. Given :

Dia. of smaller pipe, D= 200 mm = 0.20 m

. Area, A=Zp2=L (22=003141 m?

4 +
Dia. of large pipe, Dy =400 mm =04 m
- Area, Ay= % x (0.4)° = 0.12564 m’
Discharge, ) = 250 litres/s = 0.25 m*/s
Velocity, V= 2. O = 7.96 m/s

A, 03141
Velocity, V= . 1.99 m/s

T A, 12564

Loss of head due to enlargement is given by equation (11.5) as

(V,-v,)* (796 -199)

h,= = = 1.816 m of water. Ans.
2g 2g

Problem 11.8 Ar a sudden enlargement of a water main from 240 mm to 480 mm diameter, the
hydraulic gradient rises by 10 mm. Estimate the rate of flow. (J.LN.T.U., § 2002)

Solution. Given :

Dia. of smaller pipe, D, =240 mm = 0.24 m

. Area, A= E,{)ﬁ e (.24)°

4 4
Dia. of large pipe, D, =480 mm = 0.48 m
.. Area, A, = % (0.48)°

Rise of hydraulic gradient®, i.e., | z, + Rl |2, Zy | =10mm= . m
T pg pg 1000 100

Let the rate of flow = ()
Applying Bernoulli’s equation to both sections, i.e., smaller pipe section, and large pipe section.

2 2
W s Vy

L DY gy = P2, —23~ + 2, + Head loss due to enlargement (i)
£

pg 2g pg

#* Please refer Art. 11.5.1.

=
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But head loss due to enlargement,

B =t 20 (i)

From continuity equation, we have AV, = A,V,

L) ]

- D5 %X V. 2
AV 2 z D, 4
= ——= =4 Z[ 'J )(Vq 8

= —_xv,=23xv =4V
A, 2 D, = (.24) ) % 2
1

Vi
4

Substituting this value in (ff), we get

K & (4V2 -V )2 - (:W: }2 » 9"’:1
2y 2 2

Now substituting the value of /i, and V| in equation ({),

4V, : 2 32
ﬂ‘l'( 2) +Z]=p—2+v—1+22+9v'
pg 28 pg 22 2g
yr2 2 2
o 6Vy Vo 9V =[&+23]—[ﬂ+z.J
2¢g 28 2¢ \pg pg
But hydraulic gradient rise £ —'1?—1+z, = -p—1+z, =L
pg ") \psg 100

6V, Vi 9V, 1 6Ve 1

(4]
2¢  2¢ 2a 100 2g 100

v,= [2X981 _ 51808 ~ 0.181 m/s
2"V ex100

Discharge, 0=A,xV,

= ; DExV,= % (48)2 x .181 = 0.03275 m*/s
= 32.75 litres/s. Ans.

Problem 11,10 The rate of flow of water through a horizontal pipe is 0.25 m’/s. The diameter of the
pipe which is 200 mm is suddenly enlarged to 400 mm. The pressure intensity in the smaller pipe is
11.772 Nfem”. Determine :

(i) loss of head due to sudden enlargement, (ii) pressure intensity in the large pipe,

(iii) power lost due to enlargement.

Solution. Given :

Discharge, Q=025m's

Dia. of smaller pipe, Dy =200 mm =0.20m



476 Fluid Mechanics

Area, A, = ; (2)% = 0.03141 m?

Dia. of large pipe. D, = 400 mm = 0.40 m

. Area,

e
(]
]

% (0.4)2 = 0.12566 m?

11.772 N/fem? = 11.772 x 10* N/m?

Pressure in smaller pipe, p,

Now velocity, vV, = o 08 7.96 m/s
A 03141
: 0.25
Velocity, V, = L = = 1.99 m/s
274, T 12566

() Loss of head due to sudden enlargement,

o] 5
Vi—-¥ 7.96 - 1.99)"
h,= ( : ‘} = ( ) = 1.816 m. Ans.
2g 2 x9.81

(if) Let the pressure intensity in large pipe = p,.
Then applying Bernoulli’s equation before and after the sudden enlargement,

2 2
p—]+v—'+z, - I +2,+h,
pe  2g pg 28
But =12 (Given horizontal pipe)
2 2 2 2
ﬂ..‘.l‘r[_:&_'.lrg__*.he Urp_zz.p_l_FV;_i_hf
Pg 28 pg 28 pe pg 28 24

_11772x10° | 796 199°
1000 x9.81  2x981 2x9.81

12.0 + 3.229 — 0.2018 — 1.8160

15.229 — 2.0178 = 13.21 m of water

13.21 x pg = 13.21 x 1000 x 9.81 N/m’

13.21 % 1000 x 9.81 x 10°* N/ecm? = 12.96 N/em>. Ans.
(ii7) Power lost due to sudden enlargement,

B pg.0.h, _ 1000 x 9.81 x0.25 % L.816 = A6 KW, As,
1000 1000

Problem 11.11 A horizontal pipe of diameter 500 mm is suddenly contracted to a diameter
of 250 mm. The pressure intensities in the large and smaller pipe is given as 13.734 Nfem® and
11.772 Nfem® respectively. Find the loss of head due to contraction if C. = 0.62. Also determine the
rate of flow of water.

Solution. Given :

Dia. of large pipe, D, =500mm=05m

- L.816

P2

Area, A, = g (0.5)> = 0.1963 m>

=



Dia. of smaller pipe.

D, =250 mm = 0.25 m
.. Area,

Flow Through Pipes 477

Pressure in large pipe,

A= % (.25)% = 0.04908 m?
Pressure in smaller pipe,

py = 13.734 N/em® = 13.734 x 10* N/m”
Py = 11.772 Nfem® = 11.772 x 10" N/m*
C.=0.62

Head lost due to contraction =

2| L 1o =YL
2g | C,
From continuity equation, we have AV, = A,V,

A 1_0]' = 0375 2
2g [ 0.62
|
— D5 =V, 2
AV 2 2 D, 0.25 &
: SPAS LECSN S
A T2 D, 0.50 4
3
Applying Bernoulli’s equation before and after contraction,
ﬂ+V—'+z P Y +z,+h,
pg 2g pg 28
But L) =1
ﬂ_i_i — P_: + E +h
pg 2¢ pg
But

(pipe is horizontal)
28 °

7

Vs
h,=0375 —and V, =

¥
2g 4
Substituting these values in the above equation, we get
13734x10* (v, /4)" 11772%10* V2 Vi
37U, (Vo /4) X10° Vi Lomsh
9.81 x 1000 2g 1000 <981 2g 2g
2 2
or 14.0 + _V"’ =120+ 1375 2
6x2g 2g
A B vy
or 14-12=1.375 = - ——2 =13125 =
2g 16 2g 2g
or 2.0=1.3125x v or V,= dw = 5.467 m/s.
2g 1.3125
(i) Loss of head due to contraction, /i, = (.375 -‘—E = 0375 {5'46?}_ = 0.571 m. Ans.
2g 2 x9.81
(if) Rate of flow of water, 0 = A,V, = 0.04908 x 5.467 = (1.2683 m?*/s = 268.3 lit/s. Ans.
Problem 11.12 [f in the problem 1111, the rate of flow of water is 300 litres/s, other data
remaining the same, find the value of co-efficient of contraction, C,.

L
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Solution. Given :

2
I

0.5m, D, =025 m, p, = 13.734 x 10* N/m”,
Py = 11772 x 10" N/m?, Q = 300 lit/s = 0.3 m’/s

Y2 where V= j‘—) L YT

T q
L —(0.5)°
% (05)
V,=4xV,=4x1528=6.112 m/s

Also from Problem 11.11, V,

From Bernoulli’s equation, we have

&+V_'—&+V_2+h

pg 28 pg 2g

c*

13734 %10 | (1.528)"  11.772 x(10)* +(6.112): o3
9811000 2x981  981x1000 2x981 °

or 140 +0.119=12.0 + 1.904 + 5,
14.119 = 13.904 + A,
14.119 - 13.904 = 0.215

h

¢

8 g C

¢

i 2
But from equation (11.6), ki, = :—2 |:L— l]

Hence equating the two values of /i, we get

2

o |l 4| =0215
20| C

o

2x981|C.
2
or L—I _ 0215%x20 %9581 ~0.1129
G 6112 %6112
1.0 1.0
or F - 1.0=4/01129 =0.336 Drc— = 1.0 + 0.336 = 1.336
1.0
C =——=0.748. A
= 1336 .

I
1l

L]

Problem 11.13 A 150 mm diameter pipe reduces in diameter abruptly to 100 mm diameter. If the
pipe carries water at 30 litres per second, calculate the pressure loss across the contraction. Take the

co-efficient of contraction as 0.6,
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Solution. Given :

Dia. of large pipe, D, =150 mm =0.15m

: n 2 2
Area of large pipe, A= T (.15)" = 0.01767 m
Dia. of smaller pipe, D, =100 mm = [.10 m
Area of smaller pipe, A, = % (.10)* = 0.007854 m*
Discharge, Q = 30 litres/s = .03 m’/s

Co-efficient of contraction,C, = 0.6
From continuity equation, we have AV, = A,V,= 0

_ Q0 _ 003

{5 = = 1.697 m/s
A, 01767

03
and V. Qs A = 3.82 mfs

274, 007854

Applying Bernoulli’s equation before and after contraction,

iy

z 2
&+V_|+ZI= L

pg 2z pg 2&g
But Zo=2Z;

+ 72+

and &, the head loss due to contraction is given by equation (11.6) as

i 7 3822 [ ¢
h = —=— ] —I| = 8 [—— l} =0.33
2¢ | C. 2x9.81006

Substituting these values in equation (i), we get

o, 16977 py  382°

== +0.33
pg 2x981 pg 2x981

or P14 D146 =28 F488 +. 53
Pg Pg

Pr_ P2 _ 7438 4 33— 1467 = 0.9271 m of water

PE P8

(py = py) = pg % 0.9271 = 1000 x 9.81 x 0.9271 N/m?
= 0.909 x 10* N/m? = 0.909 N/cm?

Pressure loss across contraction
= p, - p, = 0,909 N/em?, Ans.

L
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Problem 11.14 [n Fig. 11.3 below, when a sudden contraction is introduced in a horizontal pipe
line from 50 cm ta 25 cm, the pressure changes from 10,500 k,f;‘/mj (103005 N/m”) to 6900 kgf‘mz
(67689 N/m®). Caleulate the rate of flow. Assume co-efficient of contraction of jet to be (1.63.

Following this if there is a sudden enlargement from 25 cm to 50 cm and if the pressure at the
25 em section is 6900 kg/m® (67689 N/m?) what is the pressure at the 50 cm enlarged section ?

Solution. Given :

Dia. of large pipe, D =50¢cm=05m

Area, A = ; (.5)> = 0.1963 m*
Dia. of smaller pipe, Dy=25cm =0.25m

- Area, A, = ; (.25)° = 0.04908 m*

Pressure in large pipe, py = 10500 kg/m* or 103005 N/m*
Pressure in smaller pipe,  p, = 6900 kg/m” or 67689 N/m’
Co-efficient of contraction,C. = (.65

Q)

p,=6900 kg/m®

D,=50 cm _
p,=10500 Sgpeanm
If.ge‘rlf't2
D,=25 cm
@ p,=6900 kg/m? @
Fig.11.3
Head lost due to contraction is given by equation (11.6),
V21 Vi : vy
h=-=2—-10] == (—— l] =0.2899 — (i)
28\ C. 2g \ 0.65 2g
From continuity equation, we have
oo
—D; xV,
AV, =AVyor v = b2 _ 4 .
| s
+
D, 0.50)’ v
=| =2 wV, = | — )(V,:—Z ik Bi.
[DJ % ((}.25] T4 0
Applying Bernoulli’s equation at sections 1-1 and 2-2,
ﬂ+v—'+ Z = &+V—2+ Zy+h,
pg 2g pg  2g

But £, = Z, (as pipe is horizontal)
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Vi p V5
ﬂ‘{._!:&.}._l_'.hc

pg 22 pg 2

Substituting the values of p,, p,, fi, and V|, we get

V,/4) 2 2
103005 (V/4)" 67689 VP o0 Ve
1000 x9.81 2g 1000 x9.81 2g 2g
or 105 + —2— = 6.9 + 1.2899 —
loax2g 2
Vi 2 V2
or 105-69=12899 Y21 V2 9994 V2
2g 16 2g 2g
or 3.6=1.2274 % 2
2g

v = M = ?_586 "'”rs
=Y L2274

(i) Rate of flow of water, Q= A,V, = 0.04908 x 7.586
= 0.3723 m’/s or 372.3 lit/s. Ans.

(if) Applying Bernoulli’s equation to sections 3-3 and 4-4,

V2 2
B i, Z; = Loy, Yo + Z, + head loss due to sudden enlargement (1,)
pg  2g pg 28
But Py = 6900 kgfmz. or 67689 N/m”
V,=V¥,=7.586 m/s
B i Vi _ 7.586 = 1.8965
4
Zy=17,

And head loss due to sudden enlargement is given by equation (11.5) as

. = V,))  (7.586-18965)°

: = 1.65m
2g 2x9.81
Substituting these values in Bernoulli’s equation, we get
67689 @ T8l Py 3 1.8965 + 1.65

1000 x9.81  2x9.81 1000 x9.81 2x9.81

or 69+ 2933 = —24 __ L0183 + 1.65
1000 % 9.81

L
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—Ps L 6942933-0.183 - 1.65 = 9.833 — 1.833 = 8.00
1000 % 9.81

pa=8x 1000 x 9.81 = 78480 N/m>. Ans.

11.4.3 Loss of Head at the Entrance of a Pipe. This is the loss of energy which occurs
when a liquid enters a pipe which is connected to a large tank or reservoir. This loss is similar to the
loss of head due to sudden contraction. This loss depends on the form of entrance. For a sharp edge

entrance, this loss is slightly more than a rounded or bell mouthed entrance. In practice the value of
el

loss of head at the entrance (or inlet) of a pipe with sharp cornered entrance is taken = 0.5 Py where

V = velocity of liquid in pipe. &
This loss is denoted by i,

2

h= O.SV— «(11.8)
2g

11.4.4 Loss of Head at the Exit of Pipe. This is the loss of head (or energy) due to the
velocity of liquid at outlet of the pipe which is dissipated either in the form of a free jet (if outlet of the
pipe is free) or it is lost in the tank or reservoir (if the outlet of the pipe is connected to the tank or
reservoir). This loss is equal to 2—3_: where Vis the velocity of liguid at the outlet of pipe. This loss is

denoted /.

h = — ..{11.9)

where V = velocity at outlet of pipe.

11.4.5 Loss of Head Due to an Obstruction in a Pipe. Whenever there is an obstruction
in a pipe. the loss of energy takes place due to reduction of the area of the cross-section of the pipe at
the place where obstruction is present. There is a sudden enlargement of the area of flow beyond the
obstruction due to which loss of head takes place as shown in Fig. 11.3 (a)
Consider a pipe of area of cross-section A having an @ ®
obstruction as shown in Fig. 11.3 (a). |
Let a = Maximum area of obstruction i
A = Area of pipe I

V= Velocity of liquid in pipe
Then (A — a) = Area of flow of liquid at section 1-1. v

As the liquid flows and passes through section i
1-1, a vena-contracta is formed beyond section 1-1, |
after which the stream of liquid widens again and i
velocity of flow at section 2-2 becomes uniform and @ @
equal to velocity, Vin the pipe. This situation is similar to Fig. 1.3 (2) An obstruction in a pipe,
the flow of liquid through sudden enlargement.

Let V_ = Velocity of liquid at vena-contracta.

Then loss of head due to obstruction = loss of head due to enlargement from vena-contracta to
section 2-2,
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V. -v) .
=< 7 D)
28
From continuity, we have a.xV.=AxV .. (ED)
where . = area of cross-section at vena-contracta
If C, = co-efficient of contraction
area at vena - contracta a.
Then C.= = :
(A-a) (A-a)

H a,=C. % (A-a)
Substituting this value in (if), we get

Cx{(A-a)yxV.=AxV - V.= %Y
C.(A-a)
Substituting this value of V, in equation (i), we get
2
AxV v
(v.-v)} |c.(A-a) Vi A )
Head loss due to obstruction = = =— =1 ..(11.10)
2g 2g 26\ C.(A-a)

11.4.6 Loss of Head due to Bend in Pipe. When there is any bend in a pipe, the velocity of
flow changes, due to which the separation of the flow from the boundary and also formation of eddies
takes place. Thus the energy is lost. Loss of head in pipe due to bend is expressed as

kV?*
hy = ——
2g
where h1, = loss of head due to bend, V = velocity of flow, k = co-efficient of bend

The value of & depends on

(i) Angle of bend, {17} Radius of curvature of bend, (7ii) Diameter of pipe.
11.4.7 Loss of Head in Various Pipe Fittings. The loss of head in the various pipe fittings
such as valves, couplings etc., is expressed as

L L(LID)
2g
where V = velocity of flow, k = co-efficient of pipe fitting.
Problem 11.15 Water is flowing through a horizontal pipe of diameter 200 mm at a velocity of
3 mfs. A circular solid plate of diameter 150 mm is placed in the pipe to obstruct the flow. Find the loss
of head due to obstruction in the pipe if C, = 0.62.

Solution. Given :

Dia. of pipe, D =200 mm =0.20 m

Velocity, V=3.0m/s

Area of pipe, A= % D= g (0.2)° = 0.03141 m?
Dia. of obstruction, d=150mm=0.15m

. Area of obstruction, a= / (.]Sjl2 =0.01767 m*

T4

=
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C = 0.62

The head lost due to obstruction is given by equation (11.10) as

. 2
& A
S ) W B
23 [C{ (.'dl—ﬂ'] ]

3%3 { 03141 ) w}

~ 2x9381 0.62[03141 - 01767]

9
2 %981
Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length

30 m when one end of the pipe is connected to a tank and other end of the pipe is open lo the
atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the

[3.687 — 1.0]° = 3.311 m. Ans.

2
pipe. Consider all minor losses and take f = .009 in the formula -"PJ,— = -‘-‘—-IL—V
dx2g
Solution. Dia. of pipe, d=20cm =020 m
Length of pipe, L=50m _ _
WATER SURFACE
Height of water, H=4m e
Co-efficient of friction, f=.009 T
Let the velocity of water in pipe =V m/s. i
Applying Bernoulli’s equation at the top of the water L ..................... {:5,,
surface in the tank and at the outlet of pipe, we have L=50 m '“'%:-'.
[Taking point 1 on the top and point 2 at the outlet of g=20.cm '
pipe]. Fig. 11.4
v vy
ﬂ+—'+z] =P 2 7, + all losses
pg 28 pg 28
Considering datum line passing through the centre of pipe
14
0+0+40=04+—=+0+(h;+ hp
28
Vi
or 4.0= -i;- + h+ hy
g :
But the velocity in pipe = V, V=V,
4.0 = —;: +h+ by (1)
g :
From equation (11.8), /;; = 0.5 — and .-‘rf from equation (11.1) is given as

2g

=
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4.f.L.V?
Bpm
dx2g
Substituting these values, we have

Vi 05V 4.f.L.V?
—+ -

4.0 =
2g 2g dx2g
5 —[1.0+0.5+w]=— [1.0 + 0.5 + 9.0]
2g 0.2 2g
= 10.5 x —
2g
V= ‘fm = 2.734 misec
10.5
Rate of flow, 0=AxV= % x (0.2)* x 2.734 = 0.08589 m°/s

= 85.89 litres/s. Ans.

Problem 11.17 A horizontal pipe line 40 m long is connected to a waler fank at one end and
discharges freely into the atmosphere at the other end. For the first 25 m of its length from the tank,
the pipe is 150 mm diameter and its diameter is suddenly enlarged to 300 mm. The height of water
level in the tank is 8 m above the centre of the pipe. Considering all losses of head which occur,
determine the rate of flow. Take f = .01 for both sections of the pipe.

Solution. Given :

Total length of pipe, L=40m

Length of st pipe, Li=25m

Dia. of Ist pipe, dy=150mm=0.15m
Length of 2nd pipe, L,=40-25=15m
Dia. of 2nd pipe, d, =300 mm =0.3m
Height of water, H=8m

Co-efficient of friction, f=0.01

Applying Bermnoulli’s theorem to the free surface of water in the tank and outlet of pipe as shown in
Fig. 11.5 and taking reference line passing through the centre of pipe.

WATER_SURFACE

e

Bm
.
J._._ T T S W —
Ly=25 m T e——
L,=15m
d;=0.1 Z
AL dy=0.3 m
Fig. 11.5
VZ
0+0+8=F24"2 04 all losses

pg  2g

=
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or

4

8.0=0+ 2

o hi+ hy +h,+ hy
VE
where h; = loss of head at entrance = 0.5 —

2
Ax fxl, xV:
h, = head lost due to friction in pipe | = ERDRCRY
: d, X2g
(V- V)
fi, = loss head due to sudden enlargement = _T:_
&
4% fxL,x V5
h;, = Head lost due to friction in pipe 2 = BEIRER N
: d, x2g
But from continuity equation, we have

Alvl = A3V3

L
—dy % V.
AV, 2 2
Vlz "':4

x
_(d_] 7,
A, Edlz d,

Substituting the value of V| in different head losses, we have

(E) ®x V, =4V,
A5 B }

i

L 08V 0.5x(4v,)  gv?

2g 2g 2g
4%0.01 %25 (4V,)°
. =
g 015x2x g
x .01 x Vi e
=4 01 25)([6)( 2 - 106.67 Y2
0.5 2g 2g
g V-V }2 N (4V, -V, }1 9V32
‘ 2g 2g 2g
2 2 2
hj;:4><.Dl><lf"'Jl><1f’2 =4x'mx‘5xv—2:2.ﬂxv3
: 0.3x2g 03 2g 2z
Substituting the values of these losses in equation (i), we get
2 2 2 2
il a 5 (}V 2
80=Y 8 o6 Y Lax ¥
2g  2g 2z 2g 2g

[1+8+ 10667 +9 + 2] =126.67
g

22
8.0
V,:J X2Xg _
* 126.67

1Y

2
8.0x 2 x981
=41.2391 = 1.113 m/s
\/ 1260.67
Rate of flow, ¢ = A, x V,

(0.3)> x 1.113 = 0.07867 m®/s = 78.67 litres/s. Ans.

L
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Problem 11.18 Determine the difference in the elevations between the water surfaces in the two

tanks which are connected by a horizontal pipe of diameter 300 mm and length 400 m. The rate of flow

of water through the pipe is 300 litres/s. Consider all losses and take the value of | = .008.
Solution. Given :

Dia. of pipe, dd = 300 mm = (0.30 m
Length, L =400 m
Discharge, Q= 300 lit/s = 0.3 m¥/s
Co-efficient of friction, f=0.008
Velocity, V= ¢ = 03 = 4.244 m/s
Area T 2
2 % (.3)

Let the two tanks are connected by a pipe as shown in Fig. 11.6.

Fig. 11.6
Let H, = height of water in 1st tank above the centre of pipe
H, = height of water in 2nd tank above the centre of pipe
Then difference in elevations between water surfaces = H, — H,
Applying Bernoulli’s equation to the free surface of water in the two tanks, we have

H, = H, + losses
=H,+ I+ H; +h, ()

4

vV 05x4.244°
2g 2x981

where fi; = Loss of head at entrance = 0.5 = 0459 m

3 2 2
dxfxLxV" _ 4x.008x400x4.244 = 39.16 m

h‘_lrl = Loss of head due to friction =

dx2g 0.3%2x9.81
2 2
h, = Loss of head at outlet = Al 0.918 m
28 2x98I

Substituting these values in (i), we get
H, = H, + 0.459 + 39.16 + 0.918 = H, + 40.537
H, — H, = Difference in elevations
= 40.537 m. Ans.
Problem 11.19 The friction factor for turbulent flow through rough pipes can be determined by

Karman-Prandtl equation, # =2 log, (Ry/k) + 1.74

where [ = friction factor, R, = pipe radius, k = average roughness.

=
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Two reservoirs with a surface level difference of 20 metres are to be connected by | metre diameter
pipe 6 km long. What will be the discharge when a cast iron pipe of roughness k = 0.3 mm is used ?
What will be the percentage increase in the discharge if the cast iron pipe is replaced by a steel pipe of
roughness k = (.1 mm ? Neglect all local losses.

Solution. Given :

Difference in levels, fi=20m

Dia. of pipe, d=10m . Radius, R = 0.5 m = 500 mm
Length of pipe, L=6km=06x1000=6000m

Roughness of cast iron pipe, &= 0.3 mm

Roughness of steel pipe, k=0.1 mm

1st Case. Cast Iron Pipe. First find the value of friction factor using

e 2 logq (Ry/k) + 1.74 (1)

Vr

= 2log,, (500/0.3) + 1.74 = 8.1837
I 2
=|——| =0.0149
f (8.183?)

Local losses are to be neglected. This means only head loss due to friction is to be considered. Head
loss due to friction is

2
20 = FxLxV
dx2g
[Here fis the friction factor and not co-efficient of friction
-+ Friction factor = 4 x co-efficient of friction]
0149 x xV? 5
20= 0 6000 x v =4.556 V*
L0 x 2 =981
2
V= G

= 2.095 m/s
6

Discharge, Q, = V x Area = 2.095 x % X d* = 2.095 x E % 17 = 1.645 m’/s

2nd Case. Steel Pipe. k=0.1mm, R, =500 mm
Substituting these values in equation (i), we get

|
Jr

=2 log,, (500/0.1) + 1.74 = 9.1379

_f=[ ] =0.0119
9.1379
fxixv: o 0119 x6000xV

= =3.639 V*
dx2g LOx2x9.81

Head loss due to friction, 20 =

L
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‘ 20
V= 3639 = 2.344 m/s

<. Discharge, 0, =V x Area = 2.344 x E x 1% = 1.841 m%ss

Qz _Q|

percentage increase in the discharge = —— x 100 =

(1841 - 1.645)

L.645

Problem 11.20 Design the diameter Ufla steel pipe to carry water having kinematic viscosity
v = 10"° m%/s with a mean velocity of 1 m/s. The head loss is to be limited to 5 m per 100 m length of
pipe. Consider the equivalent sand roughness height of pipe k, = 45 x 10™* cm. Assume that the Darcy
Weisbach friction factor over the whole range of turbulent flow can be expressed as

* 100 = 11.91%. Ans.

(4

& I1ES
f=0.0055 1+ 20xm‘*5i+-"—9—
D R

where D = Diameter of pipe and R, = Reynolds number.

Solution. Given :

Kinematic viscosity, v=10"%m%s
Mean velocity, V=1m/s
Head loss, fig=5min alength L = 100 m
Value of k,=45%x 10" em =45 x 10 °m
K, 10°)"
Value of ‘,‘—= [}0055 1+ (20 x l{]j Ex'l‘ R—J [I)

A4x fXLxV?
Dx2g

_hyxDx2g  5xDx2x981

Using Darcy Weisbach equation, i1, =

=0.2452 D

or g— s 2
dx LxV~ 4100 x1°
Now the Reynolds number is given by,
g - PVD _ VXD [g]
i v P
1xD _yp5p
10

Substituting the values of f, R, and k_ in equation (i), we get

45%x10°¢  10° )"
+ (]
D 10°D

0.2452 D = 0.0055 [1 + (2{1 % 10° %

13
or 0.2452 D =[] + (£+ LJ }

0.0055

=
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1/3 I3
or 4458D=|1+ (EJ or 4458 D~ 1= (E)
D D

1.9
or (4458 D - 1)’ = - o D4458D-1Y’ =19 (i)

Equation (ii) is solved by hit and trial method.

(i) Let D =10.1 m, then L.H.S. of equation (if) becomes as
L.HS. = 0.1 (44.58 x 0.1 — 1)*> = 0.1 x 3.458% = 4.135
This is more than the R.H.5.

(ii) Let D = 0.08 m, then L.H.S. of equation (if) becomes as
L.H.S. = 0.08 (44.58 x 0.08 - 1)* = 0.08 (2.5664)* = 1.352
This is less than the R.H.S.

Hence value of D lies between (1.1 and 0.08

(i7i) Let D = 0.085, then L.H.S. of equation (i) becomes as
L.H.S. = 0.085 (44.58 % 0.085 — 1)* = 1.844
This value is slightly less than R.H.5. Hence increase the value of D slightly.

(iv) Let D = 0.0854 m, then L.H.S. of equation (ii) becomes as
L.H.S. = 0.0854 (44.58 x 0.0854 — 1)* = 1.889
This value is nearly equal to R.H.S.

- Correct value of D = 0.0854 m. Ans.

Problem 11.21 A pipe line AB of diameter 300 mm and of length 400 m carries water at the rate of
50 litres/s. The flow takes place from A 1o B where point B is 30 metres above A. Find the pressure at
A if the pressure at B is 19.62 N/em®. Take [ = .008,

Solution. Given :

Dia. of pipe, d =300 mm=030m
Length of pipe, L=400m
Discharge, 0 = 50 litres/s = 0.05 m™fs

g 005 005

= Velocity, = e = 0.7074 m/s
Area iz B (_3)2
4 4
Pressure at B, pp=19.62 N/em? = 19.62 x 10* N/fm”’
f=.008
Applying Bernoulli’s equations at points A and B and taking datum line passing through A, we have
2 2
pg  2¢ pg  2g
But Vi=Vy [+ Dia. is same]
24=0,2,=30
4x fxLxV’
and o AXLXLXV

dx2g

L
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Pa 1962 x 10° 4 %.008 x 400 x.7074°
A 0= ——————— +30+ \
pg 1000 x 9.81 03x2x981 8
=20 + 30 + 1.088 = 51.088
p,y = 51.088 x 1000 x 9.81 N/m’

51088 x 1000 x 9.81
) 10° B av
= 50.12 N/em®. Ans. \

Fig. 11.7

p 11.5 HYDRAULIC GRADIENT AND TOTAL ENERGY LINE

The concept of hydraulic gradient line and total energy line is very useful in the study of flow of
fluids through pipes. They are defined as :

11.5.1 Hydraulic Gradient Line. It is defined as the line which gives the sum of pressure head

(ﬁ) and datum head (z) of a flowing fluid in a pipe with respect to some reference line or it is the line
W

which is obtained by joining the top of all vertical ordinates, showing the pressure head (p/w) of a
flowing fluid in a pipe from the centre of the pipe. It is briefly written as H.G.L. (Hydraulic Gradient
Line).

11.5.2 Total Energy Line. It is defined as the line which gives the sum of pressure head, datum
head and Kinetic head of a flowing fluid in a pipe with respect to some reference line. It is also defined as
the line which is obtained by joining the tops of all vertical ordinates showing the sum of pressure head
and kinetic head from the centre of the pipe. It is briefly written as T.E.L. (Total Energy Linc).

Problem 11.22 For the problem 11.16, draw the Hydraulic Gradient Line (H.G.L.) and Total
Energy Line (T.E.L.).
Solution. Given :
£E=50m,d =200 mm=02m
H=4m, f=.009
Velocity, V through pipe is calculated in problem 11.16 and its value is V = 2.734 m/s

Now, fi; = Head lost at entrance of pipe
2 0.5x%2.734°
elig Y G DIRBIFE i
2 2x981

and /i, = Head loss due to friction



492 Fluid Mechanics

CAxfxLxV' 4x0009 x50 x(2.734)°
dx2g 0.2x2x9.81

(@) Total Energy Line (T.E.L.). Consider three points, A. B and C on the free surface of water in
the tank, at the inlet of the pipe and at the outlet of the pipe respectively as shown in Fig. 11.8. Let us
find total energy at these points, taking the centre of pipe as reference line.

=3.428 m.

2

. Total energy atA = £+£ +7=04+0+4.0=4m
pg  2g
2. Total energy at B = Total energy at A — h; =4.0-0.19=3.8l m
v? v? 7342
3. Total energy atC=&+ —+z.=0+—+0= 2734 =().38 m.
pg  2g 2g 2x9.381

Hence total energy line will coincide with free surface of water in the tank. At the inlet of the pipe,
it will decrease by fi; (= 0.19 m) from free surface and at outlet of pipe total energy is (.38 m. Hence
in Fig. 11.8,

(i) Point D represents total energy at A

(ii) Point E, where DE = h,, represents total energy at inlet of the pipe
(iif) Point F, where CF = (.38 represents total energy at outlet of pipe.
Join D to £ and £ to F. Then DEF represents the total energy line.

(h) Hydraulic Gradient Line (H.G.L.). H.G.L. gives the sum of (p/w + z) with reference to the

4

datum-line. Hence hydraulic gradient line is obtained by subtracting from total energy line. At

2g
2 2
outlet of the pipe. total energy = 2— By subtracting 2— from total energy at this point, we shall get
g
point C, which lies on the centre line of pipe. From C, draw a line CG parallel to EF. Then CG

represents the hydraulic gradient line.
Problem 11.23 For the problem 11.17, draw the hydraulic gradient and total energy line.

Solution. Refer to problem 11.17.
Given: Li=25m,d, =0.15m
L,=15m,d,=03m, f=0l,H=8m
The velocity V, as calculated in problem 11.17 is
V= 1.113 m/s
V=4V, =4 x 1.113 = 4452 m/s

V?  05x4452°

The various head losses are i, = 0.5 x =0.50 m
2g 2 x9.81
h = 4f x L xW 4 x.01x25x(4452) — 673 m
' d x2g 0.15x2 x 981
(v,-v,)" (4452 -111)°
b = —= = (0.568 m

[

2g 2% 9381

L



Flow Through Pipes 493

CAxfxLyxVe 4x01x15%(1113)°

hy =0.126 m
* d, X 2g 03x2x981
vy L3
== = 0.063 m
2g 2x981
Also V,’2g = s Lo 1.0 m.
2 %981

Total Energy Line
(i) Point A lies on free surface of water.
(iiy Take AB=#;=0.5m.
(iii) From B, draw a horizontal line. Take BL equal to the length of pipe, i.e., L,. From L draw a
vertical line downward.
(iv) Cut the line LC = hf. =6.73m.
(v) Join the point B to C. From C, take a line CD vertically downward equal to /1, = 0.568 m.
(vi) From D, draw DM horizontal and from point F which is lying on the centre of the pipe, draw a
vertical line in the upward direction, meeting at M. From M, take a distance ME = hf_. = 0.126.
Join DE.
Then line ABCDE represents the total energy line.

A l 0.5
______________ = =
———=——| B 'i
= G- | T'FE hs=6.73m
L‘LM"'--. : L- f‘ |
8m EH‘H':-Q‘_-L LC .r ||B=D.568
h-‘"’ﬁ- Dl —M__
il e [ 0.126
e _..L_\f_;_s_ — _'_v_.._'_"_—— F T
= m = i
dy=.15m Ly=T5m
d;=0.3m
Fig. 11.9

Hydraulic Gradient Line (H.G.L.)

2

2
(i) From B, take BG = 2; = 1.0m.
g

(i7) Draw the line GH parallel to the line BC.
(7ii) From F, draw a line FI parallel to the line ED.
(iv) Join the point H and /.
Then the line GHIF represents the hydraulic gradient line (H.G.L.).
Problem 11.24 For Profblem 11.18, draw the hyvdraulic gradient and total energy line.
Solution. Refer to Problem 11.18,
Given: d=300mm =03 m
L =400 m, Q = 300 litres/s = 0.3 m?/s
f=.008

=
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Let H; =50 m. But H, - H, = 40.537 m (Calculated in Problem 11.18)
H, = 50 - 40.537 = 9.463 m.

The calculated losses are :
(i) h;=0459m (if) hy =39.16 m
(iii) fr,=0.918 m
(a) T.E.L.
(i) Point A is on the free surface of water in Ist tank. From A, take AB =}, = (3.459 m.
(fi) Draw a horizontal line BF. Take BF equal to the length of pipe. From F, draw a vertical line in
the downward direction. Cut FC = h, =39.16 m.
(tii) Join BC. From C take CD = fi;=0.918 m. The point I should coincide with free surface of water
in 2nd tank. Then line ABCD is the total energy line.

By ——— A_ ; j|=0459m
— B
T 2 e ?‘E il + IF
T2 ~=£y hf1=39.16 m
"m Hag- i
G0~ Lho=918m
TE - = -
i L=400m
d=03m
Pig. 11.10
(#) H.G.L. From D, draw a line DE parallel to line BC. Then DE is the H.G.L.
Or
From B, take BE = — = 0.918 m and from E draw a line £D parallel to BC. The point D should

2g
coincide with free surface of water in the 2nd tank. Then line ED represents the H.G.L.
Problem 11.25 The rate of flow of water pumped into a pipe ABC, which is 200 m long, is 20 litres/s. The
pipe is laid on an upward slope of 1 in 40. The length of the portion AB is 100 m and its diameter
is 100 mm, while the length of the portion BC ix also 100 m but its diameier is 200 mm. The change of
diameter at B is sudden. The flow is taking place from A to C, where the pressure at A is 19.62 Nfem®
and end C is connected to a tank. Find the pressure at C and draw the hydraulic gradient and total
energy line. Take f= .008.

Solution. Given :

Length of pipe, ABC =200 m
Discharge, Q = 20 litres/s = 0.02 m*s
1

Slope of pipe, i=1lindd= —

pe of pipe 0
Length of pipe, AB = 100 m, Dia. of pipe AB = 100 mm = 0.1 m
Length of pipe, BC = 100 m, Dia. of pipe BC = 200 mm = 0.2 m
Pressure at A, py = 19.62 Nfem® = 19.62 x 10* N/m*
Co-efficient of friction, f = .008
Velocity of water in pipe 4B, V,= —onarge . U _ 5 54 s

 Areaof AB T2
7

=
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Velocity of water in pipe BC, V, = Q = o2 = 0.63 m/s
Area of BC TE-(Z):
4
Applying Bernoulli’s equation to points A and C,
2 V2
Pa Vs, 2y= 2o+ 2= 4 7. + total loss from A to C (i)
pe  2g Pg 28

Total loss from A to C = Loss due to friction in pipe AB + loss of head due to enlargement
loss of head due to friction in pipe BC.
Now loss of head due to friction in pipe AB,

4LV 4x.008 x 100 x (2.54)°
o dx2g 0.1%2x981

Loss of head due to friction in pipe BC,

=10.52 m

_ 4%.008 X100 x (0.63)°
fx 0.2 %2 x9.81

Loss of head due to enlargement at B,

=0.323 m

2 2
Vi—-V, 2.54-.63)
Irt,=(| '} =( 2 ) =0.186 m
2g 2x981

Total loss fromA to C = hy + h, + hy =10.52 +.186 + .323 = 11.029 = 11.03 m

Substituting this value in (i), we get

Ve . V2
E’*‘-+-’-"*+zlJ| =Pyt | z.+ 11.03
ps 2 pg 28
Taking datum line passing through A, we have
Iy = 0

1 |
.= — x total length of pipe = — x200=5m
Z 0 C eng pipe 20

Also py = 19.62 x 10* N/m*
Vy=V, =254 m/s, V.=V, =0.63 m/s
Substituting these values in (iff), we get

4 2 2
19.62x (100 (254)°  _po (0637 oo
1000 x9.81 2 x981 pg  2x98l
or 20+ 0328 = P 4 0.02 + 5.0+ 11.03

pe

20328 = P 4 16.05
pg

at B +
... i)

...(iii)

L
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Pe _ 50328 - 16.05=4278m
pg

or p.=4.278 x 1000 x 9.81 N/m?
_ 4278 x 1000 x 9.81
10*
Hydraulic Gradient and Total Energy Line

Nfem? = 4.196 N/em?. Ans.

20.328

TANK
e’

Fig. 1111

Pipe AB. Assuming the datum line passing through A, then total energy at A

: ; + o (254)°
sl YA o DOERID @34 | 0=20+0328
pe 22 1000 x9.81 2 x9.81
=20.328m
Total energy at B = Total energy at A — h, = 20.328 - 10.52 = 9.808 m
2
Also V28 = ©O8) _ .00,
2x981

Total Energy Line. Draw a horizontal line AX as shown in Fig. 11.11. The centre-line of the pipe is
drawn in such a way that slope of pipe is | in 40. Thus the point € will be at a height of

Zlﬂ— % 200 = 5 m from the line AX. Now draw a vertical line AD equal to total energy at A, i.e., AD

= 2().328 m. From point D, draw a horizontal line and from point B, a vertical line, meeting at (J. From
Q. take vertical distance QE = h, = 10.52 m. Join DE. From E, take EF = h, = 0.186 m. From F,

draw a horizontal line and from C, a vertical line meeting at R. From R take RG = h_lrz =(.323 m. Join

F to G. Then DEFG represents the total energy line.

Hydraulic Gradient Line. Draw the line LM parallel to the line DE at a distance in the downward
2

V.

direction equal to 0.328 m. Also draw the line PN parallel to the line GF at a distance of 2; = 0.02.
g

Join point M to N. Then line LMNP represents the hydraulic gradient line.
Problem 11.26 A pipe line, 300 mm in diameter and 3200 m long is used to pump up 50 kg per
second of an oil whose density is 950 kg;”m'i and whose kinematic viscosity is 2.1 stokes. The centre of
the pipe line at the upper end is 40 m above than that at the lower end. The discharge at the upper end
is atmospheric. Find the pressure at the lower end and draw the hydraulic gradient and the total
energy line.

=
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Solution. Given :

Dia. of pipe, d =300 mm =03 m
Length of pipe, L=3200m
Mass, M=50kgels=p.0Q
Discharge, A < L 0.0526 m*/s
050
Density, p =950 kgfm3

Kinematic viscosity, v = 2.1 stokes = 2.1 cm’fs
=21 % 10* m’s

Height of upper end =40 m

Pressure at upper end

atmospheric = ()

Vxd Discharge  0.0526

—, where V= =0.744 m/s
v Afﬂa E(C‘.3]2
4

Reynolds number, R

R = 0.744 % 0.30

= — = 1062.8
Sl
- Co-efficient of friction, f= Ez 16 =0.015
R, 106238
_4AxfxLx v

Head lost due to friction, hJ,
dx2g

_ 4x0.015x3200 x (0.744)°
- 0.3x2x9381

Applying the Bernoulli’s equation at the lower and upper end of the pipe and taking datum line

= 15.05 m of oil

passing through the lower end, we have

2 2
P—J+V—'+z, =p—2+£+z,2+h,
pg  2g pg 2 '
Butz, =0, z, =40 m, V|, = V, as diameter is same
py=0,h=18.05m

oo Substituting these values, we have

2 40 + 18.05 = 58.05 m of oil

pg
P, = 58.05 x pg = 58.05 x 950 x 9.81 [+ p for oil = 950]
= 540997 N/m* = % N/em® = 54.099 N/em®. Ans.
H.G.L. and T.E.L.
Vo (744)

=0.0282 m

2¢  2x981

L
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Pr _ 5805 m of oil
pg

P_y

pg

Draw a horizontal line AX as shown in Fig. 11.12. From
A, draw the centre line of the pipe in such a way that point C
is a distance of 40 m above the horizontal line. Draw a verti-
cal line AB through A such that AB = 58.05 m. Join B with
C. Then BC is the hydraulic gradient line. Fig. 1112

Draw a line DE parallel to BC at a height of 0.0282 m above the hydraulic gradient line. Then DE is
the total energy line.

» 11.6 FLOW THROUGH SYPHON

Syphon is a long bent pipe which is used to transfer liquid from a reservoir at a higher elevation to
another reservoir at a lower level when the two reservoirs are separated by a hill or high level ground

as shown in Fig. 11.13.
SYPHON

Fig. 11.13

The point C which is at the highest of the syphon is called the summit. As the point C is above the free
surface of the water in the tank A, the pressure at C will be less than atmospheric pressure. Theoretically,
the pressure at C may be reduced to — 10.3 m of water but in actual practice this pressure is only — 7.6 m
of water or 10.3 — 7.6 = 2.7 m of water absolute. If the pressure at C becomes less than 2.7 m of water
absolute, the dissolved air and other gases would come out from water and collect at the summit. The
flow of water will be obstructed. Syphon is used in the following cases :

1. To carry water from one reservoir to another reservoir separated by a hill or ridge.

2. To take out the liquid from a tank which is not having any outlet.

3. To empty a channel not provided with any outlet sluice.
Problem 11.27 A syphon of diameter 200 mm connects two reservoirs having a difference in eleva-
tion of 20 m. The length of the syphon is 500 m and the summit is 3.0 m above the water level in the
upper reservoir. The length of the pipe from upper reservoir 1o the summit is 100 m. Determine the
discharge through the syphon and also pressure af the summit. Neglect minor losses. The co-efficient
of friction, f = .005.

Solution. Given :

Dia. of syphon, d =200 mm = 0.20 m

Difference in level of two reservoirs, H=20m

Length of syphon, L =500 m
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Height of summit from upper reservoir, h=30m

Length of syphon upto summit, L, =100m
f=.005

Co-efficient of friction,

Fig. 11.14
If minor losses are neglected then the loss of head takes place only due to friction.
Applying Bernoulli’s equation to points A and B,

-

'u—”"+ V—"'+ 4= Ps + V—B + Zp + Loss of head due to friction from Ato B
pg  2¢ pg  2¢
or 0+0+2,=0+0+zg+ [ py = pg= atmospheric pressure, V, = Vg =0]
il 4><,,1"><;{.><‘L"3
L dx2g
But Z4-2g=20m
4 % 005 % 500 x v*
0= SR LDODXNOKY_ s 2
0.20 %2 x9.81
2
V= 1/—0 = 2.80 m/s
2548
- Discharge, O = Velocity x Area
=2.80 x % (.2)” = 0.0879 m*/s = 87.9 litres/s. Ans.
Pressure at Summit. Applying Bernoulli’s equation to points A and C,
2 v:
Pa ¥ +z, = Fospte . o Z. + Loss of head due to friction between A and C
pg 28 pg 2
B ¥ . ; :
or 0+0+0=-"-+ o +3.0+ hy [Taking datum line passing through A
pg  2g '
; 8 4 %.005x 100 x (2.8)°
0=Pe, 28 4, 4X005X100X(28) |\ _y_ 5 g
pg  2x981 0.2x2x981
=P 40399 +3.0+4.00=L< 47309
Pg Pg
Bl 7.399 m of water. Ans.

P8

L
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Problem 11.28 A syphon of diameter 200 mm connects two reservoirs having a difference in
elevation of 15 m. The total length of the syphon is 600 m and the summit is 4 m above the water level
in the upper reservoir. If the separation takes place at 2.8 m of water absolute, find the maximum length
of syphen from upper reservoir to the summit. Take f = .004 and atmospheric pressure = [0.3 m

of water.

Solution. Given :

Dia. of syphon, d=200mm=02m

Difference of level in two reservoirs =15m

Total length of pipe =600 m

Height of summit from upper reservoir =4m

Pressure head at summit, e 2.8 m of water absolute
Pg

Atmospheric pressure head, Pe _ 10.3 m of water absolute
Pg

Co-efficient of friction, f = .004

Fig. 11.15 (a)
Applying Bernoulli’s equation to points A and C and taking the datum line passing through, A,

2 2
Pay f—‘f'u-l-zﬁ =P Y + 7.+ Loss of head due to friction between A and C
pg  2g pg  2g
Substituting the values of pressures in terms ol absolute, we have
v W
103+0+0=2.8+ 2— +4.0+ hy [ V.= velocity in pipe = V]
g 1
v? v
h, =103-28-40-—=35-— (1)
! 2g 2z

Applying Bernoulli’s equation 1o points A and B and taking datum line passing through B,

2 2

Pa 4y Iy = Ps 4 Yo + 7z + Loss of head due to friction from A to B
pg 2g pg 2
But B2 B atmospheric pressure

P8 PE

VA= U,V,g:ﬂ,z,q: 15‘|Zﬂ:0
0+0+15=0+0+0+h
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]_4><f><JL><V2 B

hy =150 15
' dx2g
4 %004 v? 15x0.2x2x9.81
or XO0XO0OXV o 15orva |XO2X2XIBL_ 5 47 s
0.2x2x981 4 %004 x 600
Substituting this value of V in equation (i), we get
2.47°
hy =3.5 - =35-0311=3.189m (D)
: 2x981
2
But ,l“_ = M (1)
i dx2g

where L, = inlet leg of syphon or length of syphon from upper reservoir to the summit.

_ 4x.004x L, x(247)
AT 02x2x981

= 00248 x L,

Substituting this value in equation (i),
0.0248 L, = 3.189

3189
' 0248

Problem 11.29 A syphon of diameter 200 mm connects two reservoirs whose water surface level
differ by 40 m. The total length of the pipe is 8000 m. The pipe crosses a ridge. The summit of ridge is
&8 m above the level of water in the upper reservoir. Determine the minimum depth of the pipe below the
summit of the ridge, if the absolute pressure head at the summit of syphon is not to fall below 3.0 m of
water. Take f = 0.006 and atmospheric pressure head = 10.3 m of water. The length of syphon from the
upper reservoir to the summit is 300 m. Find the discharge also.

Solution. Given :

= 128.58 m. Ans.

Dia. of syphon, d=200mm=020m
Difference in levels of two reservoirs, H =40 m
Total length of pipe, L =8000m

Height of ridge summit from water level in upper reservoir = 8 m
Let the depth of the pipe below the summit of ridge = x m
Height of syphon from water surface in the upper reservoir = (8§ — x) m

Pressure head at C, Pe _ 3.0 m of water absolute

pg

Atmospheric pressure head, Pa _ 10.3 m of water
Pg

Co-efficient of friction f=.006
Length of syphon from upper reservoir to the summit, L, = 500 m

=
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Fig. 11.15 (b)

Applying Bernoulli’s equation to points A and B and taking datum line passing through B, we have

Pa Vi, 2y = Pp l;—” + 7 + head loss due to friction A to B
&

pg  2g pg
or U+O+40=U+[}+U+M
dx2g
o 4% 0.006 x 8000 x V*
a 02x2x981
Ve ) x02x2x981 = 0.904 m/s
4 % 006 x 8000

Now applying Bernoulli’s equation to points A and C and assuming datum line passing through A,
we have

-

= 2
B
Py +£’*—+ L4 = Bty z, + head loss due to friction from A to C
pg  2¢ pg  2g
Substituting P4 2nd P< in terms of absolute pressure
Pg pg
1"'2 2
18 T = e et (i) e L R £
2g dx2g
2 2z
; d 5 K
o n iy, (0904) o (8 vy 4+ X006 X500 X(0.904)
2x981 0.2 x2 x981
=30+0041 +(8—x)+2.499 = 1354 —x
x= 1354 -10.3 = 3.24 m. Ans.
Discharge, O = Area x Velocity = ; % (.2)* x 0.904 = 0.0283 m’/s. Ans.

» 11.7 FLOW THROUGH PIPES IN SERIES OR FLOW THROUGH COMPOUND PIPES

Pipes in series or compound pipes are defined as the pipes of different lengths and different diam-
eters connected end to end (in series) to form a pipe line as shown in Fig. 11.16.

=
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Let, L, L,. Ly= length of pipes 1, 2 and 3 respectively
d,. d,, dy = diameter of pipes 1, 2, 3 respectively
VsV, V5 = velocity of flow through pipes 1, 2, 3
fis fos [ = co-efficient of frictions for pipes 1, 2, 3
f = difference of water level in the two tanks.

Fig. 11.16
The discharge passing through each pipe is same.
0=A,V, =AV,=A,V,
The difference in liquid surface Ievels is equal to the sum of the total head loss in the pipes.

05V’ P 4LV 4 0.5V 5 4f,L,Vy
2g d x2g 2g d, X 2g

H=

+ (V: - 1—‘;] 4f3!_g‘if3 43 32
2g 1::!3 x2g 2g

«(11.12)
If minor losses are neglected, then above equation becomes as
: i
_ ALV 4RLY | AALY
d, x2g d, X2g d, x2g
If the co-efficient of friction is same for all pipes
ie. fi =f> =f; = f. then equation (11.13) becomes as
_ 4V 4ﬂ_ﬁw 4;L3vf
d, x2g d, ><2g d, % 2g

_4r | LV i IV ; LV
2g | d, d, dy

«(11.13)

a(11.14)

Problem 11.30 The difference in water surface levels in two tanks, which are connected by three
pipes in series of lengths 300 m, 170 m and 210 m and of diameters 300 mm, 200 mm and 400 mm
respectively, is 12 m. Determine the rate of flow of water if co-efficient of friction are .005, .0052 and
0048 respectively, considering : (i) minor losses also (ii) neglecting minor losses.

Solution. Given :

Difference of water level, H=12m

Length of pipe 1, L, =300 m and dia., d, = 300 mm= 0.3 m
Length of pipe 2, L, =170 m and dia., d, = 200 mm = (.2 m

=
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Length of pipe 3, Ly =210 m and dia., dy = 400 mm = 0.4 m

Also, fi1 =005, f; = .0052 and f; = .0048

(i) Considering Minor Losses. Let V|, V, and V; are the velocities in the 1st, 2nd and 3rd pipe
respectively.

From continuity, we have AV, = AV, = AV,

n I
—dy 2 2
V,:AIVI=4 Vj=d'q'-"l=£ xV, =225V,
= A, T 2 dy 2
2 —dz 2
4
AV, d 3 _
and Vy= ]'=—1,V]=U— V,=0.5625 V,
: A, d; 04

Now using equation (11.12), we have

k)

2 2 2 2 2 2 b}
g OSVE ARLVE 05VE  4fLV, +('-@—V3} CALLYY Vv

2z d x2g 2g d, x2g 2g dyx2g 2g
5V 4x.005x300xV> 05x(225V i
Substituting V, and V, e IOV AR XY, 225V
B ) 2g 03x2g 2g
225V;,)  (225V, - 562V,)°  4x.0048x210x(.5625V,)° (.5625V,)°
+4><D.UU'52><I'H}><[ l} +( 1 1) " [ |] +{ |}
02x2g 2g 0.4x2g 2g
or 12.0 = 12;_[ [0.5 + 20.0 + 2.53 + 89.505 + 2.847 + 3.189 + 0.316]
£
.. [118.887]
2g

e 12><2><9.81_]4mmm
: \f 118.887 ’

Rate of flow, 0 = Area x Velocity = A, x V|

& ; @2 xV, = g (.3)2 x 1.407 = 0.09945 m¥/s

= 99.45 litres/s. Ans.
(if) Neglecting Minor Losses. Using equation (11.13), we have
g=3hbW  AhLV: | 4554V
d,x2g d,x2g dyx2g

_ V2 | 4%x.005%300  4x.0052x170 x(2.25)° 4 %.0048 % 210 % (.5625)*
o 120=— + +
2g 0.3 0.2 0.4
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Y 1200 + 89.505 + 3.189] = Y- x 112.694
2g 2g

V. = 2x081x12.0 - 1.445 m/s
'_V 112604 7

Discharge, 0 = V, x A, = 1.445 x E (.3)* = 0.1021 m/s = 102.1 litres/s. Ans.

Problem 11.30 (A). Three pipes of 400 mm, 200 mm and 300 mm diameters have lengths of 400 m,
200 m, and 300 m respectively. They are connected in series 1o make a compound pipe. The ends of
this compound pipe are connected with two tanks whose difference of water levels is 16 m. If
co-efficient of friction for these pipes is same and equal to 0.003, determine the discharge through the
compound pipe neglecting first the minor losses and then including them.

Solution. Given :

Difference of water levels, H=16m

Length and dia. of pipe 1. L, =400 m and ¢, = 400 mm = 0.4 m

Length and dia. of pipe 2, L, =200 m and d,= 200 mm = (.2 m

Length and dia. of pipe 3, L,=300m and ¢, =300 mm = 0.3 m

Also fi=f=£=0.005

(1) Discharge through the compound pipe first neglecting minor losses.
Let V|, V, and V5 are the velocities in the Ist, 2nd and 3rd pipe respectively.
From continuity, we have AV, = A,V, = AV,

d? 2 2
AV ' d; 04
V=2 =4 gy =Sy =2 v, =4y,
A, T d; 0.2
4
T 2
—dy 2 2
and y = A 4 xv,:d—LVI=[%J v, = 177V,
A, T 42 0.2
4 3

Now using equation (11.13), we have
o MALVE ARLVE | ALLVY
d, x2g d,x2g d;x2g

40005 x 400 x V] +4><'D.005><20G><(4'4)2 . 4x0005x300

o 16 = x (1.77 V,)°
04 %2 %981 0.2x2x9.81 03x2x981
oV (4><0.(}{]5><4D[}+4><0.005><200><I6+4><U.005><300x3.15?)
2x981 04 0.2 03
6= Y (20 + 320 + 63.14) = W x 403.14
2 x9.81 2 %9381

16 %2 X981
V= JROX2XOBL _ 6 e85 mis
403.14

L
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Discharge, O=A xV, = % {0.4}2 % 0.882 = 0.1108 m’/s. Ans.

(if) Discharge through the compound pipe considering minor losses also.
Minor losses are :

05V
2g

(h) Between st pipe and 2nd pipe, due to contraction,

L _05VE_ 0.5(4v*)

(a) At inlet, h

f

! (: Va=4V))
22 22 2 !
_ 05x%x16 x V =8><E'-2—
2g 2g
(c) Between 2nd pipe and 3rd pipe, due to sudden enlargement,
2 ¥
(v -%) (v -177v)
h,= = (v Va= 177V
2g 2g :
- x A =403
2g 2g
2 (L77v ) T 2
() At the outlet of 3rd pipe, h, = L -(-—ll— =1.77" % L 8 = 3.1329 Lo
2g 2g 22 2g
2 st B WV A LY
The major losses are ML XV | Ahxl XV Xl XY
dy x2g d, %2g dyx2g
4%0.005% 400 x V! 4x0.005%200x(4V;)* 4 x0.005x300 x(1.77V;)’
= + +
0.4 x2x9.81 02 x2x9481 0.3 x2 x9.81
2
= 403.14 x Y
2x 951
2o Sum of minor losses and major losses
2 2 2 2 2
: V
= L +1‘3'»><V—l+4.9'.-'3—'+3.l329V—l +403.14 /2
2g 2g 2g 2 2g
= 419.746 L/
2g

But total loss must be equal to H (or 16 m)

2 )
MGG D =i o Vom RO ENIBL i
22 419.746

~. Discharge, O0=A,V,= E (0.4)* x 0.864 = 0.1085 m"/s. Ans.
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» 11.8 EQUIVALENT PIPE

This is defined as the pipe of uniform diameter having loss of head and discharge equal to the loss
of head and discharge of a compound pipe consisting of several pipes of different lengths and diam-
eters. The uniform diameter of the equivalent pipe is called equivalent size of the pipe. The length of
equivalent pipe is equal to sum of lengths of the compound pipe consisting of different pipes.

Let L, = length of pipe 1 and d, = diameter of pipe |

L, = length of pipe 2 and 4, = diameter of pipe 2
L, = length of pipe 3 and d; = diameter of pipe 3
H = total head loss
L = length of equivalent pipe
d = diameter of the equivalent pipe
Then L=L, +L,+ L,
Total head loss in the compound pipe, neglecting minor losses

o MLV ALLVY | ARLVY

.(11.144)
dyx2g d,x2g dyx2g
Assuming Fishafsf
Discharge, 0=AV,=AV, =4V, = = dv, = Z a,2v,= T 42y,
- T4 4 = " 4
V)= 4Q., » Vo= 4Q.I, and V= 4Q..
nd; 7 mdy R
Substituting these values in equation (11.14A4), we have
2 2 2
40 40 40
4fL, x 4fL, 5 4 :
. (me . [d) . """‘“[mf
© d,x2g d, x2g dyx2g
2
T (11.15)
nx2g |d] di dy
: . . LT o :
Head loss in the equivalent pipe, H = “d%8a [Taking same value of fas in compound pipe|
xz8
where V = g:—g—z 4‘%
A T2 md”
4
40y
4 B L «| T & 2
f [m.f:] 4x160°f | L
H= = — = ~(11.16)
dx2g n-x2g |Ld

Head loss in compound pipe and in equivalent pipe is same hence equating equations (11.15) and
(11.16), we have

L
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4x16f0° L. L L _4x16Q"‘f[L}
a0 4 d ;

n’ X 2g n’ x2g Ld
or ool b o Soh b L(11.17)
&L L& PRI

Equation (11.17) is known as Dupuit’s equation. In this equation L= L, + L, + Ly and d,, d, and d,
are known. Hence the equivalent size of the pipe, i.e., value of 4 can be obtained.
Problem 11.31 Three pipes of lengths 800 m, 500 m and 400 m and of diameters 500 mm, 400 mm
and 300 mm respectively are connected in series. These pipes are to be replaced by a single pipe of
length 1700 m. Find the diameter of the single pipe.

Solution. Given :

Length of pipe 1, L, =800 m and dia., &, = 500 mm = 0.5 m
Length of pipe 2, L, =500 m and dia., d, = 400 mm = 0.4 m
Length of pipe 3, Ly =400 m and dia., dy = 300 mm = 0.3 m
Length of single pipe, L=1700m

Let the diameter of equivalent single pipe = d

; . L L L, L
Applying equation (11.17), — = —+—+ —
Pplying eq ( ) Fu dns df c{_f

or 1700 _ 800 , 500 , 400 _ 55600 + 48828.125 + 164609 = 239037
& 5 A 03
1700
d’ = =.007118
239037

d=(007188)"% = 0.3718 = 371.8 mm. Ans.

> 11.9 FLOW THROUGH PARALLEL PIPES

Consider a main pipe which divides into two or more branches as shown in Fig. 11.17 and again join
together downstream to form a single pipe, then the branch pipes are said to be connected in parallel.

The discharge through the main is increased by connecting pipes in parallel.

BRANCH PIPE 2
Ly.dy V,

B P

BERAMNCH PIPE 1

Fig. 1117
The rate of flow in the main pipe is equal to the sum of rate of flow through branch pipes. Hence
from Fig. 11.17, we have

0=0,+0, «(11.18)
In this, arrangement, the loss of head for each branch pipe is same.
. Loss of head for branch pipe | = Loss of head for branch pipe 2
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. . 2
o ARLVT _ALLVS (11.19)

d, x2g d, x 2g

2

LV" LV
If fi =f. then 1] . 22

= -(11.20)
d x2g d,x2g

Problem 11.32 A main pipe divides into two parallel pipes which again forms one pipe as shown in
Fig. 11.17. The length and diameter for the first parallel pipe are 2000 m and 1.0 m respectively, while
the length and diameter of 2nd parallel pipe are 2000 m and 0.8 m. Find the rate of flow in each
parallel pipe, if total flow in the main is 3.0 m'/s. The co-efficient of friction for each parallel pipe is
same and equal to 005,

Solution. Given :

Length of pipe 1, L, =2000m
Dia. of pipe 1, d,=1.0m
Length of pipe 2, Ly =2000m
Dia. of pipe 2, d; =0.8m
Total flow, Q=30ms
fi=fy=f= 005
Let (), = discharge in pipe 1
(}; = discharge in pipe 2
From equation (11.18), 0=0,+0,=3.0 A1)

Using equation (11.19), we have
4fLV] _ALLYVY

d, x2g d, x2g

4%.005%2000x V, _ 4x.005x2000 x V

1.0x2 %981 0.8x2x981
2 2 2
or 1i"'#=V2 or V|2= Vl
1.0 08 0.8
V. V.,
Vo S s ()
' Jo8 89
Tl'- 2 Tl.'- 2 Vw V‘a
No =—d % V== (1) % —= eV =2
" Cr=g dem V= g V% gay [].39]
1Y 5 T 3 s
and =—dy xV,=— (8 xV,=—x.64xV,
and 05 Foa: 2= (.8) B 2
Substituting the value of Q, and O, in equation (7), we get
T Y2 L 64V,=30 or 0.8785 V,+ 0.5026 V, = 3.0
4 0894 4 - - -
3.0
or V,[.8785 + .5026] = 3.0 or V= —— =2.17 m/s.

1.3811

=
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Substituting this value in equation (if),
Vi 2 17
894 D 394

= 2427 mfs

1,5

0]

Hence 0, % dZxV, = E x 17 X 2.427 = 1.906 m¥s. Ans.

0,=0 -0, =3.0- 1906 = 1.094 m’/s. Ans.
Prublem 11.33 A pipe line of 0.6 m diameter is 1.5 km long. To increase the discharge, another line
of the same diameter is introduced parallel 1o the first in the second half of the length. Neglecting
minor losses, find the increase in discharge if 4f = 0.04. The head at inlet is 300 mm.

Solution. Given :

Dia. of pipe line, D=0.6m
Length of pipe line, L=15km=15x1000=1500m
4f=0.04 or f= .01
Head at inlet, h=300mm=03m
Head at outlet, = atmospheric head = 0
*. Head loss, hy=03 m
1500

Length of another parallel pipe, L, = 5 =750 m

Dia. of another parallel pipe, d;, = 0.6 m

Fig. 11.18 shows the arrangement of pipe system.
L -__bif L=1500m L,=750m.d,=0.6m
— O . e c
I D=06m  “Ou
Q, D
L,=750m,d,=0.6m
Fig. 11.18
1st Case. Discharge for a single pipe of length 1500 m and dia. = 0.6 m.
#a
4LV
This head lost due to friction in single pipe is i1, = /L 5
x2g
whereV* = velocity of flow for single pipe
4%x.01x1500 x V'
% 06 x2g
= 03x0.6x2x981 = 0.2426 m/s
4 x.01 % 1500
Discharge, 0% = V* x Area = 0.2426 x ; (.6)* = 0.0685 m’/s (D)

2nd Case, When an additional pipe of length 750 m and diameter 0.6 m is connected in parallel with
the last half length of the pipe.

L
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Let (@, =discharge in 1st parallel pipe

(), = discharge in 2nd parallel pipe

. Q QI o Q'}
where () = discharge in main pipe when pipes are parallel.
But as the length and diameters of each parallel pipe is same
0, =0y= 0/

Cunmdcr the flow through pipe ABC or ABD
Head loss through ABC = Head lost through AB + head lost through BC A0

But head lost due to friction through ABC = (0.3 m given
4% fx750 x V?
0.6 x2x9.81
o g 40

Area R(O.ﬁ): Tx.36

Head loss due to friction through AB =

Head loss due to friction through AB

where V = velocity of flow through A

2

_ 4><.[}l><'?5{'lx 40 =31.87 02

06x2x981 |nx.36

Head loss due to friction through BC
_Ax XL XV
d; % 2g

B 4><.0])<TS-'JX 0 ._V_Distance_ Q
= a # =< 2 == a

0.6x2x981 |5, 7 (g) Te)P  2xTx(6)

+ 4 4

_4><.l}]><'?5-l]x 16
T 06%x2x981 4xmix.36°

Substituting these values in equation (i), we gel
0.3 =31.87 0 + 7.969 0° = 39.839 Q°

0.3 3
0= 39830 0.0867 m™/s

Increase in discharge = 0 — 0* = 0.0867 - 0.0685 = 0.0182 m’/s. Ans.

0’ =7.969 0°

Problem 11.34 A pumping plant forces water through a 600 mm diameter main, the friction head
being 27 m. In order to reduce the power consumption, it is proposed to lay another main of appropri-
ate diameter along the side of the existing one, so that two pipes may work in parallel for the entire
length and reduce the friction head to 9.6 m only. Find the diameter of the new main if, with the

exception of diameter, it is similar to the existing one in every respect.

Solution. Given :

Dia. of single main pipe, d =600 mm= 0.6 m
Friction head, hy=27m

Friction head for two parallel pipes =96 m

1st Case.

For a single main [Fig. 11.19 (a)]

L
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= 4. f. L.V~ or 27.0 = dx fxLxV”
dx2g 0.6 2 x9.81
AV = 27.0 x 0.6 x2x9.81 _ 317844 = 79.461. where V = Q
4 A
0 :
fL. =5 =79.461 (i)
f e
2nd Case. Two pipes are in parallel [Fig. 11.19 (5)]
Loss of head in any one pipe = 9.6 m
.. For 1st pipe, h, = vl o 9.6
! d, x2g
! Q g
e gt A R e
s |
(a) Single main Efzggﬁm
- fd|=ﬂ Bm
s . g
h, =9.6
f m rdz
! 3
(b) Two parallel pipes
Fig. 11.19
But L=Lv=%_-9 [-.-A1=A=£(.6)2}
A A 4
d,=d=0.6
gk O
L LI LL =0.6
0.6x2x981 A°
or prit, 2], o 2RNIONERID_ qpngng (D)
A 4
4 L‘] V‘!z 2
For the 2nd pipe, p, = XL XV g6 Whe Ty = L, W, = 2
: d, x2g ) 4,
AIXLXD g4
d, x2g X A}
fXLxQ;  96x2x981 — 47.088 i)

or == =
d, x A5 4

Dividing equation (i) by equation (if), we get
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0 79461
0} 282528
o
o

=2.8125

=+/28125 = 1.667

__e _
Q= 1667 596 ¢

But +0,=0
0,=0-0,=0-.59 0 =0.404 0
Dividing equation (ii) by equation (iii),
QF xdyx Ay _ 282528 _
A*xQ} T 47088

But A2=Edzland,q:Ed2=£(.6)1=£><.36
4 4 4 4

2
n
~ d‘! X[ ] de 2 5
‘- i i '5 b )
O, \4) 0.6 or { QGQJ ] =0.6

BN B 2040 " 367
2 [“) x (36)° : .
4
. (404
or d,’ = 0.6 % .36% x [ﬂ] = 0.03537
% 596

5 dy = (.03537)"° = 0.5125 m = 512.5 mm. Ans.
Problem 11.35 A pipe of diameter 20 cm and length 2000 m connects twe reserveirs, having
difference of water levels as 20 m. Determine the discharge through the pipe.

If an additional pipe of diameter 20 em and length 1200 m is attached to the last 1200 m length of
the existing pipe, find the increase in the discharge. Take f = .015 and neglect minor losses.

Solution. Given :

Dia. of pipe, d=20cm=0.20m
Length of pipe, L =2000m
Difference of water levels, H=20m
Co-efficient of friction, f=0015
Ist Case. When a single pipe connects the two reservoirs
g4 S LVE _4FL( QY e
dx2g dx2g| T ;2 LE:
4 4

_2r.1.9°
n xgxd

L
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2
or 20 = 32 x.015x 2000 Q = 30985.07 0

n® x9.81x(0.2)

8=yl 20 _ 0.0254 m¥s. Ans.
30985.07
2nd Case.

Let ¢, = discharge through pipe CD,
(), = discharge through pipe DE,
(), = discharge through pipe DF.

Length of pipe CD, L, = 800 m and its dia., d, = 0.20 m
Length of pipe DE, > = 1200 m and its dia., ¢, = 0.20 m
Length of pipe DF, Ly=1200 m and its dia., dy = 0.20 m.

Since the diameters and lengths of the pipes DE and DF are equal. Hence 0, will be equal to O,
Also for parallel pipes, we have

Q=0+ 0:=0,+0,=20, [ Q= 04l
_Q
Q= 2

Fig. 11.20
Applying Bernoulli’s equation to points A and B and taking the flow through CDE, we have
Al L . 4f LV

20 =

d, x2g d, x2g

0
o, 40, "3 29

X2y Tax04 T 2)? S ax04 mx.04 7wx.04
4

_4x015x800 (40, 2+4x.[}]5x|2{]0x 20, Y
T 02x2x981  |mx.04 02x2%x981 | mwx.04

=12394 0% + 4647 0,> = 17041 Q,°

= = (1.034 /s
0, 1/”041 0.0342 m7/s

Increase in discharge = 0, - @ = 0.0342 - 0.0254 = .0088 m'/s. Ans.

L
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Problem 11.36 Two pipes have a length L each. One of them

has a diameter D, and the other a

diameter d. If the pipes are arranged in parallel, the loss of head, when a total quantity of water Q
[flows through them is h, but, if the pipes are arranged in series and the same quantity Q flows through

D
them, the loss of head is H. If d = 2 Jind the ratio of H to h

assuming the pipe co-efficient f has a constant value.
Solution. Given :
Length of pipe 1, Ly=Landitsdia. d, =D
Length of pipe 2, L,=Land its dia.,d, = d
Total discharge =0
Head loss when pipes are arranged in parallel = /i
Head loss when pipes are wrranged in series = H

D .
d = = and fis constant

Ist Case. When pipes are connected to parallel

. heglecting secondary losses and

0=0,+0, .(10)
Loss of head in each pipe = h
For pipe AB, M =h, where V| = Q = £= 4QL
d x2g A Tpr nD”
I B
K —a A
Q — ( ) : — =0
— Qz /C-
L. d
Fig. 11.21
40, Y
4fL % [ x J 2
ED ho 312"'%(']‘ =h (i)
Dx2g D Xg
32(L0;
For pipe AC, —,E%Q'— =h (i)
nd xg
B2fLQY _ 324107 07 0
n’D’g nid’g D &
' p*_(d)
or & = _i_'='_'_( '1] ['.‘ D:Zﬂ']
Q, d d
=27 =30

-gl =32 =5.657 or Q, = 5.657 Q,

2
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Substituting the values of (), in equation (i), we get
Q =5.657 0, + (0, = 6.657 O,
0, = # =0.15¢0 (i)
From (i) .. 0=0-0,=0-0150=0385¢ V)
2nd Case. When the pipes are connected in series.
Total loss = Sum of head losses in the two pipes

4f.L.vﬁ+4f.L.vf
a d x2g d, x2g

where V, = 0 =4Q V= 4_%
4 4
;D L.d
—0) — V, —Vy —=Q
[
Fig. 11.22
4f. Lx( 4Q] 43*.{,[4@]
H = nh md
Dx2g dx2g
'1 2 -
or H= 2_,‘1{2 wﬂ'Q (i)
D’n’xg d n’xg
From equation (i}, % = i,,
nD xg O
2L _ h

and from equation ({ii), ———— = —
4 n’d*xg  Q;

Substituting these values in equation (vi), we have

2 2 2
H=(Q* ><——-+Q2 L =—-———Ir+—Q-I:-h{Q +Q—}

o° Qi Q[ Q: :: Q':2
H_Q 0
h O O

But from equations (iv) and (v), @, = .85 Q and @, = (L15 @

£= % 7 0 —]2+L2—l";84+44444 45.828. Ans.
h 85°Q° ]5 Q° 85 15

Problem 11.36 (A). Three pipes of the same length L, diameter D, and friction factor [ are
connected in parallel. Determine the diameter of the pipe of length L and friction factor fwhich will
carry the same discharge for the same head loss. Use the formula hy = f x L x -.;3_;28 D.
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Solution. Given :

Length of each pipe =L
Diameter of each pipe =D
Friction factor of each pipe =f
Head loss, h,=fxLxV2gD

When the three pipes are connected in parallel, then head loss in each pipe will be same. And total
head loss will be equal to the head loss in each pipe.
Let h;: Total head loss,

h, = Head loss in Ist pipe,
h, = Head loss in 2nd pipe, and /i, = Head loss in 3rd pipe.

fXLxVv*
2gD
Let (}, = Discharge through 1st pipe, (), = Discharge through 2nd pipe,
(J, = Discharge through 3rd pipe, and @ = Total discharge.
When the three pipes are connected in parallel, then

Then IiJr: hli = hri_. =h,, oth,-:

Q=0+ 0, +Q3=3%x0, Coil, =0,% 09
=3xA xV,
=3xZ Dp¥x V[whcmﬁ.[ -—-%D: and V, —_—V] ()
+ .

For a single pipe (or length L ; friction factor f) which will carry same discharge as the three pipes in
parallel
Let d = dia. of the single pipe
v = velocity through single pipe

i ! '.'C
Then discharge, ¢ = Area x Velocity = (Idgj XV ()
Equating the two values of discharge, given by equations (i) and (fi7), we get
3 n-
3xEpxyv=ElxyorixZ =t (V)
4 4 d~ Vv
The head loss for the single pipe is also equal to the total head loss for three pipes when they are in

parallel.
But head loss for the single pipe of length L, dia. d, friction factor fand velocity v is given by

P :foxv"

T V)
! d X 2g
Equating the two values of /i, given by equations (i) and (v), we get

FXLXVE _ fxLxv: V2 v

Dx2g dx2g D d

d _ v (d]”z v

ar — = — or —_ = —
D v D Vv

Substituting the value of v/V in equation (iv), we get

L
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2 112 12 2 512
d” D D D D

d
or s 32?‘5 - 3[?.-1 = ].55

D
d= 155 D. Ans.

Hence dia. of single pipe should be 1.55 times the dia. of the three pipes connected in parallel.

Problem 11.37 For a town water supply, a main pipe line of diameter 0.4 m is required. As pipes
more than 0.35 m diameter are not readily available, two parallel pipes of the same diameter were
used for water supply. If the total discharge in the parallel pipes is same as in the single main pipe, find

the diameter of the parallel pipe. Assume the co-efficient of friction same for all pipes.

Solution. Given :

Dia. of single main pipe line, d=04m
Let the length of single pipe line =1L
Co-efficient of friction =f

Loss of head due to friction in single pipe = i = 4LV
dx2g 04x2xg

where V = Velocity of flow in the single pipe.

)

In case of parallel pipe, as the diameters and lengths of the two pipes are same. Hence discharge in
each pipe will be half the discharge of single main pipe. As discharge in each parallel pipe is same,

hence velocity will also be same.
Let V.= Velocity in each parallel pipe
d. = Dia. of each parallel pipe
4f x Lx VI
Then loss of head due to friction in parallel pipes = A/ XEXV
dy %X 2g
Equating the two losses given by equations (i) and (i7), we have

4f.L.V? _4fxLxW

04x2g  d.x2g

2 2 2
Cancelling ﬂ V— = VZ or vj = E
2g 0.4 dy V. d.

From continuity
Total flow in single main = sum of flow in two parallel pipes
or Velocity of main % Area = 2 ¥ Velocity in each parallel pipe x Area

2% g2 .
yxE@a=2xvox Eator— =4 2
4 4 Vo Tooa2 016
204
4
2 4 :;
S b, Lo
v2 T 00256

Comparing equations (i) and (iv), we get

i)

..if)

(V)

L
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d. 0256
d. = (.00256)"° = 0.303 m = 30.3 cm. Ans.

Use two pipes of 30.3 cm diameter.

4
0.4 4d. & 5B 0.4 x.0256 — 00256

Problem 11.38 An old water supply distribution pipe of 250 mm diameter of a city is to be replaced
by two parallel pipes of smaller equal diameter having equal lengths and identical friction factor
values. Find out the new diameter required.

Solution. Given :

Dia. of old pipe. D = 250 mm = 0.25 m
Let d = Dia. of each of parallel pipes
() = Discharge in old pipe
(), = Discharge in first parallel pipe
(J, = Discharge in second parallel pipe
f = Friction factor.

When a single pipe is replaced by two parallel pipes, the head loss will be same in the single pipe
and in each of the parallel pipes. Also the discharge in single pipe will be equal to the total discharge in
two parallel pipes i.e.,

he=h, =h, )]
and 0=0,+0, ..(ii)

As the dia. of each parallel pipe is same and also length of each parallel pipe is equal, hence

=0, 0r O =0,=012

Now h; = Head loss in single pipe
= M where f= Friction factor
Dx2g
fxrLx [i'r_ & }
x 0.25°
4 o N, V = i — i
0.25x2 x 9.81 Area Ty
il 4
X Lx(40)
FXL%(40) ..(iii)

T 025x2 %981 x(rx025°)

hﬁ = Head loss in Ist parallel pipe

FXLxMY . _ |

= ——— (" Dia. of parallel pipe = d and V| is the velocity
dx2g
in 1st parallel pipe)
f w L= L
T .- Q

. N o _ > 0
= W = 2 095
dx2g A d? 2

e
4
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2

X Lx(40) )
= = el IV
dexSﬂSlx(anxd:)'
. [x Lx(4Q) FXLx(40)°
I o TR
0.25x2x 981 % (nx0.25) dx2x9,31x{2xgtxd‘}
or d % (2nd™)* = 0.25 % (1 % 0.25%)°
or dx4xd =0.25x%x0.25
5
or &= 023 ord= ﬂli o BB 0.1894 m = 0.19 m. Ans.
4 (4)7 13195

Problem 11.39 A pipe of diameter 0.4 m and of length 2000 m is connected to a reservoir at one
end. The other end of the pipe is connected to a junction from which two pipes of lengths 1000 m and
diameter 300 mm run in parallel. These parallel pipes are connected to another reservoir, which is
having level of water {0 m below the water level of the above reservoir. Determine the total discharge
if f = 0.015. Neglect minor losses.

Solution. Given :

Dia. of pipe, d=04m
Length of pipe, L =2000m
Dia. of parallel pipes, d, =d,=300 mm =030 m

Length of parallel pipes, L, =L,=1000m
Difference of water level in two reservoir, H = 10 m, f=.015
Applying Bernoulli’s equation to points £ and F. Taking flow through ABC.

4fLV? LArxL XV,

10 =
dx2g d, x2g
_ 4x.015%2000x V? L AX.015x1000 x V;}
T 04x2x98I 03x2x981
=1529 V2 +10.19 v,* (i)
E

From continuity equation
Discharge through AB = discharge through BC + discharge through BD

L
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or Faxv=La2xyv + Faly
4 4 g 1

But d, = d, and also the lengths of pipes 8C and BD are equal and hence discharge through BC and
BD will be same. This means V| = V, also

m LA LA
Ea‘z1«~’=z.a', xv‘+3d' XV, [ dy=dy V, = V)]

=2x ; 4%V, or d°V=2d2V,

or (0.4 V=2 % (0.3)V, or .16V = 0.18 V,
v, =26y _ogsgv
0.18

Substituting this value of V| in equation (7), we get
10 = 15.29 V? + (10.19)(.888)°V* = 15.29 V* + 8.035 V* = 23.325 V*

’ 10
V= = 0.654 m/s
23.325

. Discharge = V X Area

= 0.654 X g & = 0.654 % g (0.4)? = .0822 m%/s. Ans.

Problem 11.40 Two sharp ended pipes of diameters 50 mm and 100 mm respectively, each of
length 100 m are connected in parallel between two reservoirs which have a difference of level of
10 m. If the co-efficient of friction for each pipe is (4f) 0.32, calculate the rate of flow for each pipe
and also the diameter of a single pipe 100 m long which would give the same discharge, if it were
substituted for the original two pipes.

Solution. Given :

Dia. of 1st pipe, dy=50mm=0.05m
Length of 1st pipe, Li=100 m

Dia. of 2nd pipe, dy =100 mm = 0.10 m
Length of 2nd pipe, Ly =100 m

Difference in level in reservoirs, H = 10 m
Co-efficient of friction 4f=0.32

Fig. 11.24

Let V, = velocity of flow in pipe 1, and
V5 = velocity of flow in pipe 2.
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When the pipes are connected in parallel, the loss of head will be same in both the pipes.
For the first pipe, loss of head is given as
2 2
o dfx L xV, = 032 x100 x Vv, (- 4f = 32)
d x2g 0.05 x2 x 9.81

or 10 =32.619 v,

Il
V= .. = 0.5535 m/s
32619

- Rate of flow in Ist pipe, O, = V, X A, = 0.5536 x E (d,)?

5536 x E (0.05) = .001087 m*/s = 1.087 litres/s. Ans.

For the 2nd pipe, loss of head is given by,
Af x Ly x Vs 032100 x V5

10=H= -
d, Xx2g 0.10 x2 x9.81
V, = 10 .10 %2 x9.81 = 0.783 mJs
= 32 %100
. Rate of flow in 2nd pipe, 0, = A, x V, = g dy’ X V,
= E (_])1 % .783 = 0.00615 m>/s = 6.15 litres/s. Ans.
Let D = diameter of a single pipe which is substituted for the two original pipes

L = length of single pipe = 100 m
V = velocity through pipe
The discharge through single pipe,
0=0,+0,=1087 +6.15 =7.237 litres/s = .007237 mfs

Q _ 007237 _ 4x.007237 _ 009214

V= = . 1 /s
Area T DZ - D=
4
Loss of head through single pipe is
009214
; 4fosz [}.BEXIOOx[ ot )
-~ Dx2g D x2 x981
32%100%.009214° 0001384
or 10.0 = . - -
2x981x D D
or D’ = % = .00001384

D = (.0000138)"° = 0.1067 m = 106.7 mm. Ans.
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Problem 11.41 Two reservoir are connected by a pipe line of diameter 600 mm and length 4000 m.
The difference of water level in the reservoirs is 20 m. At a distance of 1000 m from the upper reservoir,
a small pipe is connected to the pipe line. The water can be taken from the small pipe. Find the
discharge to the lower reservoir, if
(i) No water is taken from the small pipe, and
(i) 100 litres/s of water is taken fram small pipe.
Take [ = .005 and neglect minor losses.
Solution. Given :
Dia. of pipe. d =600 mm = (0.60 m
Length of pipe, L=400m
Difference of water level, H=20m,f=.005
(i) No water is taken from small pipe

Fig. 11.25

Af % LxV? 4x. 4 2
e i SR e A eV gy A0S 000

dx2g 0.6 x2 x9.81

20x0.6x2x981
V= =+/2943 = 1.715 m/s
\{ 4 %005 x 4000
.. Discharge, O=Areax V= ; (0.6)> % 1.715 = 0.485 m’/s. Ans.

(i7) 100 litres of water is taken from small pipe
Let (), = discharge through pipe AC
(), = discharge through pipe CB
Then for parallel pipes 0, =0, + 100 litres/s = 0, + 0.1 m’/s

- 0,=(Q,-0.H)m’s (D)
Length of pipe AC, L, =1000m
Length of pipe CB, L, = 4000 - 1000 = 3000 m

Applying Bernoulli’s equation to points £ and F and taking flow through ABC, we have

2o MLVE | AMLVS
dyx2g d, x2g
4
where V, = velocity through pipe AC = & _ %
20

d, = dia. of pipe AC = 0.6

i)
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V, = velocity through pipe CB = = g _ 40

Tne): Tx.36
T(06)

d, = dia. of pipe CB = 0.6
Substituting these values in equation (i), we get

20=4><.005x1000x[ 40, ] +4x.U(J5><3(}U()x[ 40, )

0.6 x 2 x9.81 X .36 0.6 x2x981 T X .36
20=21.25 Q% + 63.75 0, -..(iii)
But from (i), =0,-0lorQ,=0,+ 0.1

Substituting the value of @ in equation (iii), we get
20 = 21.25 (Q, + 0.1)* + 63.75 Q,°
21.55 [Q,° + .01 + 0.2 Q,] + 63.75 0,°
=21.25 Q," + 0.2125 + 4.250 Q, + 63.75 Q,°
85 0,° +4.25 0, + 2125
or 850, +4250,-19.7875=0
This is a quadratic equation in ¢,

— 425+ /4257 + 4 x 85x19.7875

0, = 2x85
-4.25+ /180625 + 6727.75 - 4425+ 8213 _ 8213-4.25
N 170 - 170 170
=0.458 m%s (Neglecting negative root)

~. Discharge to lower reservoir = 0, = 0.458 m’/s. Ans.
» I1.10 FLOW THROUGH BRANCHED PIPES

When three or more reservoirs are connected by means of pipes. having one or more junctions, the
system is called a branching pipe system. Fig. 11.26 shows three reservoirs at different levels con-
nected to a single junction, by means of pipes which are called branched pipes. The lengths, diameters
and co-efficient of friction of each pipes is given. It is required to find the discharge and direction of
flow in each pipe. The basic equations used for solving such problems are :

1. Continuity equation which means the inflow of fluid at the junction should be equal to the
outflow of fluid.

2. Bernoulli’s equation, and

3. Darcy-Weisbach equation

Also it is assumed that reservoirs are very large and the water surface levels in the reservoirs are
constant so that steady conditions exist in the pipes. Also minor losses are assumed very small. The
flow from reservoir A takes place to junction D. The flow from junction D is towards reservoirs C.
Now the flow from junction D towards reservoir B will take place only when piezometric head at D

[Which is equal to P + Z,, | is more than the piezometric head at B (i.e., Zg). Let us consider that flow
Pg

is from D to reservoir B.

L
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or

DATUM LINE

Fig. 11.26
For flow from A to D from Bernoulli’s equation

Pg '

For flow from D to B from Bernoulli’s equation

Ps )
For flow from D to C from Bernoulli’s equation

Zpt BB o7 L p,
P& '
From continuity equation,
Discharge through AD = Discharge through DB + Discharge through DC
% 2V, = g A2 XV, + % 4,2V,
d 2V, = dV, + d;*V,

(1)

-..(11)

(T

.(iv)

There are four unknowns i.e., V,, V,, V5 and £p and there are four equations (), (i7), (i17) and (iv).

Pg

Hence unknown can be calculated,
Problem 11.42 Three reservoirs A, B and C are connected by a pipe system shown in Fig. 11.27.
Find the discharge inta or from the reservoirs B and C if the rate of flow from reservoirs A is
60 litres/s. Find the height of water level in the reservoir C. Take f= .006 for all pipes.

Solution. Given :

Length of pipe AD, L, =1200m

Dia. of pipe AD, d;=30ecm=030m

Discharge through AD, @, = 60 litres/s = 0.06 m*/s

Height of water level in A from reference line, Z, =40 m

For pipe DB, length L, =600 m, dia., d, =20 cm = 0.20 m, Z; = 38.0
For pipe DC, length L =800 m, dia., d; =30 cm = 0.30 m
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Fig. 11.27
Applying Bernoulli’s equations to points E and D, Z, = 7, + Pp , Iy
Pg !
where h}- = M‘ where V, = O = 0.06 = 0.848 m/sec
' d, x2g Area T (3)°
4
4% 1200 x .848°
h = x.006 x 1200 x 848 — 3518 m
' 0.3x2x9.81

‘Z_A=ZD+‘II::—D+3A5[30T4U.D=ZD+&-i-
g

Pg

[zﬂ + ﬂ] = 40.0 - 3.518 = 36.482 m
pe

Hence piezometric head at D = 36.482. But Z; = 38 m. Hence water flows from B to D.

Applying Bernoulli’s equation to points B and D
T o =
= D+p— +h, or38 =36.482 + h
g 2

hy =38 - 36.482 = 1.518 m

_ ALV 45006 X 600 X V5

But hy

* T d,x2g 0.2 x2 %981
| spg 4006 X600 V'
0.2x2x981
- L518x0.2x2x9.81 _ 0.643 ms.
4 x 006 x 600
. T 2 n 2
. Discharge, 0,=V,x % (dy) = 0.643 x 3 x (.2)

= 0.0202 m’/s = 20.2 litres/s. Ans.

=
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Applying Bernoulli’s equation to points 2 and C

Pp
Pg A

L e R

dy x2g T2

or 36.482=2Z-+

But from continuity O, + 0, = 0,
3= 0; + @, = 0.06 + 0.0202 = 0.0802 m*s

Vy= nQ"“ ~ = ?t.oaﬂz = 1.134 m/s
37 “o9
ROMAtY
2
364822z, 4 SX06XB00XLIZT 0,

03x2 x9.81

A Z-=36482 — 4.194 = 32.288 m. Ans.
Problem 11.43 Three reservoirs, A, B and C are connected by a pipe system shown in Fig. 11.28.
The lengths and diameters of pipes 1, 2 and 3 are 800 m, 1000 m, 800 m, and 300 mm, 200 mm and
150 mm respectively. Determine the piezometric head at junction D. Take f = .003.

Solution. Given :

The length of pipe 1, L, = 800 m and its dia., ¢, = 300 mm = 0.3 m
The length of pipe 2, L, = 1000 m and its dia., d, = 200 mm = 0.2 m
The length of pipe 3, Ly =800 m and its dia., dy = 150 mm = 0.15 m
Height of reservoir, A from datum line, Z, = 60 m

Similarly, Zp=40m and Z-= 30 m.

The direction of flow in pipes are shown (given) in Fig. 11.28. Applying Bernoulli’s equation to
points A and D

P8
o z, [z, + 22 =hﬁ4><,r><1,,><v,1=4><.005><300><v,2
pg ' d, x2g 03 x2x981
or 60 — (zﬂ+p—ﬂj =2718 V2 D)
pg
Applying Bernoulli’s equation to points D and B
Z. + P 7y hy, gy W RXEXY
Ps ’ d, x2g

4.005 % 1000 x V5
0.2 %2 x9.81

=40 +

= 40.0 + 5.09 V,°

or (zu + "’iJ —40.0 = 5.09 V> (i)
pg

L
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or

or

or

or

or

N V==

Fig.11.28
Applying Bernoulli’s equation to points J and

Af x L, x Vi 30 4 4005 %800 x V!

[ZD + fﬁ] =Ze+hy, =30+
pg -

[zi, ¥ Eﬁ] = 30.0 + 5.436 V3!
pg
Adding (i) and (ii), we have 60 — 40 = 2.718 V,> + 5.09 V3
20 = 2.718 V2 + 5.09 V;?
Adding (i) and (iii), we have 60 = 2.718 V,* + 30.0 + 5.436 V;
5

60 — 30 = 30 = 2.718 V,* + 5436 V;’
Also from continuity equation, we have

Q=0+,
% dfx V= ; &'V, + % dy’Vy or d’V, = dy’'V, + d5’Vs

0.3°V, = 027V, + 0.15° x V3 or .09V, = .04 V, + .0225 V,

[20-2718
5.09

V3 —
~ 2718 V2
And from (v), V,= %

Substituting the value of V; and V5 in (vi), we get

i =2, 8 30-2.718V;]
0.09 V, = .04 2W-2TBY. s 22 8Y:
5.09 5.436

Squaring both sides, we get

Now from (iv),

5.436

0.09 V)2= (04?2 x| ——ML
( Jo=04) [ 500

s
- 2718% ] +(0.0225)% x

=30+
d, x2g 0.15x2 x9.81

30 -2.718 V2

(i)

(i)

i)

.(vi)

.(vii)

(viii)

+2x.04

0225
" é \( 5.00

20 -2.718 V;° stu ~2.718 V?
5.436
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or 0081 V,*> = 00628 - .000854 V,* + .00279 - .000253 V,* + .0018
or 0081 V2 + .000854 V,* + .000253 V,* = .00628 + .00279 + .0018 = .01087
or .009207 V,* = .01087

V= f 01087 = 1.086 m/s
009207

Substituting this value of V| in (vi) and (viii)

= 1.816 m/s

i _\Iza-z.vlsxvf _JZB—Z?ISXI.DS&Z
o 5.09 ) 5.09

v, = J30 2718 1086° _, 05
5.436
Piezometric head at D=2Z,+ Pp - 30,0 + 5436 x v,

pg
=30.0 + 5.436 x (2.22)° = 56.79 m. Ans.

Problem 11.44 A pipe line 60 cm diameter bifurcates at a Y-junction into two branches 40 cm and
30 cm in diameter. If the rate of flow in the main pipe is 1.5 m’/s and mean velocity of flow in 30 cm
diameter pipe is 7.5 m/s, determine the rate of flow in the 40 cm diameter pipe.

Solution. Given :

Dia. of main pipe, D=60cm=06m
Dia. of branch pipe 1, Dy =40 cm=04m
Dia. of branch pipe 2, D;=30em=03m

Velocity in branch pipe 2, V,=7.5 m/s
Rate of flow in main pipe, Q= 1.5 m?%s

MAIN PIPE

Fig. 11.29
Let ¢, = Rate of flow in branch pipe I,
0, = Rate of flow in branch pipe 2,
() = Rate of flow in main pipe,
Now rate of flow in main pipe is equal to the sum of rate of flow in branch pipes.

o Q=0,+0, i)
But (), = Area of branch pipe 2 % Velocity in branch pipe 2

=
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S A, X V,= g DlixV,= ; (0.3)* x 7.5 = 0.53 m/s

Substituting the values of Q and (0, in equation (7), we pet
1.5=0,+0.53
0, = 1.5 -0.53 = 0.97 m’/s. Ans.

b 11.11 POWER TRANSMISSION THROUGH PIPES

Power is transmitted through pipes by flowing water or other liquids flowing through them. The
power transmitted depends upon (i) the weight of liquid flowing through the pipe and (i) the total head
available at the end of the pipe. Consider a pipe AB connected to a tank as shown in Fig. 11.30. The
power available at the end B of the pipe and the condition for maximum transmission of power will be
obtained as mentioned below :

Fig. 11.30 Power transmission through pipe.

Let L = length of the pipe,
d = diameter of the pipe,
H = total head available at the inlet of pipe,
V = velocity of flow in pipe,
fi, = loss of head due to friction, and f = co-efficient of friction.
The head available at the outlet of the pipe, if minor losses are neglected
= Total head at inlet — loss of head due to friction

 H g AL RESAE NP 5.0
dx2g dx2g

Weight of water flowing through pipe per sec,
W = pg x volume of water per sec = pg X Area X Velocity
L8

The power transmitted at the outlet of the pipe
= weight of water per sec % head at outlet
4fx LxV?

Watts
dx2g ]

= (pgxid2 xV]x[H
4
- Power transmitted at outlet of the pipe,

4 fLv?
p= P8 % p2uyly L kW (1121
1000~ 4 dx2g

=
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Efficiency of power transmission,
Power available at outlet of the pipe

~ Power supplied at the inlet of the pipe

Weight of water per sec x Head available at outlet
Weight of water per sec % Head at inlet

Wx|H-h H-Hh

- ( /) - ¥ +(11.22)
Wx H H

11.11.1 Condition for Maximum Transmission of Power. The condition for maximum

transmission of power is obtained by differentiating equation (11.21) with respect to V and equating

the same Lo zero.

Thus f—I(F']=0
dv
3
or AP K SV N]
dv | 1000 4 dx2g
3 3xf 2
or PE (T H—4X'XIXLXV =10
1000 4 dx2g
2 4 l'_rl
or H—Hx‘;ﬂ'v =0 or H—fix."ffzﬂ ﬂl—zhj.
dx2g dx2g
H
H=3h, fip= — (1123
1 or hy 2 ( )

Equating (11.23) is the condition for maximum transmission of power. It states that power transmit-
ted through a pipe is maximum when the loss of head due to friction is one-third of the total head at
inlet.

11.11.2 Maximum Efficiency of Transmission of Power. Efficiency of power transmis-
sion through pipe is given by equation (11.22) as

H- hlr
"= "h
For maximum power transmission through pipe the condition is given by equation (11.23) as
H
ho=—
=3
Substituting the value of /iy in efficiency, we get maximum 1,
H-H/3 1 2
Nmax = T = | —§=§- or 66.7%. «(11.24)

Problem 11.45 A pipe of diameter 300 mm and length 3500 m is used for the transmission of power
by water. The total head at the inlet of the pipe is 500 m. Find the maximum power available at the
outlet of the pipe, if the value of [ = .006.

Solution. Given :

Diameter of the pipe, d =300 mm=0.30m

L
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Length of the pipe, L= 3500 m

Total head at inlet, H=500m

Co-efficient of friction, f=.006

For maximum power transmission, using equation (11.23)

ﬁf= E = @ = 166.7 m
3 3

4% fxLxV'  4x.006x3500%V*
dx2g  03x2x98l

Equating the two values of ."i'f, we get

Now h= = 1427 V*

166.7 = 14.27 V:or V = 1667 _ 3.417 m/s
14.27

.. Discharge, 0 =Vx Area
T 2 P18 2 3
= 3417 x 7Y (dy” = 3417 x T (.3)" = 0.2415 m/s

Head available at the end of the pipe
H 2H 2x500

=H-h=H-—=— =33333m
3
head h d of pi
. Maximum power available = pax ) xhead at iheend of plpe kW
1000
. 1000 x 9.81 :(Uﬁgls x 33333 KW = 689.7 KW. Ans.

Problem 11.46 A pipe line of length 2000 m is used for power transmission. If 110.3625 kW power
is 1o be transmitted through the pipe in which water having a pressure of 490.5 Nfem® at inlet is
flowing. Find the diameier of the pipe and efficiency of transmission if the pressure drop over the
length of pipe is 98.1 Niem®. Take = .0065.

Solution. Given :

Length of pipe. L =2000 m
Power transmitted = 110.3625 kW
Pressure at inlet, p = 490.5 Nfem? = 490.5 x 10" N/m*
a
. Pressure head at inlet, H = . = sl =500 m [+ p=1000]
Pg 1000 x 9.81
Pressure drop =98.1 N/em” = 98.1 x 10* N/m?
4 4
.. Loss of head, Iy = Skl = abLoe D =100 m
pg 1000 = 9.81

Co-efficient of friction, f=.0065
Head available at the end of the pipe = H — h,= 500 - 100 = 400 m
Let the diameter of the pipe =d

L
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o pg X Q% (H —hy
Now power transmitted is given by, P = kW
1000
or 1103625 = 1000 x 9.81 x O x 400
1000
_ 1103625 x 1000 - 0.02812
1000 x 981 x 400
But discharge, Q0 = Area x Velocity = % d*xV
T £xv=02812
4
Ve .28122%4 2 0.03158 D)
md d”
The head lost due to friction, = b 5Ll
dx2g
But hf= 100 m
100 < $XSXLXV? _ 4x.0065x2000x V*
- dx2g N d x2x9.81
_265xV? 265 x(.{)SSST 003396
d d d* d®
. From equation (i), V= '03?8
d‘—
0033
100 = 003596
1/5
or d= ['0{:?}%) =0.1277 m = 127.7 mm. Ans.

Efficiency of power transmission is given by equation (11.22),

H-h :
= s - 500100 _ 0.80 = 80%. Ans.
H 500

n

Problem 11.47 For Problem 11.46, find : (i) the diameter of the pipe corresponding to maximum

efficiency of transmission, (ii) diameter of the pipe corresponding to 90% efficiency of

transmission.
Solution. (i) Diameter of pipe corresponding to maximum efficiency.
Let the dia. of pipe forn,,,, =4d

But from equation (11.24), 1., = 66.67% = %

H-h, 2 500-h, 2
or —== 0o ——— ==
H 3 500 3

L
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or hf=500—500xizwzﬂ=]66.?m
3 3 3
The other data given from Problem 11.46,
Power transmitted =110.3625
Length of pipe, L =2000m

Co-efficient of friction, f=.0065
Power transmitted is given by the relation,

P=pngx(H-—hf}

1000
*YUal XX - .
- 110.3625 = 1000 x 9.81 x @ x (500 — 166.7)
1000
o g 110.3625 x 1000 = 0.03375 ms
1000 x 9.81 x (500 — 166.7)
But () = area of pipe x velocity of flow

= % d*x Vv {where V = velocity of flow |

003375=2 £x Vv

4
0.03375x4  0.04297 ;
V= 2 = 3 [f:l
Txd” d-
2
Now the head lost due to friction, “I = 6 L4
Todx2g
But hy=166.7 m
166.7 = 4 % 0065 2000 V-
dx2x981
_ 265V 265 X[.ng?]z 00489 [ . .-:}429?']
4 d a ) ' d>
& = 2989 _ 00002933
166.7

-~ d = (.00002933)'° = 0.1240 m = 124 mm. Ans.
(i) Let the diameter of pipe., when efficiency of transmission is 90% = d
n=90% =009
H - .fzJ,
H

But i is given by equation (11.22) as, M = = (.9

But H=500m

L
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500 - h,
L 209 or 500-500x 09 =k or 500450 = hy
500 - |

o he= 500 — 450 = 50 m
The other given data is, P = 1103625, L = 2000, f = .0065

_ o peXxOx|H-h
Using relation for power transmission, P = ( f)

1000
4 4 -
o —— 1000 % 9.81 x Q % (500 — 50)
1000
0= M03625X1000 o s
1000 x9.81 % (500 - 50)
But o=l Piy
4
L Puiiei0s o e 22X4, D6 (i)
4 d - d
. 41LV?
Now the head lost due to friction, h, =
x2g
4% .0065%2000%  (.03183) .002685
or 50 = " - = =
dx2g d* d’
&5 = 992685 _ 000537

50
d = (.0000537)"% = 1399 m = 140 mm. Ans.

b 11.12 FLOW THROUGH NOZZLES

Fig. 11.31 shows a nozzle fitted at the end of a long pipe. The total energy at the end of the pipe
consists of pressure energy and kinetic energy. By fitting the nozzle at the end of the pipe. the total

energy is converted into kinetic energy. Thus nozzles are used, where higher velocities of flow are
required. The examples are :

B T
H DIA=D BASE OF
p NOZZLE
__L___,v___i P
|
/_" PIPE NOZZLE
I L -

Fig. 11.31 Nozzle fitted to a pipe.

=
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1. In case of Pelton turbine, the nozzle is fitted at the end of the pipe (called penstock) to increase

velocity.
2. In case of the extinguishing fire, a nozzle is fitted at the end of the hose pipe to increase velocity.
Let D = diameter of the pipe, L = length of the pipe,

A = area of the pipe = E 5 25

V = velocity of flow in pipe,

H = total head at the inlet of the pipe,

d = diameter of nozzle at outlet,

v = velocity of flow at outlet of nozzle,

T A
¢ = area of the nozzle at outlet = — -,

[ = co-efficient of friction for pipe.

4fLv?
2gx D
.. Head available at the end of the pipe or at the base of nozzle
= Head at inlet of pipe — head lost due to friction

:H—hf= (H-4ILV-]

Loss of head due to friction in pipe, f,=

2gx D
Neglecting minor losses and also assuming losses in the nozzle negligible, we have
Total head at inlet of pipe = total head (energy) at the outlet of nozzle + losses

2

. . v
But total head at outlet of nozzle = kinetic head = —

2g
2 2 2 4 z
IR . 14 =]
2g 2¢g  2gD 2¢D
From continuity equation in the pipe and outlet of nozzle,
AV =av
y= 2
A

Substituting this value in equation (i), we get

H—L+4ﬂﬂx(£]-=i+&=i l+4'rL{:P
A) " 2a 2axDxA® 28| DA’

" 2¢ 2gD

(11.25)

*. Discharge through nozzle = a X v.
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11.12.1 Power Transmitted Through Nozzle. The kinetic energy of the jet at the outlet of
| R
nozzle = — mv~
2
Now mass of liquid at the outlet of nozzle per second = pav

T : 1 1
Kinetic energy of the jet at the outlet per sec. = 3 pav % v = ) pm's

'.‘
pav’
Power in kW at the outlet of nozzle = (K.E./sec) x ; =
1000 1000
Efficiency of power transmission through nozzle,
l a‘lfs
5 P
_ Power at outlet of nozzele 100
Power at the inlet of pipe pg-Q.H
1000
1 1 2
— pav.y —pav.v
:2 - :2 {'.'Q=CIV}
pe.QO.H pgav.H
= 2"'H =|— - -(11.26)
& 1+ AL % ﬂ,,
D A
. v’ 1
-~ From equation (11.25), = <
2gH 47 a”
I i T
D A°

11.12.2 Condition for Maximum Power Transmitted Through Nozzle. We know that,
the total head at inlet of pipe = total head at the outlet of the nozzle + losses

’

v
" total head at outlet of nozzle =

2 and
ie., H= 2ty 28
8 B . T
h, = ——— = loss of liquid in pipe
i Dx2g q pIp
_Y L 4LV
2g Dx2p

v - 4.f.L.V?
28 Dx2g
: pav’ ] pav : pav
gPaY  SPAY i PP 4.f.L.V?
But power transmitted through nozzle = 2 =iz % y2=2 {Zg [H - fiﬂ

1000 1000 1000

L
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_ pgav |:H—4'fLV-} «A 1137

1000

Now from continuity equation, AV = av

Dx2g

av
A
Substituting the value of V in equation (11.27), we get

Vi=

-

pegav {H’ dfLa’ v* }

Power transmitted through nozzle =

1000 | Dx2g A
d( P
The power (P) will be maximum, when i' ) =0
v
or i pgav H_ 4 fL a"E” —0
dv | 1000 Dx2g A°
= s
or 2| pga g o AT u; =0
dv | 1000 Dx2g A
or P8a H-3 a L a-li- =0or H-3x A x V=0 [ V:ﬁ)
1000 Dx2g A° Dx2g A
H-3h=0 4LV h1. = head loss in pi
or - 3h, = =i, = head loss in pi
! Dx2g EHe
or h_', = g .(11.28)

Equation (11.28) gives the condition for maximum power transmitted through nozzle. It states that
power transmitted through nozzle is maximum when the head lost due to friction in pipe is one-third

the total head supplied at the inlet of pipe.
11.12.3 Diameter of Nozzle for Maximum Transmission of Power Through Nozzle.

H
maximum transmission of power, the condition is given by equation (11.28) as, h_,: ?
W
i poo MLV
’ Dx2g
41V? 4fLV*?
JL — E or H=3 % JL
Dx2g 3 Dx2g
But H is also = total head at outlet of nozzle + losses
= 2 4fLV?
=Y vh=" s f

2¢ ' 2g Dx2g

L



Equating the two values of H, we get

4

2 2 2 2 2 2
sy MLV VAV AV 4wy v

Dx2g 2¢ Dx2g Dx2g Dx2g 2g
2 2
or /24 = (i)
Dx2g 2g

But from continuity, AV=avor V= av

-Substituting this value of V in equation (i), we get

=-— or

2.2 2
AN T N
Dx2g A 2g D Al

[Dividc by i] ...(ii)
2g

%x(;"z)z o S d

or y =lor —=——X 4=lord‘=_
D (n 1) D D 8L
—D
4
s \I4
d= (D_J (11.29)
8/L
) 2
From equation (ii), E_& = A—z
D a
A_ 3L .(11.30)
a D

Equation (11.30) gives the ratio of the area of the supply pipe to the area of the nozzle and hence
from this equation, the diameter of the nozzle can be obtained.

Problem 11.48 A nozzle is fitted at the end of a pipe of length 300 m and of diameter 100 mm. For
the maximum transmission of power through the nozzle, find the diameter of nozzle. Take f = .009.
Solution. Given :

Length of pipe, L=300m

Diameter of pipe, D=100 mm =0.1 m
Co-efficient of friction, f=.009

Let the diameter of nozzle =d

For maximum transmission of power, the diameter of nozzle is given by relation (11.29) as

14 114

D’ 0.1°

d=|{—| ={z—~—>—| =0.02608 m=26.08 mm. Ans.
8fL 8 %.009 x 300

Problem 11.49 The head of water at the inlet of a pipe 2000 m long and 500 mm diameter is
60 m. A nozzle of diameter 100 mm at its outlet is fitted to the pipe. Find the velocity of water at the
outlet of the nozzle if f = .01 for the pipe.

Solution. Given :

Head of water at inlet of pipe, H = 60 m
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Length of pipe, L= 2000 m
Dia. of pipe, D = 500 mm = 0.50 m
Dia. of nozzle at outlet, d=100mm=0.1m
Co-efficient of friction, f=.01
The velocity at outlet of nozzle is given by equation (11.25) as
b= 2gH B 2x9.81x60
4fL a* Ty
[“‘jx?) |, 4x01x2000] 4¢
\ (.5 T p?
4
= 239 81.x 50 — = 30.61 m/s. Ans.
4x.01x2000 ( 01x.11)
1+ x
0.5 05x.5

Problem 11.50 Find the maximum power transmitted by a jet of water discharging freely out of
nozzle fitted to a pipe = 300 m long and 100 mm diameter with co-efficient of friction as 0.01. The
cavailable head at the nozzle is 90 m.

Solution. Given :

Length of pipe, L=300m

Dia. of pipe. D =100 mm=10.1m
Co-efficient of friction, f=.01

Head available at nozzle, =90 m

For maximum power transmission through the nozzle, the diameter at the outlet of nozzle is given

by equation (11.29) as
PN 5 L4
d= L2l = & =.0254 m
87L 8 x.01x 300

. Area at the nozzle, a= E = ; (.0254)% = .0005067 m>.

The nozzle at the outlet, discharges water into atmosphere and hence the total head available at the
nozzle is converted into Kinetic head.

Head available at outlet = L'EIZg or 90 = 1'21’2,13

v=4/2 x9.81x90 =42.02 m/s

Discharge through nozzle, @ =a x v =.0005067 x 42.02 = 0.02129 m*/s

pg % @ x Head at outlet of nozzle
1000

_ 1000 x 9.81 % 0.02129 x 90

1000
Problem 11.51 The rate of flow of water through a pipe of length 2000 m and diameter | m is
2 m'/s. At the end of the pipe a nozzle of outside diameter 300 mm is fitted. Find the power transmitted

s Maximum power transmitted =

= 18.796 kW. Ans.

L
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through the nozzle if the head of water at inlet of the pipe is 200 m and co-efficient of friction for

pipe is 0.01.
Solution. Given :

Length of pipe, L =2000m

Dia. of pipe, D=1m

Discharge, Q=2m's

Dia. of nozzle, d=300mm=03m

Head at inlet of pipe, H =200 m

Co-efficient of friction, fF=.01

Now area of pipe, A= % D’= % x 17 = 0.7854 m*

. ; [¢) 2.0

Velocity of water through pipe, V= == = 2.546 m/s

. R A 07854

Power transmitted through nozzle is given by equation (11.27) as

p= pg.a.v g 4 fLV=
1000 Dx2g

4 .01 %2000 x (2.546)°

_ 1000 x981x2.0 |,
- 1000

= 3405.43 kW. Ans.

> 11.13 WATER HAMMER IN PIPES

cav=10
[x2x981 }{ w=o

Consider a long pipe AB as shown in Fig. 11.32 connected at one end to a tank containing water at
a height of H from the centre of the pipe. At the other end of the pipe, a valve to regulate the flow of
water is provided. When the valve is completely open, the water is flowing with a velocity, V in the
pipe. If now the valve is suddenly closed, the momentum of the flowing water will be destroyed and
consequently a wave of high pressure will be set up. This wave of high pressure will be transmitted
along the pipe with a velocity equal to the velocity of sound wave and may create noise called knock-
ing. Also this wave of high pressure has the effect of hammering action on the walls of the pipe and

hence it is also known as water hammer.

B VALVE

A
——Y

| |

Fig. 11.32 Water bhammer.

The pressure rise due to water hammer depends upon : (i) the velocity of flow of water in pipe,
(ii) the length of pipe, ({ii) time taken to close the valve, (iv) elastic properties of the material of the
pipe. The following cases of water hammer in pipes will be considered :

1. Gradual closure of valve,
2. Sudden closure of valve and considering pipe rigid, and
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3. Sudden closure of valve and considering pipe elastic.

11.13.1 Gradual Closure of Valve, Let the water is flowing through the pipe AB shown in
Fig. 11.32, and the valve provided at the end of the pipe is closed gradually.
Let A = area of cross-section of the pipe AB,
L = length of pipe,
V = velocity of flow of water through pipe.
T'=time in second required to close the valve, and
;2 = intensity of pressure wave produced.
Mass of water in pipe AB = p x volume of water=p x A X L
The valve is closed gradually in time *7” seconds and hence the water is brought from initial
velocity V to zero velocity in time seconds,

_ Change of velocity V-0 _V

~. Retardation of water - =
Time T T

Vv
.. Retarding force = Mass % Retardation = pAL x 'F ..(1)

If p is the intensity of pressure wave produced due to closure of the valve, the force due to
pressure wave,

= p x area of pipe = p x A (I
Equating the two forces, given by equations (i) and (if),

v
ALX —=pxA
p T =P

pLV
= H411:31)
P="r (
2 pLV pLV LV
Head of pressure, H="—= = or H=— 11.32)
pg PexT pxgxT gT
(i) The valve closure is said to be gradual if T > & ..(11.33)
where 1 = time in sec, C = velocity of pressure wave
(i) The valve closure is said to be sudden if T < ~2—£ -.(11.34)

where C = velocity of pressure wave.

11.13.2 Sudden Closure of Valve and Pipe is Rigid. Equation (11.31) gives the relation
between increase of pressure due to water hammer in pipe and the time required to close the valve. If
t = 0, the increase in pressure will be infinite. But from experiments, it is observed that the increase in
pressure due o water hammer is finite, even for a very rapid closure of valve. Thus equation (11.31) is
valid only for (i) incompressible fluids and (ii) when pipe is rigid. But when a wave of high pressure is
created, the liquids get compressed to some extent and also pipe material gets stretched. For a sudden
closure of valve [the valve of 1 is small and hence a wave of high pressure is created] the following two
cases will be considered :

(i) Sudden closure of valve and pipe is rigid, and

(fi} Sudden closure of valve and pipe is elastic.



Flow Through Pipes 543

Consider a pipe AB in which water is flowing as shown in Fig. 11.32. Let the pipe is rigid and valve

fitted at the end B is closed suddenly.
Let A = Area of cross-section of pipe AB,
L = Length of pipe,
V = Velocity of flow of water through pipe,
= Intensity of pressure wave produced,
K = Bulk modulus of water.
When the valve is closed suddenly, the kinetic energy of the flowing water is converted into strain
energy of water if the effect of friction is neglected and pipe wall is assumed perfectly rigid.

e 1 . .. s
Loss of kinetic energy = 3 »x mass of water in pipe x V°

=%prLx v ("> mass=p x volume = p x A x L)

-

1 2
Gain of strain energy = — B * volume = lP_ x AL
2\ K 2 K

Equating loss of Kinetic energy to 2ain of strain energy
‘J

—ptu. x V2 = ——xAL
2 K

or ——px'fl."_.x'V‘)(E-p.‘{".r'2

p=pkv? = V{Kp=V, r .(1135)

=pVxC (- yKIp=C) ..(1136)

where C = velocity® of pressure wave.

11.13.3 Sudden Closure of Valve and Pipe is Elastic. Consider the pipe AR in which water
is flowing as shown in Fig. 11.32. Let the thickness f of the pipe wall is small compared to the
diameter D of the pipe and also let the pipe is elastic.
Let £ = Modulus of Elasticity of the pipe material,
1 ; ;
— = Poisson’s ratio for pipe material,
m
p = Increase of pressure due to water hammer,
t = Thickness of the pipe wall,
D = Diameter of the pipe.
When the valve is closed suddenly, a wave of high pressure of intensity p will be produced in the

water. Due to this high pressure p, circumferential and longitudinal stresses in the pipe wall will be
produced.

Let [y = Longitudinal stress in pipe

[f. = Circumferential stress in pipe,
ph
20

Now from the knowledge of strength of material we know, strain energy stored in pipe material per
unit volume

D
The magnitude of these stresses are given as f, = 2= and f, =

# Tor derivation of velocity of pressure wave, please refer to chapter 15.
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Taking —=

. Strain energy stored in pipe material per unit volume

T2E| 160 4 4 x4
Total volume of pipe material = ©D x ¢ x L.
Total strain energy stored in pipe material
= Strain energy per unit volume x total volume

2E° 4 8E°

EDE 2 Dj
“PD s apxixp=2TL
Ef 8E1

p’xmD’ x DL _ p’Ax DL
SEI 2E1

2
[ “‘3 = Area of pipe = A]

Now loss of kinetic energy of water = % mV* = % pAL x V* (- m= pAL)

9

l 2 2
Gain of strain energy in water = — 2 * volume = Ly X AL
2\ K 2 K
Then, loss of kinetic energy of water = Gain of strain energy in water + Strain energy stored in pipe
material.

2

2 PAL X V* = e
2 K
v: o1 pt
Divide by AL, A AEEL S SR
2 2K
g B (11.37)

L
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11.13.4 Time Taken by Pressure Wave to Travel from the Valve to the Tank and
from Tank to the Valve
Let T = The required time taken by pressure wave
L = Length of the pipe
C = Velocity of pressure wave
Then total distance = L+ L= 2L

. Time, T= Dlsianes o A11.38)
Velocity of pressure wave — C
Problem 11.52 The water is flowing with a velocity of 1.5 m/s in a pipe of length 2500 m and of
diameter 500 mm. At the end of the pipe, a valve is provided. Find the rise in pressure if the valve is
closed in 25 seconds. Take the value of C = 1460 m/s.
Solution. Given :

Velocity of water, V=1.5m/s
Length of pipe, L=2500 m
Diameter of pipe, D=500mm=05m
Time to close the valve, T = 25 seconds
Value of, C = 1460 m/s
Let the rise in pressure =p

2L 2x2500

The ratio, =342

C 1460

From equation (11.33), we have it T'> % the closure of valve is said to be gradual.
Here T =25 sec and 2—; =342

2
T> FL and hence valve is closed gradually.

For gradually closure of valve, the rise in pressure is given by equation (11.31) as

p="2 = 1000 x 2500 x 22 = 150000 N/m?
T 2

i 150040{} ig - 15.0
107 cm cm
Problem 11.53 [fin Problem 11.52, the valve is closed in 2 sec, find the rise in pressure behind
the valve. Assume the pipe to be rigid one and take Bulk modulus of water.

ie, K=19.62 x10° Niem’.

Solution. Given :

N
7+ Ans.

V=15m/s, L=2500m
D =500 mm=0.5m
Time to close the valve, T =2 sec
Bulk modulus of water, K =19.62 x 10* N/em?
=19.62 x 10* x 10" N/m* = 19.62 x 10® N/m*

Velocity of pressure wave is given by,

=
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b
p V7 1000

2L _ 2x2500 _ 2L

The ratio, —= 3.57 5 Te—,
C 1400 C

. . 2L .
- From equation (11.34), if T < —C- valve is closed suddenly. For sudden closure of valve, when

pipe is rigid, the rise in pressure is given by equation (11.35) or (11.36) as

p=V JKp = 1.5 {19.62 % 10* x 1000 (- p=1000)

=210.1 % 10* N/m? = 210.1 N/em?>. Ans.

Problem 11.54 If in Problem 11.52, the thickness of the pipe is 10 mm and the valve is suddenly
closed at the end of the pipe, find the rise in pressure if the pipe is considered to be elastic. Take
E = 19.62 x 10" N/m’ for pipe material and K = 19.62 x 10* N/em® for water. Calculate the
circumferential stress and longitudinal stress developed in the pipe wall.
Solution. Given :
V=15m/s, L=2500m, D=05m

Thickness of pipe, t=10mm=.01m
Modulus of elasticity, E=19.62x 10" N/m?
Bulk modulus, K = 19.62 x 10* N/fem® = 19.62 x 10® N/m*

For sudden closure of the valve for an elastic pipe, the rise in pressure is given by equation (11.37) as

P 1000

— = 15%
(LEJ _1 . 0.5
K Et 19.62 10" 19.62 x10" % .01

1000
1.5 %
(5.09 x10 % +254 %10 “]]

1715510 N/m® = 171.55 N/em®. Ans.
Circumferential stress (f.) is given by
_pxD 17155x0.5

]

= 4286.9 N/m>

2t 2x.01
e T1.55 % 0.
Longitudinal stress is given by, f, = p4 4 = ! L 2 010 3 =2143.45 N/m?. Ans.
! %

Problem 11.55 A valve is provided at the end of a cast iron pipe of diameter 150 mm and of
thickness 10 mm. The water is flowing through the pipe, which is suddenly stopped by closing the
valve. Find the maximum velocity of water, when the rise of pressure due to sudden closure of
valve is 196.2 Nfcm®. Take K for water as 19.62 x 10° N/fem® and E for cast iron pipe as
11.772 x 10° Nfem”.

Solution. Given :

Diameter of pipe, D=150mm=0.15m

Thickness of pipe, t=10mm=.01m

=
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Rise of pressure, p = 196.2 Njem® = 196.2 x 10* N/m’

Bulk modulus, K = 19.62 x 10* Nfem® = 19.62 x 10® N/m*

Modulus of elasticity, E = 11.772 x 10° Nfem® = 11.772 x 10" N/m?

For sudden closure of valve and when pipe is elastic, the pressure rise is given by equation (11.37) as

1000

1 0.15
. +
19.62 x10% 11772 x 10" % .01

1000
509%10° " +1274%x 107"

—vx [—00 _ _yy12527 % 10°
6.364 x 107"

~ 1962 x10*
12527 x10%
. Maximum velocity = L.566 m/s. Ans.

or 196.2 % 104=V><J

= 1.566 m/s

> 11.14 PIPE NETWORK

A pipe network is an interconnected system of pipes forming several loops or circuits. The pipe
network is shown in Fig. 11.33. The examples of such networks of pipes are the municipal water
distribution systems in cities and laboratory supply system. In such system, it is required to determine
the distribution of flow through the various pipes of the network. The following are the necessary
conditions for any network of pipes :

(i) The flow into each junction must be equal to the flow out of the junction. This is due to
continuity equation.

(i) The algebraic sum of head losses round each loop must be zero. This means that in each loop,
the loss of head due to flow in clockwise direction must be equal to the loss of head due to flow in
anticlockwise direction.

(ifi) The head loss in each pipe is expressed as /i, =rQ". The value of r depends upon the length of
pipe, diameter of pipe and co-efficient of friction of pipe. The value of n for turbulent flow is 2. We
know that,

Qﬂ

, 4fLx|=
o AXSXLXVE fx[a] y=2__0
I Dx2g - Dx2g A Tp

4
~ 4fLxQ° ~ 4fLx Q"
szgx(“DE] szgx(“) x D*

4 4

_ AfxLxQ’

o

m\" 5
Zex| —| xD
3[4)

L
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2
n 5
2 D
gx(4) x

This head loss will be positive, when the pipe is a part of loop and the flow in the pipe is clockwise.

Generally, the pipe network problems are difficult to solve analytically. Hence the methods of
successive approximations are used. ‘Hardy Cross Method’ is one such method which is commonly
used.

11.14.1 Hardy Cross Method. The procedure for Hardy Cross Method is as follows :

1. In this method a trial distribution of discharges is made arbitrarily but in such a way that
continuity equation is satisfied at each function (or node).

2. With the assumed values of Q, the head loss in each pipe is calculated according to equation (11.39).

3. Now consider any loop (or circuits). The algebraic sum of head losses round each loop must be
zero. This means that in each loop, the loss of head due to flow in clockwise direction must be equal
to the loss of head due to flow in anticlockwise direction.

4. Now calculate the net head loss around each loop considering the head loss to be positive in
clockwise flow and to be negative in anticlockwise flow.

If the net head loss due to assumed values of Q round the loop is zero, then the assumed values
of Q in that loop is correct. But if the net head luss due to assumed values of Q is not zero, then the
assumed values of Q are corrected by introducing a correction AQ for the flows, till the circuit is
balanced.

The correction factor AQ* is obtained by

=rQ? (11.39) | where

=r

/

AQ= —:—2—12?-— ..(11.40)

2
Zrn N

For turbulent flow, the value of n = 2 and hence above correction factor becomes as
X
2 2r Q,

5. If the value of AQ comes out to be positive, then it should be added to the flows in the clock-
wise direction (*.* the flows in clockwise direction in a loops are considered positive) and subtracted
from the flows in the anticlockwise direction.

6. Some pipes may be common to two circuits (or two loops), then the two corrections are
apphcd to these plpes

L(11.41)

* Lcl for any plpe O = a.ssumed cllschargc and Q = correct discharge, then
0= Qo +AQ
*. Head loss for the pipe, hy= =rQ’= nQ, +AQ).
For complete circuit, the net head loss, Th.= X (rQ%) = Er (Q, + AQJ = 5r(Q} + 20,0 + AQY)
= Er (Ql, + 20, AQ) As AQ is small compared with @, and hence AQ? can be neglected.
X rQ? = £ 10y’ + Erx 20,A0
For the correct d:stnbunon. the net head loss for a circuit should be zero (i.e., Zh = X ( r@%) = 0)
LrQ2 + Erx 20,A0Q =0

or ErQo + AQ Zr x 20, = 0 [As AQ is same forone circuit, hence it can be taken out of the summation]

-ZrQ¢

AQ = .
= 22r @,
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7. After the corrections have been applied to each pipe in a loop and to all loops, a second trial
calculation is made for all loops. The procedure is repeated till AQ becomes negligible.

£

NG e F =y E

dunction

(Mode) ‘} Y

Y
G - H
r Y

(Mode) T -

£
o,
B c D%i

Fig. 11.33  Pipe network.
|Loops are : ARCGFA, FEGF, GEHG, GHDG and GCDG|

Problem 11.56 Calculate the discharge in each pipe of the network shown in Fig. 11.34. The pipe
network consists of 5 pipes. The head loss .h'f- in a pipe is given by h, =r() %, The values of r for various
pipes and also the inflow or outflows at nodes are shown in the figure.

A &5
r=2
D g 40
r=4 g=1 re1
A e
90 r=2 B a3
Fig. 11.34

Solution. Given :

Inflow at node A = 90, outflow at B = 30, at C = 40 and at D = 20.

Values of r for AB = 2, for BC = 1, for CD = 2, for AD = 4 and for 8D = 1.

For the first trial, the discharges are assumed as shown in Fig. 11.34 (a) so that continuity is satistied
at each node (i.e., flow into a node = flow out of the node). For this distribution of discharge, the
corrections AQ for the loops ABD and BCD are calculated.

A

20 c
D 20'.—- 40
30 10
A A
A | - T
90 60 B 4

Fig. 11.34(a)
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In the loop ADB, the head loss h, is negative in pipes DB
and AB as the direction of discharges in these pipes is

anticlockwise.

As AQ is positive for loop ADB, hence it should be added
to the flow in the clockwise direction and subtractedfrom
the flow in the anticlockwise direction. Hence the corrected
flow for second trial for loop ADB will be as follows :

Pipe AD = 30 + 7.4 = 37.4 (flow is clockwise)
Pipe AB =60 — 7.4 = 52.6 (flow is anticlockwise)
Pipe BD = 10 - 7.4 = 2. 6 (flow is anticlockwise)

First Trial
Loop ADB Loop DCB
Pipe r Q@ h=r0; 2rQ, Pipe r Q, h=r0; 2rQ,
AD 4 30 4x30°=3600 2% 4% 30 = 240 DC 2 20 2x20%=800 2% 2 %20 =80
DB 1 10 —1x10°=-100 2x1x10=20 CR 1 20 —1x20°=-400 2x1x20=40
AB 2 60 —2x607=-7200 2x2x60=240 BD 1 10 1xI10°=100 2% 1% 10=20.
20, =—-3700.  £2rQ, =500, 22 007=500  E2r0,= 140
2
AQ= erg: I(3"“}"[-“)'=‘f,4 L AQ = Erdy 500_-‘5.5? =-36
Z2rg, 500 Z2rg, 140

The head loss in pipe BC for loop DCB is negative
as the direction of discharge in pipe BC in
anticlockwise.

As AQ is negative for loop DCE, hence it should be
subtracted from the flow in the clockwise direction
and added to the flow in the anticlockwise direction.

Hence corrected flow for second trial for loop DCE

will be as follows :

Pipe DC=20-36=164

Pipe BC =20+ 3.6 =236

Pipe BD*=2.6-36=-1

Note. The pipe BD is common to two loops (i.e., loop ADB and loop DCB). Hence this pipe will get two corrections,
After the two corrections, the resultant flow in pipe BD is negative in loop DCB. Hence the direction of flow will be

anticlockwise in pipe BD for loop DCB.

A
20 c
D 152 40
1 r=2
374 r=
) A 23
r=4
r=1
A r=2 aca P
90 526 B 3
Fig. 11.34 (b)
The distribution of discharges in various pipes for second trial is shown in Fig. 11.34 (b). For second trial the

carrection AQ for loops ADR and DCRB are calculated as follows :
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Loop ADR Loop DCB
Pipe r @, he=rQy 2rQ, Pipe r @,  he=r0; 210,
AD 4 374 4x374%=5595 2x4x374=2092| DC 2 164 2% 164°=5379 2x2x%164=656
DB 1 1 1x1%=1 Ixlxl=2 CB 1 236 —1x236°-5569 2x1%236=472
AB 2 526 —2x526°=-55335 2x2x526=2104| BD 1 1 -—-1x1’=-1 2x1lx1=2
20, =6254, E20,=5116 0, =-20, X2rQ,=1148
25
. ﬁQ_—z—rQa_‘ 62.54 A __ZrQO__("m)
& erQD —5116 22,,90 1148
- 0122 =_01 ==Y _ping
1148
=02

As AQ is negative, hence it should be subtracted from the
flow in the clockwise direction and added to the flow in the
anticlockwise direction

As the correction (AQ) is small (i.e.. AQ =—0.1). this
correction is applied and further trials are discontinued.
Hence corrected flow for

loop ADB will be as follows :

For pipe AD. 0, =37.4 — 0.1 = 37.3 (as flow is clockwise)
For pipe DB, 0, =1 —0.1 = 0.9 (as flow is clockwise)

For pipe AB, @, = 52.6 + 0.1 = 52.7 (as flow is anti-
clockwise)

As AQ is positive, hence it should be added to the
flow in the clockwise direction and subtracted from
the flow in the anticlockwise direction.

As the correction (A()) is small (i.e., AQ = (1.2), this
correction is applied and further trials are discontinued.
Hence corrected flow

for loop DCE will be as follows :

For pipe DC, @, = 16.4 + 0.2 = 16.6 (clockwise flow)
For pipe CB, @, = 23.6 — 0.2 = 23.4 (anticlockwise
flow)

For pipe BD, @, = 0.9 — 1.2 = 0.7 (anticlockwise
flow)

The final distribution of discharges in each pipe is as follows :

Discharge in pipe  AD =373 from A to D
AB =527 from A to B
DB =0.7 from Dto B
DC = 16.6. from D to C
BC=234fromBto C

The final discharge in each pipe is shown in Fig. 11.34 (¢)

A -
c
D 168 40
37.3 0.7
A 1" 234
A | - | -
90 527 B 39

Fig. 11.34 (¢)
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MNote. The pipe DB is common to two loop (i.e., loops ADB and loop DBC). Hence this pipe will get two
corrections. For loop ADB, the correction AQ = — 0.1 and hence the corrected flow in pipe DB is 1 — 0.1 = 0.9,
Now again, the correction is applied to pipe DB when we consider loop DBC. For loop DBC, the correction
AQ = (0.2 but flow is anticlockwise and hence the final correct flow in pipe DB will be 0.9 - 0.2 = 0.7,

HIGHLIGHTS

1. The energy loss in pipe is classified as major energy loss and minor energy losses. Major energy loss
is due to friction while minor energy losses are due to sudden expansion of pipe, sudden contraction
of pipe, bend in pipe and an obstruction in pipe.

4fLV?

dx2g’

3. The head loss due to friction in pipe can also be calculated by Chezy's formula.

V = C+/mi Chezy’s formula
where C = Chezy's Constant

2. Energy loss due o friction is given by Darcy Formula, i =

: d
m = Hydrualic mean depth = 7 (for pipe running full)
V = Velocity of flow
h
i = Loss of head per unit length = Tf

hf-* L x i, where i is obtained from Chezy’s formula.

(V- W)’
4. Loss of head due to sudden expansion of pipe, fi_= 27‘
8
where V, = Velocity in small pipe, V; = Velocity in large pipe.
2
5. Loss of head due to sudden contraction of pipe, & = —1-— 1 l"z_
Ce 28
where C. = co-efficient of contraction = (1.375 V_2 w{For C.=0.62)
Vz
=105 -22— ..(if value of C, is not given)
£

-

6. Loss of head at the entrance of a pipe, h, = 0.5 =
8

2
7. Loss of head at the exit of pipe, i, = Zr—
£

8. The line representing the sum of pressure head and datum head with respect to some reference line is
called hydraulic gradient line (H.G.L.) while the line representing the sum of pressure head, datum head
and velocity head with respect to some reference line is known as total energy line (T.E.L.).
9. Syphon is a long bent pipe used to transfer liquids from a reservoir at a higher level to another reservoir
at a lower level, when the two reservoirs are separated by a high level ground.
10. The maximum vacuum created at the summit of syphon is only 7.4 m of water.
11. When pipes of different lengths and different diameters are connected end to end, pipes are called in
series or compound pipes. The rate of flow through each pipe connected in series is same.
12. A single pipe of uniform diameter, having same discharge and same loss of head as compound pipe
consisting of several pipes of different lengths and diamelers. is known as equivalent pipe. The diameter
of equivalent pipe is called equivalent size of the pipe.



548 Fluid Mechanics

13. The equivalent size of the pipe is obtained from
L L3
= G e
Foadd

where L = equivalent length of pipe = L, + L, + L;
dy, d,, dy = are diameters of pipes connected in series
d = equivalent size of the pipes.
14. When the pipes are connected in parallel, the loss of head in each pipe is same. The rate of flow in

main pipe is equal to sum of the rate of flow in each pipe, connected in parallel.
15. For solving problems for branched pipes, the three basic, equations i.e., continuity, Bernoulli's and
Darcy’s equations are used.

pngx(H—h!)
1000
where Q = discharge through pipe = area x velocity = %aﬂ XV

H = total head at inlet of pipe
h,= head lost due to friction

16. Power transmitted in kW through pipe is given by P =

2
= :{I("‘Z/g , where L = Length of pipe

pngx(H—hf)

kW.
1000

In S.1. units, power transmitted is given by, Power =

H-h
17. Efficiency of power transmission through pipes, 1 = — =

18. Condition for maximum transmission of power through pipe, h = % and maximum efficiency

=66.67%.

19. The velocity of water at the outlet of the nozzle is v =

where H = head at the inlet of the pipe, L = length of the pipe,
D = diameter of the pipe, a = area of the nozzle outlet,
A = area of the pipe.

: pexQ 4v?
20. The power transmitted through nozzle, P= — | H - ———
g _ 1000 Dx2g

and the efficiency of power transmission through nozzle, n =

21. Condition for maximum power transmission through nozzle, h,=
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5
22. Diameter of nozzle for maximum power transmission through nozzle is, d = [—]

where = diameter of the nozzle at outlet, D = diameter of the pipe,
L = length of the pipe, [ = co-efficient of friction for pipe.

23. When a liquid is flowing through a long pipe fitted with a valve at the end of the pipe and the valve is
closed suddenly, a pressure wave of high intensity is produced behind the valve. This pressure wave of
high intensity is having the effect of hammering action on the walls of the pipe. This phenomenon is
known as water hammer.

24. The intensity of pressure rise due to water hammer is given by

P =— ... when valve is closed gradually.
T
= V,/Kp ... when valve is closed suddenly and pipe is assumed rigid
= VX _I'Lf.'_ ... when valve is closed suddenly and pipe is elastic.
s, + o
K Et
where L = Length of pipe, V = Velocity of flow,
T = Time required to close the valve, K = Bulk modulus of water,
D = Diameter of the pipe, E = Modulus of elasticity for pipe material.

i = Thickness of the pipe wall,
25, If the time required to close the valve ;

T -Zéri ... the valve closure is said to be gradual,
2L L
P F ... the valve closure is said to be sudden

where L = length of pipe,

iK
C = velocity of pressure wave produced due to water hammer = ;

EXERCISE

(A) THEORETICAL PROBLEMS

1. How will you determine the loss of head due to friction in pipes by using (/) Darcy Formula and
(ff) Chezy’s formula ?
2. (a) What do you understand by the terms : Major energy loss and minor energy losses in pipes ?
() What do you understand by total energy line, hydraulic gradient line, pipes in series, pipes in parallel
and equivalent pipe ?
3. (a) Derive an expression for the loss of head due to : (f) Sudden enlargement and (i) Sudden contraction
of a pipe.
(#) Obtain expression for head loss in a sudden expansion in the pipe. List all the assumptions made in
the derivation.
4. Define and explain the terms : (f) Hydraulic gradient line and (#) Total energy line.
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5.
6.
7.
8.
9.

13.

14.

16,

17.

18.
19.

Show that the loss of head due to sudden expansion in pipe line is a function of velocity head.
What is a syphon 7 On what principle it works 7

What is a compound pipe ? What will be loss of head when pipes are connected in series 7

Explain the terms : () Pipes in parallel (7)) Equivalent pipe and (i) Equivalent size of the pipe.

Find an expression for the power transmission through pipes. What is the condition for maximum irans-
mission of power and corresponding efficiency of transmission ?

Prove that the head loss due to friction is equal to one-third of the total head at inlet for maximum power
transmission through pipes or nozzles.

Prove that the velocily through nozzle is given by v=

where @ = Area of nozzle at outlet, A = Area of the pipe.

5314
Show that the diameter of the nozzle for maximum transmission of power is given by d = [ﬁ]
where ) = Diameter of pipe. L = Length of pipe.
Find an expression for the ratio of the outlet area of the nozzle to the area of the pipe for maximum
transmission of power.
Explain the phenomenon of Water Hammer. Obtain an expression for the rise of pressure when the flowing
water in a pipe is brought to rest by closing the valve gradually.

. Show that the pressure rise due to sudden closure of a valve at the end of a pipe, through which water is

flowing is given by p=V

where V = Velocity of flow, D = Diameter of pipe, £ = Young's Modulus, K = Bulk Modulus and
t = Thickness of pipe.
Three pipes of different diameters and different lengths are connecied in series to make a compound
pipe. The ends of this compound pipe are connected with two tanks whose difference of water level is
H. If co-efficient of friction for these pipes is same, then derive the formula for the total head loss,
neglecting first the minor losses and then including them.
For the two cases of flow in a sudden coniraction in a pipeline and flow in a sudden expansion in a pipe
line, draw the flow patiern, piezomeiric grade line and total energy line.
What do you mean by “equivalent pipe” and “flow through parallel pipes” ?
(a) Define and explain the terms : (/) Hydraulic gradient line and (#7) total energy line.
(f) What do you mean by equivalent pipe ? Obtain an expression for equivalent pipe.

{Delhi University, December 2002)

(B) NUMERICAL PROBLEMS

. Find the head loss due to friction in a pipe of diameter 250 mm and length 60 m, through which water is

flowing at a velocity of 3.0 m/s using (i) Darcy formula and (i) Chezy's Formula for which
C = 55. Take v for water = .01 stoke. [Ans. () 1.182, (i) 2.856]

Find the diameter of a pipe of length 2300 m when the raie of flow of water through the pipe is 0.25 m’/s and
head loss due to friction is 5 m. Take C = 50 in Chezy's formula. [Ans. 605 mm]
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3.

12.
13.

An oil of Kinematic Viscosity 0.5 stoke is flowing through a pipe of diameter 300 mm at the rate of
320 litres per sec. Find the head lost due to friction for a length of 60 m of the pipe. [Ans. 5.14 m]

. Calculate the rate of flow of water through a pipe of diameter 300 mm, when the difference of pressure

head between the two ends of a pipe 400 m apart is 5 m of water. Take the value of f = 009 in the formula

2
4 o ALV

= [Ans. 0.101 m*/s]
Todxlg

. The discharge through a pipe is 200 litres/s. Find the loss of head when the pipe is suddenly enlarged from

150 mm to 300 mm diameter. [Ans. 3.672 m]

. The rate of flow of water through a horizontal pipe is 0.3 m'/s. The diameter of the pipe is suddenly

enlarged from 250 mm to 500 mm. The pressure intensity in the smaller pipe is 13.734 N/em”. Determine :
(1) loss of head due to sudden enlargement, (if) pressure intensity in the large pipe and (iif) power lost due
to enlargement. |Ans. (i) 1.07 m, (i) 14.43 N/em?, (i) 3.15 kW]

. A horizontal pipe of diameter 4000 mm is suddenly contracted to a diameter of 200 mm. The pressure

intensities in the large and smaller pipe is given as 14.715 N/em® and 12.753 N/em? respectively. If
C, = 0.62, find the loss of head due to contraction. Also determine the rate of flow of water.

[Ans. (1) O.571 m, () 171. 7 litres/s]
Water is flowing through a horizontal pipe of diameter 300 mm at a velocity of 4 m/s. A circular solid plate
of diameter 200 mm is placed in the pipe to obstruct the flow. If C = 0.62, find the loss of head due to
obstruction in the pipe. |Ans. 2.953 m]
Determine the rate of flow of water through a pipe of diameter 10 cm and length 60 ¢m when one end of
the pipe is connected (o a tank and other end of the pipe is open to the atmosphere. The height of water in
the tank from the centre of the pipe is 5 cm. Pipe is given as horizontal and value of = .01. Consider minor
losses. |Ans. 15.4 litres/s]
A horizontal pipe-line 50 m long is connected to a water tank at one end and discharges freely into the
atmosphere at the other end. For the first 30 m of its length from the tank, the pipe is 200 mm diameter and
its diameter is suddenly enlarged to 400 mm. The height of water level in the tank is 10 m above the centre
of the pipe. Considering all minor losses, determine the rate of flow. Take f'= .01 for both sections of the

pipe. [Ans. 164.13 litres/s]

. Determine the difference in the elevations between the water surfaces in the two tanks which are con-

nected by a horizontal pipe of diameter 400 mm and length 500 m. The rate of flow of water through the
pipe is 200 litres/s. Consider all losses and take the value of = .009. [Ans. 11.79 m]
For the problems 9, 10 and 11 draw the hydraulic gradient lines (H.G.L.) and total energy lines (T.E.L.)
A syphon of diameter 150 mm connects two reservoirs having a difference in elevation of 15 m. The
length of the syphon is 400 m and summit is 4.0 m above the water level in the upper reservoir. The length
of the pipe from upper reservoir o the summit is 80 m. Determine the discharge through the syphon and
also pressure at the summit. Neglect minor losses. The co-efficient of friction, f= .003.

[Ans. 41.52 litres/s, = 7.281 m of water]

. A syphon of diameter 200 mm connects two reservoirs having a difference in elevation as 20 m. The total

length of the syphon is 800 m and the summit is 5 m above the water level in the upper reservoir. If the
separation takes place at 2.8 m of water absolute find the maximum length of syphon from upper reservoir
to the summit. Take f= .004 and atmospheric pressure = 10.3 m of water. [Ans. 87.52 m]
Three pipes of lengths 800 m, 600 m and 300 m and of diameters 400 mm, 300 mm and 200 mm respec-
tively are connected in series. The ends of the compound pipe is connected to two tanks, whose water
surface levels are maintained at a difference of 15 m. Determine the rate of flow of water through the pipes
if f=.003. What will be diameter of a single pipe of length 1700 m and f = .0035, which replaces the three
pipes ? [Ans. 0.0848 m¥/s, 266.5 mm]
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16.

17.

18.

19.

20.

21.

23.

24.

r

26.

27.

28.

Two pipes of lengths 2500 m each and diameters 80 cm and 60 cm respectively, are connected in
parallel. The co-efficient of friction for each pipe is 0.006. The total flow is equal to 250 litres/s. Find the
rate of flow in each pipe. [Ans. 0.1683 m/s, 0.0817 m*/s]
A pipe of diameter 300 mm and length 1000 m connects two reservoirs, having difference of water
levels as 15 m. Determine the discharge through the pipe. If an additional pipe of diameter 300 mm and
length 600 m is attached to the last 600 m length of the existing pipe, find the increase in the discharge.
Take f = .02 and neglect minor losses. [Ans. 0.0742 m'/s, 0.0258 m'/s]
Two sharp ended pipes of diameters 60 mm and 100 mm respectively, each of length 150 m are
connected in parallel between two reservoirs which have a difference of level of 15 m. If co-efficient of
friction for each pipe is 0.08, calculate the rate of flow for each pipe and also the diameter of a single
pipe 150 m long which would give the same discharge if it were substituted for the original two pipes.
|[Ans. 0.0017, 00615, 110mm]
Three reservoirs A, B and C are connected by a pipe system having length 700 m, 1200 m and 500 m and
diameters 400 mm, 300 mm and 200 mm respectively. The water levels in reservoir A and B from a datum
line are 50 m and 45 m respectively. The level of water in reservoir C is below the level of water in
reservoir B. Find the discharge into or from the reservoirs B and C if the rate of flow from reservoir A is
150 litres per sec. Find the height of water level in the reservoir C. Take f= .005 for all pipes.
[Ans. .005 m*/s, .095 m’/s, 24.16 m]
A pipe of diameter 300 mm and length 3000 m is used for the transmission of power by water. The total
head at the inlet of the pipe is 400 m. Find the maximum power available at the outlet of the pipe. Take
[f=.005, [Ans. 667.07 kW]
A pipe line of length 2100 m is used for transmitting 103 kW. The pressure at the inlet of the pipe is
392.4 N/em®. If the efficiency of transmission is 80%, find the diameter of the pipe. Take f = .005.
[Ans. 136 mm]

. A nozzle is filted at the end of a pipe of length 400 m and of diameter 150 mm. For the maximum

transmission of power through the nozzle, find the diamelter of the nozzle. Take f= .008. [Ans. 41.5 mm]
The head of water at the inlet of a pipe of length 1500 m and of diameter 400 mm is 50 m. A nozzle of
diameter 80 mm at the outlet, is fitted to the pipe. Find the velocity of water at the outlet of the nozzle
if f= .01 for the pipe. [Ans. 28.12 m/s]
The rate of flow of water through a pipe of length 1500 m and diameter 800 mm is 2 m*/s. At the end of
the pipe a nozzle of outside diameter 200 mm is fitted. Find the power transmitied through the nozzle if
the head of water at the inlet of the pipe is 180 m and f = .01 for pipe. [Ans. 23447 kW]
The water is flowing with a velocity of 2 m/s in a pipe of length 2000 m and of diameter 600 mm. Al the
end of the pipe, a valve is provided, Find the rise in pressure if the valve is closed in 20 seconds, Take the

value of C= 1420 m/s. [Ans. 20 N/cm?)
If the valve in the problem 25 is closed in 1.5 sec, find the rise in pressure. Take bulk modulus of water
= 19.62 x 10" Nfem® and consider pipe as rigid one. [Ans. 186.75 N/cm]

If in the problem 25, the thickness of the pipe is 10 mm and the valve is closed suddenly. Find the rise
in pressure if the pipe is considered to be elastic. Take value of E = 19.62 x 10° N/em? for pipe material
and K = 19.62 x 10* N/em® for water. Calculate the circumferential stress and longitudinal stress
developed in the pipe wall. [Ans. p =221.47 Nfem?, f, = 6644.1 N/em”, f, = 3322 N/em®]
The difference in water surface levels in two tanks, which are connected by two pipes in series of
lengths 600 m and 400 m and of diameters 30 cm and 20 c¢m respectively, is 15 m. Determine the rate of
flow of water if the co-efficient of friction is 0.005 for both the pipes. Neglect minor losses.

. Water is flowing vertically downwards through a 10 em diameter pipe al the rate of 50 lLp.s. At a

particular location the pipe suddenly enlarges to 20 em diameter. A point P is located 50 cm above the
section of enlargement and another point @ is located 50 ¢cm below it in the enlarged portion. A
pressure gauge connecled at P gives a reading of 19.62 N/em®. Calculate the pressure at location @
neglecting friction loss between P and ¢ but considering the loss due to sudden enlargement. What
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30.

31.

neglecting friction loss between P and Q but considering the loss due to sudden enlargement. What
will be the pressure at Q if the same discharge flows upwards assuming that the pressure P remains the
same ? Consider the loss due to contraction with C, = 0.60 but neglect fncuon loss between P and Q.

[Ans. 21 36 N/em?, 23.4 N/em? 1 (A.M.LE., Summer, 1985)
Two tanks are connected with the help of two pipes in series. The lengths of the pipes are 1000 m and
800 m whereas the diameters are 400 mm and 200 mm respectively. The co-efficient of friction for both
the pipes is 0.008. The difference of water level in the two tanks is 15 m. Find the rate of flow of water
through the pipes, considering all losses. Also draw the total energy line and hydraulic gradient lines

for the system. (Delhi University, May 1998) [Ans. 0.0464 m’/s)
[Hint.L,=1000m;L,=800m ;d; =400 mm=0.4m ;d,=200mm=0.2m,f=0.008 ; H=15m.
Now H = h;+ hfy + h_+ hfs + hg,
H=o.sv,’ +4fxz,,xw11+05v§+4,rxz,,xv§ +32_{
2g dx2g 2g dy x2g 2g
05V  4x0008x1000x W 05V  4x0008x800x VS V5
or = + + +
2x981 0.4x2x981 2x981 0.2%2x9.81 2g
Also AV, =AVy0r V, =4V,

15 =0.02548V, +4.0775V,? +002548V2 +6.524V,7 +0.05097V,’
_4103V, +6.6V,"=4. 103, +66x(4V|)3
=4.103V,* + 105.607V,* = 109.71V,*

v, = [

109.71

A pipe of diameter 25 cm and length 2000 m connects two reservoirs, having difference of water level
25 m. Determine the discharge through the pipe. If an additional pipe of diameter 25 cm and length
1000 m is attached to the last 1000 m length of the existing pipe, find the increase in discharge. Take f
= 0,015. Neglect minor losses.  (Delhi University, December 2002) [Ans. (i) 49.62 Vs, (ii) 13.14 Us)

=0.3697 m/s.. Q=A,V, = % (4)* % 0.3697 = 0.0464 m’/s ]
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